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Abstract: The starting solutions corresponding to the motions of a Newtonian fluid, between two infinite circular cylinders, are deter-
mined by means of the Laplace and finite Hankel transforms. The general case, when both cylinders oscillate along their common axis
and around the same axis, is considered. The solutions that have been obtained are presented as sum of the steady-state and transient
solutions and satisfy al imposed initial and boundary conditions. Finaly, the resulting shear stresses are also determined. The time
required to attain the steady-state has been obtained by means of the graphical illustrations.
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1. Introduction

The study on the flow of a viscous fluid in an annular re-
gion between two infinitely long coaxial circular cylinders
is not only of fundamental theoretical interest but it also
occurs in many applied problems. The flow between ro-
tating cylinders, starting from rest, has applications in the
food industry. The starting solutions for the motion of the
second grade fluids due to longitudinal and torsional oscil-
lations of a circular cylinder have been established in [1].
Other recent results regarding pulsatile or helical flows of
non-Newtonian fluids have been obtained by Dapra and
Scarpi [2] and Fetecau et al [3]. Vieru et al [4], by means
of the Laplace transform and Cauchy’s residue theorem,
have determined the starting solutions for the oscillating
motion of a Maxwell fluid.

The corresponding solutionsfor aNewtonian fluid, per-
forming the same motion, are obtained from the general
solutions as a particular case. Other interesting studies on
the flow in pipe-like domains are in [5-10]. The stationary
and nonstationary rotating Navier-Stokes equations with
mixed boundary conditions are investigated in [11].

The aim of this paper is to study the flow of a Newto-
nian fluid in an annular pipe. More exactly, by means of
the Laplace and finite Hankel transforms we establish the
starting solutions corresponding to the motion of a New-

tonian fluid between two infinite concentric circular cylin-
ders. For completeness we consider the general case when
both cylinders are oscillating. These solutions are presented
as sum of the steady-state and transient solutions and, for
high values of time, they tend to the steady-state solutions
which are periodic in time. The solutions obtained in this
paper can be used to make a comparison between flows
of Newtonian and non-Newtonian fluids. The similar solu-
tions obtained in [1] and [4] can be recovered as particular
cases of the solutions that have been obtained here.

Finally, the profiles of velocities w(r, t) and u(r, t) are
plotted as function on the radial coordinate for different
values of time ¢ and radii R; and R5. The time required
to attain the steady-state have been obtained by using the
graphical illustrations of the transient solutions w(r, t)
and u(r, t).

2. Statement of the problem

Consider that a Newtonian fluid at rest is situated in the
annular region between two infinite straight circular cylin-
ders of radii Ry and Ry(> R;). At time zero, both cylin-
ders begin to oscillate along their common axis (r = 0)
and around the same axis.
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Due to the shear, the fluid is gradually moved, and its
velocity is of the form

V= V(Tv t) - W(T, t)eQ + u(r, t)eza (1)

where gy and e, denote the unit vectors along the 6 and =
directions of the cylindrical coordinate system r, 6 and z.

The governing equations, neglecting the body forces
and the pressure gradients are [ 3, 4]

i
nrt) = (5= 7 )l 1), @
() = 8ug;, t)7 (5)

where 1 is the constant shear viscosity, v = p/p isthe
kinematic viscosity of the fluid, p is the constant density
of the fluid, 7, (r,t) = Sro(r,t) and mo(r,t) = Sy.(r,t)
are the shear stresses which are different from zero.

The appropriate initial and boundary conditions are

w(r,0) =0, u(r,0) =0, r € [Ry,Ra], (6)
w(Ry,t) =12y sin(ast), w(Ra,t) =2 sin(ast), t >0,(7)

u(Rl, t) =U; sin(ﬂlt), ’UJ(FCQ7 t) =U, Sin(ﬂﬂf), t>0, (8)

where a1, as, (31, (B2 arethe frequencies of the velocity
of cylinders.

The uncoupled Egs. (2), (3), with the initia and bound-
ary conditions (6)—8) can be solved in general by several
methods. We shall use the L aplace and finite Hankel trans-
forms[12, 13].

The boundary conditions can be considered in the more
genera forms

w(R;,t) = A;sin(a;t) + B; cos(f;t),

u(R;, t) = C;sin(y;t) + D;cos(d;t), i=1,2. 9

In this paper we solve the problem (2)—(8). The problem
(2)—(6) and (9) can be solved in the same manner which
will be presented as follows.

3. Calculation of the velocity field

In order to determine the exact solutions of the problem
(2), (3) with conditions (6)—(8), describing the motion of
the fluid at low and high values of time after the start of
the boundaries, the Laplace and finite Hankel transform
method is used.

Applying the Laplace transform [12, 14] to Egs. (2) and
(3) and using the initial and boundary conditions (6)—(8)
we obtain

2 19 1
qw(r, Q) = V(ﬁ + ;E - T_2>w(r’ Q>7 (10)

92 10
qu(r,q) = V<W + ;E)ﬂ(ﬁ q), (11)
_ ar{ - _ g2y
W(RDQ) 2“!‘0[%7 W(RZaQ) - q2+a%7 (12)
ﬂlUl — ﬂQUQ
R = R = 13
u( 1,Q) q2+ﬁ127 u( 2,(]) q2+ﬁ§7 ( )

a(r,q) = [u(r,t)e”?dt, are the Laplace transforms of
0

the functions w(r, t) and u(r, t), respectively.
In the following, let us denote by [12]

Ro>
D5 (11, 4) = / r(r, ) By (rron ) dr, (14)
Ry

the finite Hankel transform of w(r,q), where r1,,, n =
1,2, ..., are the positive roots of the transcendental equa-
tion Bl(RQT‘) =0and

By (rrin) =J1(rr1n) Y1 (Ri7m10)~J1 (R1710) Y1 (1714, ), (15)
respectively,

Ro>
i1 (roms @) = / rii(r, q) Bo(rron)dr, (16)
Ry

the finite Hankel transform of u(r, q), where rq,,, n =
1,2, ..., are the positive roots of the transcendental equa-
tion By(Rer) = 0and

Bo (7"7“0”) :J()(’I’Ton)}/o(Rl TOn)_JO(erOn)YO (TTOn). (17)
Intheaboveequations, J,(-) and Y, (-) arethe Bessel func-
tions of order v of thefirst and second kind [15].
Integrating by parts and using the following formulae [15]

a Jo[u(r)] = —Ji [u(r)|d (r),

dr
d 1 ,
a1 = {Jolur)] = s Rl (), (19)
Tt (IVl2) = T () = —,
we obtain
R

0? 10 1 _
/ (a_ o )”(’“’ DB

R1

2 _ 2J1 (Rﬂ“ln)
wJ1(Rarin)

= _;W(RMQ)"_ w(Ra2,q)
—T’%n@H (T1n,q), (19

R>

o2 10\ _
[ (5 + v )t Bty

—1 8 tie (Ton, q)- (20)
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Applying the finite Hankel transform to Egs. (10) and (11)
and using the boundary conditions (12) and (13) and Egs.
(29) and (20) we find

o (7“ )_ 21/ Cklgl

H\T"1n,4) = T q —|—Oé
2_VJ1(R1T1n) OZQ.QQ > 1 (21)
T J1(R2’I“1n) —‘rOé q+vr 1n7

and

i (r )_< 2v Uy

H\Ton,q) = T q +52
2v Jo(Riron) B2Us > 1 22)
7 Jo(Raron) > + B3 ) ¢ +vrg,

Now, for a more suitable presentation of the final results,
we rewrite Egs. (21) and (22) in the equivalent forms

291 o
7TT1n 24+ al
20 J1(Rir1n) o 2000 ¢
mr?, Ji(Rarin) ¢ + o3 [

wH (Tlna Q) =

2 21 o2
i, ¢°+0q

. 2042 QQ J1 (erln) q :| 1 (23)
2
nri, Ji(Rarin) @2+ a3 | q+wvri,’
respectively,
Un(ron,q) = — S
On’ Trr(%n q2 + ﬁ%
2UsJo(Riron)  [o [251[]1 q
778, Jo(Raron) ¢* + B3 g, ¢+ 7
20:UsJo(Riron) ¢ 1
- 2 D) 5| X 5 - (24)
TT0on Jo(Raron) ¢% + B3 q+vrg,

By astraightforward cal culuswe obtain the following function-

finite Hankel transform pairs:

- R1.(21(R2 —7’2)
flr) = W7

Ro
fu(rin) = / rf(r)By(rrip)dr = —@,

Ry TR

RQQQ (7‘2 - R%)

e
- Ro 20501 (Ryrin)
gu(rin) = /R1 rg(r) By (rri,)dr = w2 1 (Rorn)’
_ Ul
h(r) = mln(Rﬂ?‘)v (25)

fz 2U;
hg(ron) = / rh(r)Bo(rron)dr = ——5—,
Ry TTon,

Uz
k(r) = ——=——=—In(r/R1),
)= i
krt (ron) = /R2 rk(r) Bo (rron)dr = 2UzJo(Baron)
u(ron) = [ o(rron)dr = o Raron)”

Generaly, for afinite Hankel transform
am(rin) = fg" ra(r)B;(rri,)dr,i = 0,1,
the inverse Hankel transformis[12]
72 = 12 Bi(rrin)J?(Rarin)
-S> 1 i) (26
) 2 7;1 JH(Ririn) *Jf(Rmn)GH(T ) @)
1=0,1.

Applying the inverse Hankel transform to Egs. (23)
and (24) and using (25) and (26) we obtain the Laplace
transforms of the functions w(r, ¢) and wu(r,t) in the fol-
lowing forms

Rlﬂl(R% 77‘2) (651

w(ﬂ Q) = ’I"(R% — R%) q2 _’_a%
RQQQ(TQ — R%) (6%)
(R2 _ RQ) q2 +a§
S~ JE(Ror1n)Bi(rr1y) a18q
+m Z T2 2
‘]1 erln Jl (RQTln) q +O¢1
_042Q2J1(Rﬂ’1n) q ] 1
Ji(Ror1n) 2+ a3|q+uvr?)’
respectively,
Uyln(R
a(r, q) = in(Re /1) B

In(Ra/Ry1) ¢ + 3¢
UQZTL(T/Rl) /82
In(Ra/Ry) ¢* + 33

oo

Z J3 (Rar0n) Bo(rron) [ 1U1q
Jg(Riron) — J3(Raron) | @2 + 5%
_ BUsJo(Riron) ¢ ] 1
Jo(Roron) 6%+ 03] q+vrg,’
Applying the inverse Laplace transform to Egs. (27) and

(28) and using the convolution theorem, we find the veloc-
ity fields

(27)

Rl_Ql(R% — 7“2)

t)= — 2~
= r - )

RQQQ(T2 — R%)
r(R3 — RY)

oo

J12 (Rzﬁn)Bl (7’7’1n)
“+m
Z JZ(Ri71n) — JE(Rarin)

sin(at)

sin(ast)

t
{al (R / cos v (t — s)e_”"f”ds —
0

t
_— cos as(t — 8)e~ " Tinds ,
Jl(R2T1n) /0 2( )
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and
~ Uiln(Rz/7) sin
) = Ty ) O

UQZ?’L(T/Rl) sin

o0

JO RQ’I"Qn Bo(T?‘on)
o Z J2 RlTOn Jo (R2r0n)

[61 Uy / cos (1 (t — s)e*"”g" ds

0
JO(R1TO71) /t — 2 :|
_— cos Ba(t — s)e VT onds]| . 28

Using the following result

—B2Us

t
/ cosa(t — s)e bds (29
0
1 .
= m(a sin(at) + bcos(at) —

we can write the functions w(r,t) and u(r,t) under the
forms

W(T‘, t) = Ws (T’, t) + wy (Tv t)’ (30)

where
ngl(Rg — T2)
s(Ml) = — =555
w0 =T - )
RQQQ(TQ — R%)
(R2 — RY)

be*bt),

sin(aqt)

sin(aat)

Jl R2r1n Bl(rmﬁln)
o Z T2(Ryrin) — J2(Rarun)

oy sin(agt) + vr, cos(ast))

Ozl.Ql
[a% ITERE

a2y Ji(Rir1n)
a2+ (r2 )2 Ji(Rarin)

(oo sin(aot) 4+ vri, cos(agt))} ,

Z’f’lnjl RQT’ln Bl(’l"’l’ln)
J2 erln Jl (RQTln)

[ afy ol Jl(R1T1n)]

a?+ (vri))? a3+ (vr?,)? Ji(Rarin)

eVt 7 (31)
respectively,

u(r,t) = us(r, t) + ue(r, t), (32

where
o U1 ln(R2 /7“)
0 Tl )

UQlTL(T‘/Rl) .
7ln(R2/R1) sin(Gat)

sin((1t)

o0

Jo RZTOn BO(TTOn)
o Z J2 Rl’l“on JO (Rg?‘on)

[%(ﬁl sin(fat) + vrg, cos(it))

B2Us  Jo(Riron)
62 (VTOn) JO(RQTOn)

(B2 sin(fat) + I/T(Q)n cos(ﬂgt))] .

Z Ton.]o RQTOn BO(TTOn)
J2 RlTOn - J() (R2T071)

B2Us Jo(Rl?"On)] (33)

|: 61U1 o
ﬁ% + (Vrgn)Q ﬁ% + (Vr(2)7z,)2 JO(R2TOW)
efutrgn'

The starting solutions (32) and (35), presented as the sum

10
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Figure 1. The variation of » and o with r for different values of t and R1=0.04, R2=0.06

of the steady-state solutions w; (1, t), us(r, t) and the tran-
sient solutionswy (r, t), u(r, t) satisfy both the partial dif-
ferential equations (2) and (3) and all imposed initial and
boundary conditions. They describe the motion of the fluid
for any time after its initiation. After the time in which
the transients disappear, the starting solutions tend to the
steady-state solutions (33) and (36), which are periodic in
time.

4. Calculation of the shear stress

Theshear stresses T (r,t) = Syo(r,t) and ma(r,t) = Sy, (7, 1)
can be determined from (4), (5) and (32)—(37). After a
straightforward calculation we find

T1(r,t) = 11s(r, t) + 712(r, £), (34)
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Figure 2. The variation of w and o with r for different values of t and R1=0.4, R2=0.6
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Figure 3. The variation of » and « with r for different values of t and R1=0.08, R2=0.8

where
2#R1R%Ql .
s(Mt) = ——F7 55537 9 t
T15(7, t) 2012 — 1) sin(at)
2/LR2R292 .
2R R (R21 ~ R sin(aat)

T1nJ? (Rar1n) Ba1 (1715)

—T Z J2 R17‘1n J1 (R2T1n)
04191

Lﬂ? + (vri,)?

ol J1(R171n)

a3 + (vr?,)? Ji(Rarin)

(o sin(ayt) 4+ vri, cos(aqt))

(g sin(aat) 4 v, COS(Cth)):| , (35)

73, JE(Rar1n) Ba1 (rriy)
t) =
Tlf " s Z Jl Rﬂ’ln Jl (Rg’r‘ln)

[ ad af2y Jl(erln):|

ol + (1) a3+ (vr,)? Ji(Rerin)

e—mtrf"7
and
Boy1(rrin) = Jo(rrin) Y1(Rir1n)
—J1(Ri7r1n)Ya(rr1n), (36)
respectively,
To(r,t) = Tos(r, t) + T2r(r, 1), (37
where

_ pUs .
TQS(T7 t) = —m Sln(ﬂlt)

M2 (ot

+ TZ’II(RQ/Rl)

_ ronJ5 (Raron) Bio(770n)
o Z TZ(Riron) — J3(Raron)

{ﬂ&(ﬂl sin(Bit) + vrg, cos(6it))
1

(V On)
_ BUs Jo(Riron)
B3 + (vrg,)? Jo(Raron)

(Bysin(Bat) + vrd, cos(ﬂgt))} ) (38)

18, J8 (Raron)Bio(rron)
t) =
TQt T, = VT Z JO RITOn JO (R2r0n)

[ pUys Bl JO(RITOn):|
BY + (vrg,)? B3+ (vrg,)? Jo(Raron)

e—l/trg" . (39)
and

Bio(rron) = Ji(rron)Yo(Ri7on)

_JO(Rl"’On)Yl (TrOn)- (40)

5. Conclusion

The main purpose of this paper is to provide exact solu-
tions for the velocity field v(r,t) = w(r, t)eys + u(r, t)e.
and the shear stresses 71 = S,¢(r,t) and 72 = S,.,(r,t),
corresponding to the non-steady flow of a Newtonian fluid
between two circular cylinders. The motion is produced
by the longitudinal and torsional oscillations of both cylin-
ders. These solutions are obtained by means of the Laplace
and finite Hankel transforms and are presented as a sum of
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Figure 4. The variation of u and u, with r for different values of t and R1=0.04, R2=0.06
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Figure 5. The variation of u and u, with r for different values of t and R1=0.4, R2=0.6

the steady-state and transient solutions. They describe the
motion of the fluid for low and high values of the time. For
high values of ¢, when the transient sol uti ons di sappear, the
motion is described in the corresponding steady-state solu-
tions, which are periodic in time. Straightforward compu-
tation shows that w(r, t) and u(r, t) given by (29) and (30)
satisfy both the associate partial differential equations (2)
and (3) and all imposed initial and boundary conditions.
Finally, in order to reveal some relevant physical aspects
of the obtained results, the diagrams of the velocity fields

u(r 0
ul1(r)

u2(r)

=5

L I L
0.2 0.4 e 0z

ut(r)
ut1(r)

ut2(r) onfy
——

002

0

—ool

Figure 6. The variation of u and u, with r for different values of t and R1=0.08, R2=0.8

w(r, t) and u(r, t) given by Egs. (32-34) and (35-37) have
been drawn against r for different values of ¢. In order to
determine the time required to attain the steady-state the
diagrams of the transient velocities w,(r,t) and w;(r,t)
given by Egs. (34) and (37) have been drawn against for
different values of ¢. From these diagrams we can deter-
mine those values of ¢ after which this transient compo-
nents of the velocity can be neglected.

Figs.1-3 show the influence of time and radii Ry, Rs
on the circumferential velocity w(r,¢) and the transient
circumferential velocity w;(r,t). Figs. 46 show the in-
fluence of timeand radii Ry, R> onthelongitudina veloc-
ity u(r,t) and the transient longitudinal velocity u(r, t).
From these figures it is clearly seen that the time required
to attain the steady-state have lower values if the radii R,
and R5 have low values. Thistime increases if R; or R»
increases.

The graphics have been plotted for 2, = 5, {22 = 2,
Ui =6,Us =4, u=0.915 % 10~ 3 (the distilled water at
240), a1 = 270(2 = l,ﬂl = 2,[))1 = 17p = 1000.

The units of the parametersin Figs.1-6 are taken from
IS units and the roots r,, and r1,, have been approximated

with 27— [15].
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