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Abstract: Dual generalized order statistics constitute a unified rémfedescending order random variables, like reverse order
statistics and lower record values. In this paper, we havesidered concomitants of dual generalized order staigtc the
Farlie-Gumbel-Morgenstern type bivariate inverse Rayledistribution and single and joint distribution of condtants of dual
generalized order statistics are obtained. Further, 8iagtl product moments are derived and recurrence relatemgén moments
are established. Also results are deduced for order $tatemd lower record values and some computation works aredaut.
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1 Introduction

The most important use of concomitants arises in selectioocgulures whek < (n) individuals are chosen on the basis
of their X-values. Then the correspondifevalues represent performance on an associated chastictdfbr example,
X might be the score of a candidate on a screening tesy dhd score on a later test.

Statements are made such as "if a student is good in matheEtiagin he will be poor in languages”. If the average score
in language of students good in mathematics is lower tharageescore in language of All students, then the statement
may be justified. To test hypotheses of this kind we need thilolition of the concomitant of order statistics. Thus to
study a variable associated with another, distributionoofoomitants of order statistics are usually crucial.

The Farlie Gumbel Morgenstern (FGM) family of bivariatetdisutions has found extensive use in practice. This family
is characterized by the specified marginal distributiorcfiomsFx (x) andFy (y) of random variableX andY respectively
and a parameter, resulting in the bivariate distribution functig¢df) is given by

Fxy (%Y) = Fx()Fv (y)[1+ a (1 - Fx(x)) (1= Fv(y))]; (1.1)
with the corresponding probability density functiopd f)

fxy (xy) = fx 9 fv (y)[1+ a (2Fx (%) — 1) (1 - 2K (y))]- (1.2)
Here, fx (x) and fy (y) are the marginapdfs of fxy(X,y). The parametea is known as the association parameter; the

two random variableX andY are independent whem is zero. Such a model was originally introduced by Morgemste
(1956) and investigated by Gumbel (1960) for exponentiabmnal. The general formin (1.1) is due to Farlie (1960) and

* Corresponding author e-maflaseebathar@hotmail.com

(@© 2015 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.12785/jsap/040106

54 %N S\ Haseeb Athar, Nayabuddin: Concomitants of Dual Genelixaler Statistics...

Johnson and Kotz (1975). The admissible range of assacipicameten is —1 < a < 1 and the Pearson correlation
coefficientp betweenX andY can never exceed 1/3. The conditiod&landpdf of Y givenX, are given by

Fix(YX) = R (Y)[1+ a(1—Fx (X)) (1 - F(y))] (1.3)
and
fyix (Y1%) = fy (¥)[1+ a(1—2Fx(x)) (1 - 2Fv(y))]. (1.4)
(c.f. Beg and Ahsanullah, 2007).

In this paper, we consider FGM type bivariate inverse Rayielistribution withpd f

4 6 8 _9 _%
f(x,y):%%e de Y[1+a(l-2e xz’l)(l—Ze VI, 0<xy<ow —1<a<l (1.5)
and correspondindf
6 5 9 )
F(x,y)=e “e ¥[1+a(l—-e Z)(1—-e ¥)], 0<xy<o, -1<a<l (1.6)

The conditionapdf of Y givenX is

26, - P
f(y|x):Fe ¥[1+a(l-2e 2)(1-2e ¥)], 0<xy<o —-1<a<l (1.7

The marginapdf anddf of X are

2]
f(x):zx—e;e‘zi‘, 0O<x<o, 6 >0, (1.8)
4
F(x)=e @, 0<x<o, 6 >0, (1.9)

respectively.

Let X be a continuous random variables willi F(x) and thepdf f(x); x € (a,B). Further, Letn € N,k > 1,
m = (mg,Mmp,...my) € 01 M, = z?;rlmj such that v =k+M—=1)+M >1 for
all re1,2,...,n—1. ThenXy(r,n,M k), r=1,2,...,n are called dual generalized order statistidgo§) if their pdf is
given by [Burkschagt al. (2003)]

n—-1 n—-1
k(v F )] ™ £(x) ) [F ()] (%) (1.10)
(M) (] IFo0l™ £ F 0 e
on the cond= (1) > x; > % > ... > X, > F~1(0).

Ifm=0,i=12..n k=1, thenXy(r,n,m k) reduces to thén—r + 1) —th order statisticX,_r1 from sample
X1, X2,...,Xn @and wherm = —1, thenXy(r,n,m k) reduces to — th, k— lower record values.

Thepdf of X4(r,n,mkK) is

barnmi = g7 (F OO (0 *(F (), (1.11)

and jointpd f of X4(r,n,m, k) andXy(s,n,mk),is 1<r <s<nis

s () = Ty (FOOI™100 6 (F ()
x[hm(F () = hm(F ()15 F ()% (y), a <x<y<B, (1.12)
where .
C1= _|'|v.7 ¥ =k+(n-i)(m+1)
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1 m+1
hm(X):{_—T+1X , m# -1
—logx , m=-1

and  gm(X) = hm(x) —hm(1), x€(0,1).
Let (X,Yi),i =1,2,...,n, ben pairs of independent random variables from some bivariageifation withdf F(x,y). If
we arrange th&X— variates in descending order &g(1,n,m k) > X4(2,n,m,k) > ... > X4(n,n,m k), thenY — variates

paired ( not necessarily in descending order ) with trogss are called the concomitants dfos and are denoted by
Yiznmks Yiznmk s - Yinnmk - Thepdf of YirnmK» ther —th concomitant oflgos, is given as

00

g[r,nmk](y) = /_oo fY\X(Y|X) fXd(r7n7m,k) (X) dx. (1-13)

The jointpdf of Y. nmi andYjsnmx 1<r<s<nis

Oir.snmk (Y1,Y2) Z[W /w fyix (YalXa) fyix (Y2IX2) Fxy(rsnmi (X1, X2) dxa dx, (1.14)

wherefy, snmk)(X) is the jointpdf of X4(r,n,mk) andXg(s,;n,mk) , 1<r <s<n.

An excellent review on concomitants of order statisticsi®g by Bhattacharya (1984) and David and Nagaraja (1998).
Balasubramanian and Beg (1996, 1997, 1998) studied theoottents for bivariate exponential distribution of
Marshall-Olkin, Morgesnstern type bivariate exponentistribution and Gumbel's bivariate exponential disttibn

and gave the recurrence relation between single and progwtient of order statistics. Begum and Khan (1997, 1998,
2000) studied the concomitants of order statistics for Gelfalbivariate Weibull distribution, bivariate Burr digiution,
Marshall and Olkin bivariate Weibull distribution and dslished expression for single and product moments.
Ahsanullah and Beg (2006) studied the concomitants for Galimbivariate exponential distribution and derived the
recurrence relation between single and product momentredrgdized order statistics.

2 Probability Density Function of Y} n m

For the FGM type bivariate inverse Rayleigh distributiorgagen in (1.5), using (1.7) and (1.11) in (1.13), thef of
r —th concomitant oflgos Y , i for m# —1 is given as:

. C_1 46,0, 76—% r—1 i r—1
g[r,n,m,k](y)_ (r—l)!(m—|—1)r*1 y3 € I%(_l)< i )

© ] O _8 -5
x| g€ 2 [1+a(l—-2e 2)(1—-2e ¥)dx. (2.1)
0
Settingx 2 =t in (2.1), we get
Cr-1 26, 51 i(r—1> 1 1 2 -
= =z DT ) = ta(—— 1-2 . 2.2
o iy Y [Vrfi—i—a(yr—i Vr7i+1)( e 7| (2:2)
B C1 26, ~%' 1 /r—1
G Dime iy ¢ 20V
1 1 2 &
x [ a(— B )(1-2¢ ). (2.3)
L matn-rHi e An—ri
B Cr_1 20, B /-1 k :
oy @ © 0 2,0V Blmgn-r+i)
k . k+1 . -%
+a{B(m—+1+n—r+|,1)—ZB(m+n—r+|,1)}(1—2e y )}. (2.4)
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For real positivep, c and a positive integdy, we have

i(—l)a@) B(a+ p,c) = B(p,c+b). (2.5)

Thus using (2.5) in (2.4), we get

9ir,nmk (y)= %% 7% [B(mL—Fl_Fn_ rvr)
+a{3($1+n—r,r)—2B(%+n—r,r)}(1—2e’%)}, (2.6)
which after simplification yields . , r
Grnmig(¥) = 2;/4032 e ?[1ra(1-2e ¥)1- 2[ (1+ %) ) 2.7)
=

The expression (2.7) may also be represented as
Gramig) = 1)+ a2y {1-2[ (1+2) 1 @8)
Uy

The above expression f@ , mk (y) does not depend ofi(x) at all. Observing thatR(y) f(y) is the pdf of Y the
second order statistic of a random sample of size two ofytheriate. we find that the distribution of the—th
concomitant depends only on the marginal distributiol @ihd the distribution o¥-».
Now from (2.8), we have
enmig9) = fr19) - a[1-2] (14 5) ] [tz - 110, 29)
g I v
It may be verified that/q’ gj;.nmi (Y)dy = 1.

Remark 2.1: Setm= 0,k = 1in (2.7), to get thepd f of r —th concomitant of order statistics from FGM type bivariate
inverse Rayleigh distribution as

9[n—r+1:n](y):F2e g [1—}—0(1—28 yz){l_%”'
Replacen—r +1byr, we get
26 5% F 1o 2
g[r:n](y)_?e y {1“”’(1_26 ’ ){1_n+1H'

Remark 2.2: At m= —1in (2.7), we get theodf of r — th concomitant ok — th lower record values from FGM type
bivariate inverse Rayleigh distribution as

Or,n—1,4 (y) = %e_% {14— a(l— 26_%2){1_ 2(1+ F)rH

3 Moments ofYj; h mi

In this section,we derive the momentsf,, iy for FGM type bivariate inverse Rayleigh distribution by ngithe
results of the previous section.

In view of (2.7), the moments oOf; , n is given as

6. 7} r 1

E ] =202 [ v A [ ai-2e {12 (1+5) oy @

(@© 2015 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro4, No. 1, 53-65 (2015) www.naturalspublishing.com/Journals.asp NS = 57

If we puty—? = zin (3.1), then we have

. 92/ et (14 a(1-2e0) {1 zrl(1+ 1)71”dz. (3.2)

Note that -
/ X~ leXdx =T (a). (3.3)
0

Using (3.3) in (3.2), we get after simplification
E{Y[(fg!m’kﬂ:(ez)% (1—5)[1+a( %{1 2|‘!(1+ ) 1}} (3.4)

Remark 3.1: At m= 0,k = 1 in (3.4), we get the moments of concomitants of order stedisrom FGM type bivariate
inverse Rayleigh distribution as

E [Y[@Hl;nﬂ (8)%r (1 5) {1+ a(l- (2)%){1_ %H

Replacen—r + 1 byr, we get

=[] - @ra- Plicaa-@h{i- )]

Remark 3.2: Settingm= —1 in (3.4), we get the moments of concomitantkefth lower record statistics from FGM
type bivariate inverse Rayleigh distribution as

E[Y[im—Lk]}2(92)21'(1—5)[14—01(1 (2)%){1 2( k )rH

4 Relations Between Single Moments of Concomitants
In this section we shall present several recurrence relsiti@tweerpd f s, moments andmgfs of concomitants.

The following relations betweepd fs can be seen in view of expression (2.9).

g[r,n,m,k] (y) - g[rfl,n,m,k] (Y) =2a “Ll (1+ %) ! - rl:iL (1+ %) _1} [fZ:Z(Y) - fl:l(Y)} : (4-1)
Genmi(¥) ~ G20 1my(¥) = 20 “_l (1+5) - ri (1) ][R -faw]. @2
g[r—l,nmk] (Y) - g[r—l,n—Lm,k] (Y) =2a [rl:i (1+ %) o - rl:i (1+ i) 71} [fZ:Z(Y) - fl:l(Y)} . (4-3)

Now on applications of (4.1) to (4.3), we have the followingebrems:

Theorem 4.1:Letne N, me O, 2 <r < n. For a bivariate random variab(X,Y) havingpdf (1.5), the following
recurrence relations between moments of concomitantsadice v

Hinmi =i i = 20 LlLl (Lhy) - |'ll (1 3) ] [~ ) (4.4)
o~ 10 1g = 2 [] (1 3) T (15 ) [ -] @5
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r—1 1 r-1 1 \-1
(a) @ _ AN 1 @ @
u[rfl,n,m,k] “[rfl,nfl,m,k] =2a [Il:l (1+ VI) il:l (1+ VI'+1) } [H[Z:Z] “[l:l]} ' (4'6)
Remark 4.1: At m= 0,k= 1 in Theorem 4.1, we get recurrence relations between theantsnof concomitants of order

statistics from FGM type bivariate inverse Rayleigh dizition as

u[(r?zwrl: n u[(r?errZ: N _% [“[(2&?2] - “[(16?1]} : (4.7)
I"l[(naerrl: N “[(:zwz: n1 = _% [“[(23:)2] - [(1&:)1]}' (4.8)
“[(r?zmz: n “[(r?imzz n-1 = _%4:11)) [ [(2a:>2] - “[ﬁ]] - (4.9)
Now after replacingn—r + 1 byr, we get
By = 1y = % [~ i) (4.10)
u[(ré:l)n] - “[@1: -1 = % [“[(23:)2] - “[(1&:)1]} : (4.11)
B s~ By = ‘%;1;) (i~ ) (4.12)

Remark 4.2: At m= —1 in Theorem 4.1, we get recurrence relations between theentnof concomitants of record
statistics from FGM type bivariate inverse Rayleigh dizition as

“[(r?ri,fl,k] B u[(raf)l,n,fl,k] =2a K%l)r - (Fkl) r_l} {ufﬁg - u[(fm : (4.13)

Theorem 4.2:Letne N, me 0, 2 <r < n. For a bivariate random variab(&,Y) having pdf (1.5), the following
recurrence relations betweeyf of concomitants are valid

M) ~M1am®) =20 (1+3) - |j (1) ] [Mea® - May(o)]. (4.14)

14

M[r,n,m,k] (t)— M[rfl,nfl,m,k] (t) =2a “L! (1+ %) N N rl:i (1+ ﬁ) _1}

x M (1) =My (0)]- (4.15)
M[rfl,n,m,k] (t) - M[rfl,nfl,m,k] (t) =2a “:il (1+ %) - - rl:i (1+ ﬁ) _1}
x M2 (t) = Mg (0)]. (4.16)

Remark 4.3: At m= 0,k = 1 in Theorem 4.2, we get recurrence relations betweemthie of concomitants of order
statistics from FGM type bivariate inverse Rayleigh digition as

2
M[n7r+l: n| (t) - M[n7r+2: n| (t) = _n——fl [M[Z:Z] (t) - M[l:l] (t)} : (4.17)
M[n—r+1: n| (t) - M[n—r+2: n—1] (t) = _% [M[Z:Z] (t) - M[l:l] (t)} : (4.18)

(@© 2015 NSP
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Minrs2: 0 (t) =M rs2: 0 1(t) = _% M2 () - My 0)]. (4.19)
If we replacen —r + 1 byr, we get
Mp o (8) = My (t) = —% M2 (t) ~ My (0)]. (4.20)
M (®) = M 120 1,(0) = — - (irf N [M[z:g] (t) — My (t)} . (4.21)
Mjr_1. 1 (t) = M1 () = _% [M[z:z] (t) = Moy (t)} . (4.22)

Remark 4.4: At m= —1 in Theorem 4.2, we get recurrence relations betweemgffeof concomitants of record statistics
from FGM type bivariate inverse Rayleigh distribution as

Mitn -1k —Mr_1n-1K = 20 [(Fkl)r - (Fkl)r_l} [M[Z:Z] - M[l:l]} : (4.23)

Table 4.1: Means of the concomitants of order statistic§Remark 3.1)

nir|a=-100008,=1.0000| a=-0.5000,6,=0.5000| a =0.5000,6, = 0.5000
111 1.7725 1.2533 1.2533
2|1 1.5277 1.3398 1.1668
2 2.0172 1.1668 1.3398
3|1 1.4054 1.3831 1.1235
2 1.7725 1.2533 1.2533
3 2.1395 1.1235 1.3831
41 1.3319 1.4090 1.0976
2 1.6256 1.3052 1.2014
3 1.9193 1.2014 1.3052
4 2.2130 1.0976 1.4090
5|1 1.2830 1.4263 1.0803
2 1.5277 1.3398 1.1668
3 1.7725 1.2533 1.2533
4 2.0172 1.1668 1.3398
5 2.2619 1.0803 1.4263
6|1 1.2480 1.4387 1.0679
2 1.4578 1.3645 1.1421
3 1.6676 1.2904 1.2162
4 1.8773 1.2162 1.2904
5 2.0871 1.1421 1.3645
6 2.2969 1.0679 1.4387
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Table 4.2: Means of the concomitants of lower record valugglRemark 3.2)

r | o =-0.5000,6,=0.500 | o =—1.0000,6, =1.000 | a =0.5000,8, = 0.500
1 1.3831 2.1395 1.1235
2 1.3182 1.9560 1.1884
3 1.2857 1.8642 1.2209
4 1.2695 1.8183 1.2371
5 1.2614 1.7954 1.2452
6 1.2614 1.7839 1.2492
7 1.2553 1.7782 1.2513
8 1.2543 1.7753 1.2523
9 1.2538 1.7739 1.2528
10 1.2536 1.7732 1.2530

5 Joint Probability Density Function of Y.y mig and Yisnmy

For the FGM type bivariate inverse Rayleigh distributiorgasn in (1.5), using (1.7) and (1.12) in (1.14), the jomotf
of r —th ands—th concomitants 0éigos Yj; nmy andYjspmy form=# —1is

- o 29228 ey
Irsnmk (Y1:Y2) = O )mI TR R e Ve %2

r—ls—r—1 H_J( ><S—I’—1) © 20, 761(S—r+>i(fj)(m+1)
. —€ 1
z0 % i o X

(1 )
< [1+a(l—2e 9)(1—2e 1)l (x1,y2)dxs (5.1)
where,
% 1Ys 91 _%
|(x1,y2):/ 12)(91e [1+ a(l—2e 3)(1—2e %)|dx. (5.2)
0o X

By settingx—2 =t in (5.2), we get after simplification

O O o 01(ys—j+1)
e 2 Y e R e 2
|0a,y2) = | a2 7)( o ) (5.3)

Substituting the value of (x1,y») in (5.1),we get

6o
26,2 ¢ Ao
_1y3y3 r—1ls—r—1 s—r—1
_ 1 Y2 |+J .
g[r,sn,m,k](ylayZ) (I’—l) ( -1 m+1s 2|Z§ JZO < )( i )
-3
© 261 A -% /1 e 1
a(l—2e —
“o >€ B [stij ( 2)()@71 stj+1)}
-% -%
x{l—ka(l—Ze yl)(l—Ze Xl)}dxl. (5.4)

Let x;z =ty in (5.4), we get after simplification

Orsnmi (Y1,Y2) = 71%2 7%&% [1+ a2 (1—2e5§) (1—2e552)

(@© 2015 NSP
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1 s

x{l—zh (1+ %) 2[! (1+ %)_1+ 4i|L! (1+§)_1}
+a{(1—2e_§'i%)+(1—25%)}{1—2iﬁ(1+%)_1}] (5.5)

It may be verified thaly’ o’ grsnmk (Y1, Y2)dy1dy2 = 1.
Remark 5.1: By settingm= 0, k=1 in (5.5), we get the joinpdf of two concomitants of order statistics and at

m = —1, we have the joinpdf of two concomitants ok — th lower record values for FGM type bivariate inverse
Rayleigh distribution.

6 Product Moments of Two Concomitants Y n m g and Yisnmk
Product moments of two concomita¥jt, mx andY(s, m is given as

E (Y[E’Egmk]Y[(sbg mK / / vi yb 9ir,snmK (Y1,¥2) dy1 dyz. (6.1)

In view of (5.5) and (6.1), we have

6;

E(V o ) / y-3 . {/()myg3ej§[1+a2 (1—2e5§)(1—2ey%2)
<{1- zrl(1+ )1—2 1+%)1+4i|j(1+§)1}
{(1—2e 7‘5) (1 e z)}{l 2|‘l(1+ )1}}dy1}dy2. (6.2)

Let yIZ = 7 in (6.2)and simplify, we have
6 6

—r(1- %‘)(ez)%‘/Owyg*e_VzZ [14+a2(1- @) (1-2¢ %)

«{1- 2|‘l(1+ )1 r!( += ) +4|‘!(1+ )1}

+a{(1_(2)%)+(1—2e7)}{1 zrl(1+ )ldel. (6.3)

Sety,? =2 in (6.3), to get

E(V oY ):ra_i‘)r(l—g)(ez)a*b[ua(1 2%)1-(22)

[r,nmKk "[s,n,mKk| 2
><{1+4.|j(1+§)l—z_d(u%)l—zﬁ(ué)l}}
+a{1- @)+ - }{1- 2|‘!(1+ ) 1}. (6.4)

Remark 6.1: Setm= 0, k= 1in (6.4), to get product moments of concomitants orderissied from FGM type bivariate
inverse Rayleigh distribution as

E (Vi 1) = T (= DT (1= (6% [1+- 021 - @21~ (2)})

(@© 2015 NSP
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><{14_4((n—s+1)(n—5+2)) _Z(n—s+1) _Z(n—H—l)}

(n+1)(n+2) n+1 n+1
ra{a-@h+a-@h}a-2(m ).
By replacingn—s+1 byr andn—r + 1 by s, we have
E(YAYE) =ra-Dra- 2% [1+a21-@Ha- @

Aee(ipng) ) )

+a{(1-@%)+1- (2)5’)}{1—2(%1) H-

Remark 6.2: At m= —1 in (6.4), we get the product moments of concomitantskef th lower record statistics from
FGM type bivariate inverse Rayleigh distribution as

E(YY Y8 ) == ra-2)e) % 1+ a?1-@ha- @)

) -2an) -2
+a{1-@)+@a- (2)5’)}{1—2(%1)3}]

7 Relations Between Product Moments of Two Concomitants

In this section we shall present recurrence relations batant pd fs, product moments anug f s of two concomitants.

From (5.5), we have s 1\ -1
Orsnmi(¥1.32) = F(y1) F(y2) = atlfaalyn) — Fra(ya)] F (o) [ 1 2N (1+5) ]

— a[f22(y2) — fra(y2)] f(y1) [1 - 2_Ij (” %) _1}

+ a® [fa2(y1) — fra(ya)][f22(y2) — fra(y2)]

x{1—2i|j (1+ %)1—2i|j (1+ %)

Now using 1- 2F(y) = 1—F(y) — F(y) in (7.1), we get

g 4.|j(1+§)1}. (7.1)

Orsnmk (Y1, Y2) = fy1) fy2) + %[fl:z(w) — faa(y1)] f(2) [1 — 2i|Ll (1+ %) 71}

_ % [f1:2(y2) — f2:2(y2)] T (1) [1_ Zin (1+ %) 71}

2
+ % [fr2(y1) — f2:2(y2)][fra(Y2) — f2:2(y2)]

><{1-2h(1+ %)_1_2!2!(“ %)_1+ 4ﬂ(1+ ;)_1}. (7.2)
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Jir,snmk (Y1,¥2) — Jir,s—1,n,mK (Y1,¥2)

-2 M) - |j (1)} )l Faatye) — faalve) (73)

Using (7.3), the recurrence relation for joint moment gatieg function of;; , iy and Ysnmy is given as
M[ns,nmk] (tlatZ) - M[r7s—17n7m,k] (tla t2)

=— %2 { ﬁ (1+ %) o Si_ll (1+ %) _1}[ Mi:2(t1) —M2:2(t) ][ Mi:2(tz) — Ma:io(t2) . (7.4)

Remark 7.1: Setm= 0,k = 1 in (7.4), to get the recurrence relation for jomgf of two concomitants of order statistics
from FGM type bivariate inverse Rayleigh distribution

M[n—s+17n—r+1:n] (tlatZ) - M[n—s+17n—r+2:n] (tlth)
a? 1
=7 m[ My:o(t1) — Ma:o(t1) |[ M1o(t2) — M2:o(to) |.

Replacingn—r 4+ 1 bysandn—s+1byr , we get

M[ns:n] (tlatZ) - M[r,s—l:] (tlatZ)
L Maalty) - Maalty) | Malts) - Maalty)
=% npa vl 2:2(ln 12(l2 2:2(12) |.
Remark 7.2: By settingm= —1 in (7.4), we get the recurrence relation for jomgf of two concomitants ok — th
lower record statistics from FGM type bivariate inverse Righ distribution as

Mirsn—14(t1,t2) = Mjrs_1n—1(t1,t2)
2

= —% { (Fkl)s— (Fkl)yl}[ Mi:2(t1) — Mz2:a(t1) ][ M1:2(t2) — Ma:o(t2) |.

Now using (7.3), the recurrence relation for product moneéiv; , m and Yisnmy is given as

(a,b) (ab)
u[r,s,n,m,k] B “[r,sfl,n,m,k]

B _%2 {llj (1+ %)1{':{(” %)71}[ My — Mg Ky — Ky ) (7.5)

Remark 7.3: Setm= 0,k = 1 in (7.5), to get the recurrence relation for product momeftwo concomitants of order
statistics from FGM type bivariate inverse Rayleigh dizition as

2
(ab) (ab) _. a0 1 @ @
“[nfs+l,nfr+l:n] - “[nfs+l,nfr+2:n] T2 n+ 1[ “[1:2] - “[2:2] Il “[1:2] - “[2:2] I

Replacen—r +1 bysandn—s+1byr , we have

(ab) _ (ab) a> 1 @ @

“[ns:n] - “[ns—l:n] = T n—+ 1[ “[1:2] o “[2:2] Il “[1:2] o “[2:2] :

Remark 7.4: Setm= —1 in (7.5), to get the recurrence relation for product momeittwo concomitants ok — th
lower record statistics from FGM type bivariate inverse Ragh distribution as

(ab) (a,b)
“[r,s,n,fl,k] B u[r,sfl,n,fl,k]

- _%2 { (Fkl)s‘ (Fkl)s_l}[ My~ Hga LKLy~ Ha
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Table 7.1: Product moments between the concomitants of ordstatistics (Remark 6.1)

o = 0.5000 6, = 0.5000
n s\r 1 2 3 4 5 6 7 8
1 1 3.1410
2 1 2.5802
2 3.1635 3.1859
3 1 2.3902
2 2.7791 2.7881
3 3.1680 3.1769 3.2129
4 1 2.2953
2 2.5869 2.5892
3 2.8786 2.8808 2.9010
4 3.1702 3.1724 3.1927 3.2308
5 1 2.2386
2 2.4719 2.4706
3 2.7052 2.7039 2.7154
4 2.9385 2.9372 2.9488 2.9731
5 3.1718 3.1705 3.1821 3.2065 3.2437
6 1 2.2010
2 2.3954 2.3922
3 2.5898 2.5866 2.5930
4 2.7842 2.7810 2.7874 2.8035
5 2.9787 2.9755 2.9819 2.9979 3.0236
6 3.1731 3.1699 3.1763 3.1923 3.2180 3.2533
7 1 2.1742
2 2.3409 2.3366
3 2.5076 2.5033 2.5065
4 2.6742 2.6699 2.6731 2.6838
5 2.8409 2.8366 2.8398 2.8505 2.8687
6 3.0075 3.0032 3.0064 3.0171 3.0353 3.0610
7 3.1742 3.1699 3.1731 3.1838 3.2020 3.2276 3.2608
8 1 2.1543
2 2.3001 2.2953
3 2.4460 24411 2.4422
4 2.5918 2.5869 2.5880 2.5952
5 2.7376 2.7327 2.7339 2.7410 2.7541
6 2.8834 2.8786 2.8797 2.8868 2.8999 2.9190
7 3.0292 3.0244 3.0255 3.0326 3.0457 3.0648 3.0899
8 3.1751 3.1702 3.1713 3.1784 3.1915 3.2106 3.2357 3.2668
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Table 7.2: Product moments between the concomitants of loweecord statistics (Remark 6.2)

n|r]a=-10006,=1000 a=-0500,6,=0500 a=0500,6, = 0.500
1)1 3.3214 1.5933 1.5933
2|1 4.8922 1.9523 1.3016
2 4.6826 1.9261 1.2754
31 5.6776 2.1318 1.1558
2 5.4680 2.1056 1.1296
3 5.4430 2.1025 1.1265
471 6.0703 2.2216 1.0829
2 5.8607 2.1954 1.0567
3 5.8357 2.1922 1.0536
4 5.8499 2.1940 1.0554
51 6.2667 2.2664 1.0465
2 6.0570 2.2402 1.0203
3 6.0321 2.2371 1.0171
4 6.0462 2.2389 1.0189
5 6.0622 2.2409 1.0209
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