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1 Introduction and Preliminaries

The concept of 2-normed spaces was initially developed
by Gähler[5] in the mid of 1960’s, while that ofn-normed
spaces one can see in Misiak[15]. Since then, many others
have studied this concept and obtained various results, see
Gunawan ([7,8]) and Gunawan and Mashadi [9] and
references therein. Letn ∈ N andX be a linear space over
the fieldK, whereK is field of real or complex numbers
of dimensiond, whered ≥ n ≥ 2. A real valued function
||·, · · · , ·|| on Xn satisfying the following four conditions:

1.||x1,x2, · · · ,xn|| = 0 if and only if x1,x2, · · · ,xn are
linearly dependent inX ;

2.||x1,x2, · · · ,xn|| is invariant under permutation;
3.||αx1,x2, · · · ,xn||= |α| ||x1,x2, · · · ,xn|| for anyα ∈K,

and
4.||x+ x′,x2, · · · ,xn|| ≤ ||x,x2, · · · ,xn||+ ||x′,x2, · · · ,xn||

is called an-norm on X , and the pair(X , ||·, · · · , ·||) is
called an-normed space over the fieldK.

For example, we may takeX =Rn being equipped with
the Euclideann-norm ||x1,x2, · · · ,xn||E = the volume of
the n-dimensional parallelopiped spanned by the vectors
x1,x2, · · · ,xn which may be given explicitly by the formula

||x1,x2, · · · ,xn||E = |det(xi j)|,

wherexi = (xi1,xi2, · · · ,xin) ∈ Rn for eachi = 1,2, · · · ,n.
Let (X , ||·, · · · , ·||) be an-normed space of dimensiond ≥
n≥ 2 and{a1,a2, · · · ,an} be linearly independent set inX .

Then the following function||·, · · · , ·||∞ on Xn−1 defined
by

||x1,x2, · · · ,xn−1||∞ =

max{||x1,x2, · · · ,xn−1,ai|| : i = 1,2, · · · ,n}

defines an (n − 1)-norm on X with respect to
{a1,a2, · · · ,an}.

A sequence(xk) in a n-normed space(X , ||·, · · · , ·||) is
said to converge to someL ∈ X if

lim
k→∞

||xk −L,z1, · · · ,zn−1||= 0 for every z1, · · · ,zn−1 ∈ X .

A sequence(xk) in a n-normed space(X , ||·, · · · , ·||) is
said to be Cauchy if

lim
k,p→∞

||xk−xp,z1, · · · ,zn−1||= 0 for everyz1, · · · ,zn−1 ∈X .

If every cauchy sequence inX converges to someL ∈ X ,
thenX is said to be complete with respect to then-norm.
Any completen-normed space is said to ben-Banach
space.

The notion of difference sequence spaces was
introduced by Kızmaz [10], who studied the difference
sequence spacesl∞(∆), c(∆) andc0(∆). The notion was
further generalized by Et. and Çolak [4] by introducing
the spacesl∞(∆ n), c(∆ n) andc0(∆ n). Let w be the space
of all complex or real sequencesx = (xk) and let r be
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non-negative integers, then forZ = l∞, c, c0 we have
sequence spaces

Z(∆ r) = {x = (xk) ∈ w : (∆ rxk) ∈ Z},

where∆ rx=(∆ rxk)= (∆ r−1xk−∆ r−1xk+1) and∆0xk = xk
for all k ∈N, which is equivalent to the following binomial
representation

∆ rxk =
r

∑
v=0

(−1)v
(

r
v

)

xk+v.

Takingr = 1, we get the spaces which were introduced and
studied by Kızmaz [10].

An Orlicz functionM : [0,∞) → [0,∞) is convex and
continuous such thatM(0) = 0, M(x) > 0 for x > 0.
Lindenstrauss and Tzafriri [13] used the idea of Orlicz
function to define the following sequence space,

ℓM =
{

x ∈ w :
∞

∑
k=1

M
( |xk|

ρ

)

< ∞, for someρ > 0
}

which is called as an Orlicz sequence space. AlsoℓM is a
Banach space with the norm

||x||= inf
{

ρ > 0 :
∞

∑
k=1

M
( |xk|

ρ

)

≤ 1
}

.

Also, it was shown in [13] that every Orlicz sequence
spaceℓM contains a subspace isomorphic toℓp(p ≥ 1).
An Orlicz functionM satisfies∆2−condition if and only
if for any constantL > 1 there exists a constantK(L) such
that M(Lu) ≤ K(L)M(u) for all values of u ≥ 0. An
Orlicz function M can always be represented in the
following integral form

M(x) =
∫ x

0
η(t)dt

where η is known as the kernel ofM, is right
differentiable for t ≥ 0,η(0) = 0,η(t) > 0, η is
non-decreasing andη(t)→ ∞ ast → ∞.

A sequenceM = (Mk) of Orlicz functions is called a
Musielak-Orlicz function see ([14,18]). A sequenceN =
(Nk) defined by

Nk(v) = sup{|v|u−Mk(u) : u ≥ 0}, k = 1,2, · · ·

is called the complementary function of the
Musielak-Orlicz function M . For a given
Musielak-Orlicz function M , the Musielak-Orlicz
sequence spacetM and its subspacehM are defined as
follows

tM =
{

x ∈ w : IM (cx)< ∞ for somec > 0
}

,

hM =
{

x ∈ w : IM (cx)< ∞ for all c > 0
}

,

whereIM is a convex modular defined by

IM (x) =
∞

∑
k=1

Mk(xk),x = (xk) ∈ tM .

We considertM equipped with the Luxemburg norm

||x||= inf
{

k > 0 : IM
(x

k

)

≤ 1
}

or equipped with the Orlicz norm

||x||0 = inf
{1

k

(

1+ IM (kx)
)

: k > 0
}

.

A Musielak-Orlicz function (Mk) is said to satisfy
∆2-condition if there exist constantsa,K > 0 and a
sequencec = (ck)

∞
k=1 ∈ ℓ1

+ (the positive cone ofℓ1) such
that the inequality

Mk(2u)≤ KMk(u)+ ck

holds for allk ∈ N andu ∈ R+ wheneverMk(u)≤ a.
Let X be a linear metric space. A functionp : X → R

is called paranorm, if

1.p(x)≥ 0 for all x ∈ X ,
2.p(−x) = p(x) for all x ∈ X ,
3.p(x+ y)≤ p(x)+ p(y) for all x,y ∈ X ,
4.if (λn) is a sequence of scalars withλn → λ asn →

∞ and(xn) is a sequence of vectors withp(xn − x) →
0 asn → ∞, thenp(λnxn −λ x)→ 0 asn → ∞.

A paranormp for which p(x) = 0 implies x = 0 is
called total paranorm and the pair(X , p) is called a total
paranormed space. It is well known that the metric of any
linear metric space is given by some total paranorm (see
[24, Theorem 10.4.2, pp. 183]). For more details about
sequence spaces (see [17,19,20,21,22]) and reference
therein.

A sequence spaceE is said to be solid(or normal) if
(xk) ∈ E implies (αkxk) ∈ E for all sequences of scalars
(αk) with |αk| ≤ 1 and for allk ∈ N.

The notion of ideal convergence was introduced first
by P. Kostyrko [11] as a generalization of statistical
convergence which was further studied in topological
spaces (see [2]). More applications of ideals can be seen
in ([2,3]).

A linear functionalL on ℓ∞ is said to be a Banach
limit see [1] if it has the properties :

1.L (x)≥ 0 if x ≥ 0(i.e.xn ≥ 0 for all n),
2.L (e) = 1, wheree = (1,1, · · · ),
3.L (Dx) = L (x),

where the shift operator D is defined by
(Dxn) = (xn+1).

LetB be the set of all Banach limits onℓ∞. A sequence
x is said to be almost convergent to a numberL if L (x) =L
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for all L ∈ B. Lorentz [12] has shown thatx is almost
convergent toL if and only if

tkm = tkm(x) =
xm + xm+1+ · · ·+ xm+k

k+1
→ L ask → ∞,

uniformly in m.

Recently a lot of activities have started to study
sumability, sequence spaces and related topics in these
non linear spaces see ([6,23]). In particular Sahiner [23]
combined these two concepts and investigated ideal
sumability in these spaces and introduced certain
sequence spaces using 2-norm.

We continue in this direction and introduce some I-
convergent generalized sequence spaces using Musielak-
Orlicz function overn-normed spaces.

Let (X , ||.||) be a normed space. Recall that a sequence
(xn)n∈N of elements ofX is called statistically convergent

to x ∈ X if the setA(ε) =
{

n ∈ N : ||xn − x|| ≥ ε
}

has

natural density zero for eachε > 0.
A family I ⊂ 2Y of subsets of a non empty setY is

said to be an ideal inY if

1.φ ∈ I ;
2.A,B ∈ I imply A∪B ∈ I ;
3.A ∈ I , B ⊂ A imply B ∈ I , while an admissible ideal

I of Y further satisfies{x} ∈ I for eachx ∈ Y (see
[6]).

GivenI ⊂ 2N be a non trivial ideal inN. A sequence
(xn)n∈N in X is said to be I-convergent tox ∈ X , if for each

ε > 0 the setA(ε) =
{

n ∈ N : ||xn − x|| ≥ ε
}

belongs to

I (see [11]).
Let I be an admissible ideal ofN, M = (Mk) be a

Musielak-Orlicz function and (X , ||·, · · · , ·||) be a
n-normed space. Letp = (pk) be a bounded sequence of
positive real numbers andu = (uk) be any sequence of
strictly positive real numbers. ByS(n−X) we denote the
space of all sequences defined over(X , ||·, · · · , ·||). We
define the following sequence spaces in this paper:

ŵI(M ,u, p,∆ r, ||·, · · · , ·||) =
{

x = (xk) ∈ S(n−X) : ∀ ε > 0,
{

n ∈ N :

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ rxk −L)

ρ
,z1, · · · ,zn−1||

)]pk
≥ ε

}

∈ I

for someρ > 0, L ∈ X and z1, · · · ,zn−1 ∈ X
}

,

ŵI
0(M ,u, p,∆ r, ||·, · · · , ·||) =

{

x = (xk) ∈ S(n−X) : ∀ ε > 0,
{

n ∈N :

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]pk
≥ ε

}

∈ I

for someρ > 0, and z1, · · · ,zn−1 ∈ X
}

,

ŵ∞(M ,u, p,∆ r, ||·, · · · , ·||) =
{

x = (xk) ∈ S(n−X) : ∃ K > 0 such that

sup
n∈N

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]pk
≤ K

for someρ > 0, and z1, · · · ,zn−1 ∈ X
}

,

ŵI
∞(M ,u, p,∆ r, ||·, · · · , ·||) =
{

x = (xk) ∈ S(n−X) : ∃ K > 0 such that
{

n ∈ N :

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]pk
≥ K

}

∈ I

for someρ > 0, and z1, · · · ,zn−1 ∈ X
}

.

The following inequality will be used throughout the
paper. If 0≤ pk ≤ suppk = H, D = max(1,2H−1) then

|ak + bk|
pk ≤ D{|ak|

pk + |bk|
pk} (1)

for all k andak,bk ∈ C. Also |a|pk ≤ max(1, |a|H) for all
a ∈C.
The main aim of this paper is to study some topological
properties and inclusion relations between the above
defined sequence spaces.

2 Main Results

Theorem 2.1. Let M = (Mk) be a Musielak-Orlicz
function,p = (pk) be a bounded sequence of positive real
numbers,u = (uk) be any sequence of strictly positive
real numbers andI be an admissible ideal ofN. Then
ŵI(M ,u, p,∆ r, ||·, · · · , ·||), ŵI

0(M ,u, p,∆ r, ||·, · · · , ·||),
ŵ∞(M ,u, p,∆ r, ||·, · · · , ·||)andŵI

∞(M ,u, p,∆ r, ||·, · · · , ·||)
are linear spaces over the complex fieldC.

Proof. Let x = (xk),y = (yk) ∈ ŵI(M ,u, p,∆ r, ||·, · · · , ·||)
andα,β ∈ C. So

{{

n ∈ N :

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ rxk −L)

ρ1
,z1, · · · ,zn−1||

)]pk
≥ ε

}

∈ I

for someρ1 > 0, L ∈ X and z1, · · · ,zn−1 ∈ X
}

and
{{

n ∈ N :

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ ryk −L)

ρ2
,z1, · · · ,zn−1||

)]pk
≥ ε

}

∈ I

for someρ2 > 0, L ∈ X and z1, · · · ,zn−1 ∈ X
}

.

c© 2015 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


24 K. Raj, A. Esi: On Some I-Convergent Sequence Spaces Over...

Since ||·, · · · , ·|| is a n-norm,M = (Mk) be a Musielak-
Orlicz function and so by using inequality (1), we have

1
n

n

∑
k=1

[

Mk

(

|| tkm(uk∆ r(αxk+β yk)−L)
|α |ρ1+|β |ρ2

,z1, · · · ,zn−1||
)]pk

≤ D 1
n

n

∑
k=1

[

|α |
(|α |ρ1+|β |ρ2)

Mk

(

||
tkm(uk∆ rxk−L)

ρ1
,z1, · · · ,zn−1||

)]pk

+D 1
n

n

∑
k=1

[

|β |
(|α |ρ1+|β |ρ2)

Mk

(

|| tkm(uk∆ ryk−L)
ρ2

,z1, · · · ,zn−1||
)]pk

≤ DF 1
n

n

∑
k=1

[

Mk

(

|| tkm(uk∆ rxk−L)
ρ1

,z1, · · · ,zn−1||
)]pk

+DF 1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ ryk−L)

ρ2
,z1, · · · ,zn−1||

)]pk
,

where F = max
[

1,
(

|α |
(|α |ρ1+|β |ρ2)

)H
,
(

|β |
(|α |ρ1+|β |ρ2)

)H]

.

From the above inequality, we get

{

n ∈ N :

1
n

n

∑
k=1

[

Mk

(

|| tkm(uk∆ r(αxk+β yk)−L)
|α |ρ1+|β |ρ2

,z1, · · · ,zn−1||
)]pk

≥ ε
}

⊆
{

n ∈N :

DF 1
n

n

∑
k=1

[

Mk

(

|| tkm(uk∆ rxk−L)
ρ1

,z1, · · · ,zn−1||
)]pk

≥ ε
2

}

∪
{

n ∈ N :

DF 1
n

n

∑
k=1

[

Mk

(

|| tkm(uk∆ ryk−L)
ρ2

,z1, · · · ,zn−1||
)]pk

≥ ε
2

}

.

Two sets on the right hand side belong toI and this
completes the proof. Similarly, we can prove that
ŵI

0(M ,u, p,∆ r, ||·, · · · , ·||), ŵ∞(M ,u, p,∆ r, ||·, · · · , ·||)

andŵI
∞(M ,u, p,∆ r, ||·, · · · , ·||) are linear spaces.

Theorem 2.2. Let M = (Mk) be a Musielak-Orlicz
function,p = (pk) be a bounded sequence of positive real
numbers andu = (uk) be any sequence of strictly positive
real numbers. For any fixed n ∈ N,
ŵ∞(M ,u, p,∆ r, ||·, · · · , ·||) is a paranormed space with

gn(x) = inf
{

ρ
pn
H : ρ > 0 is such that

sup
k

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]pk
≤ 1,

∀z1, · · · ,zn−1 ∈ X
}

.

Proof. It is clear thatgn(x) = gn(−x). SinceMk(0) = 0,
we get inf{ρ

pn
H }= 0 for x = 0 therefore,gn(0) = 0. Let us

takex = (xk) andy = (yk) in ŵ∞(M ,u, p,∆ r, ||·, · · · , ·||).

Let

B(x) =
{

ρ
pn
H : ρ > 0,

sup
k

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]pk
≤ 1,

∀z1, · · · ,zn−1 ∈ X
}

,

B(y) =
{

ρ
pn
H : ρ > 0,

sup
k

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ ryk)

ρ
,z1, · · · ,zn−1||

)]pk
≤ 1,

∀z1, · · · ,zn−1 ∈ X
}

.

Let ρ1 ∈ B(x) andρ2 ∈ B(y). If ρ = ρ1+ρ2, then we have

sup
k

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ r(xk + yk))

ρ
,z1, · · · ,zn−1||

)]

≤
ρ1

ρ1+ρ2
sup

k

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ rxk)

ρ1
,z1, · · · ,zn−1||

)]

+
ρ2

ρ1+ρ2
sup

k

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ ryk)

ρ2
,z1, · · · ,zn−1||

)]

.

Thus,

sup
k

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ r(xk + yk))

ρ1+ρ2
,z1, · · · ,zn−1||

)pk
≤ 1

and

gn(x+ y)≤ inf
{

(ρ1+ρ2)
pn
H : ρ1 ∈ B(x), ρ2 ∈ B(y)

}

≤ inf
{

ρ
pn
H

1 : ρ1 ∈ B(x)
}

+ inf
{

ρ
pn
H

2 : ρ2 ∈ B(y)
}

= gn(x)+ gn(y).

Let σm → σ whereσ ,σm ∈ C and letgn(xm − x) → 0 as
m → ∞. We have to show thatgn(σmxm −σx)→ 0 asm →
∞. Let

B(xm) =
{

ρ
pn
H

m : ρm > 0,

sup
k

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ rxm

k )

ρm
,z1, · · · ,zn−1||

)]pk
≤ 1,

∀z1, · · · ,zn−1 ∈ X
}

,

B(xm − x) =
{

ρ ′ pn
H

m : ρ ′
m > 0,

sup
k

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ r(xm

k − xk))

ρ ′
m

,z1, · · · ,zn−1||
)]pk

≤ 1,

∀z1, · · · ,zn−1 ∈ X
}

.
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If ρm ∈ B(xm) andρ ′
m ∈ B(xm − x) then we observe that

1
n

n

∑
k=1

[

Mk||
tkm(ukσm∆ rxm

k − ukσ∆ rxk)

ρm|σm −σ |+ρ ′
m|σ |

,z1, · · · ,zn−1||

≤
1
n

n

∑
k=1

[

Mk

(

||
tkm(ukσm∆ rxm

k − ukσ∆ rxm
k )

ρm|σm −σ |+ρ ′
m|σ |

,z1, · · · ,zn−1||

+ ||
tkm(ukσ∆ rxm

k − ukσ∆ rxk)

ρm|σm −σ |+ρ ′
m|σ |

,z1, · · · ,zn−1||
)]

≤ |σ m−σ |ρm

ρm|σ m−σ |+ρ ′
m|σ |

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ rxm

k )

ρm
,z1, · · · ,zn−1||

)]

+
|σ |ρ ′

m

ρm|σ m−σ |+ρ ′
m|σ |

1
n

n

∑
k=1

[

Mk

(

||
tkm(uk∆ rxm

k −∆ rxk)

ρ ′
m

,z1,· · ·,zn−1||
)]

.

From the above inequality, it follows that

1
n

n

∑
k=1

[

Mk

(

||
tkm(ukσm∆ rxm

k −σ∆ rxk)

ρm|σm −σ |+ρ ′
m|σ |

,z1, · · · ,zn−1||
)]pk

≤ 1

and consequently,

gn(σmxm −σx)≤ inf
{(

ρm|σm −σ |+ρ
′

m|σ |
)

pn
H

:

ρm ∈ B(xm),ρ
′

m ∈ B(xm − x)
}

≤ (|σm −σ |)
pn
H inf

{

ρ
pn
H : ρm ∈ B(xm)

}

+(|σ |)
pn
H inf

{

(ρ
′

m)
pn
H : ρ

′

m ∈B(xm−x)
}

→ 0as m→∞.

This completes the proof.

Theorem 2.3. Let M ,M ′,M ′′ are Musielak-Orlicz
functions. Then we have
(i) ŵI

0(M
′,u, p,∆ r, ||·,· · ·,·||)⊆ŵI

0(M◦M ′,u, p,∆ r, ||·,· · ·,·||)
provided(pk) is such thatH0 = inf pk > 0.
(ii) ŵI

0(M
′,u, p,∆ r, ||·,· · ·,·||)∩ŵI

0(M
′′,u, p,∆ r, ||·,· · ·,·||) ⊆

ŵI
0(M

′+M ′′,u, p,∆ r, ||·, · · · , ·||).

Proof. (i) For givenε > 0, first chooseε0 > 0 such that
max{εH

0 ,εH0
0 } < ε. Since Mk is continuous for eachk,

choose 0< δ < 1 such that 0< t < δ , this implies that
Mk(t) < ε0. Let (xk) ∈ ŵI

0(M ,u, p,∆ r, ||·, · · · , ·||). Now
from the definition

B(δ ) =
{

n ∈ N :

1
n

n

∑
k=1

[

M′
k

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]pk
≥ δ H

}

∈ I.

Thus if n 6∈ B(δ ) then

1
n

n

∑
k=1

[

M′
k

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]pk
< δ H

=⇒
n

∑
k=1

[

M′
k

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]pk
< nδ H

=⇒
n

∑
k=1

[

M′
k

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]pk
< δ H

for all k,m = 1,2,3, · · ·

=⇒
n

∑
k=1

[

M′
k

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]

< δ

for all k,m = 1,2,3, · · · .

Hence from above and using the continuity ofM = (Mk)
we must have

[

Mk

(

M′
k

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

))

< ε0,

∀ k,m = 1,2,3, · · ·

which consequently implies that

n

∑
k=1

[

Mk

(

M′
k

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

))]pk

<max{εH
0 ,εH0

0 }

<ε.

Thus
1
n

n

∑
k=1

[

Mk

(

M′
k

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

))]pk
< ε.

This shows that
{

n ∈ N :

1
n

n

∑
k=1

[

Mk

(

M′
k

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

))]pk
≥ ε

}

⊂ B(δ )

and so belongs toI. This proves the result.
(ii) Let (xk) ∈ ŵI

0(M
′,u, p,∆ r, ||·, · · · , ·||) ∩

ŵI
0(M

′′,u, p,∆ r, ||·, · · · , ·||). Then the fact

1
n

[

(M′
k +M′′

k )
(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]pk

≤ D
1
n

[

M′
k

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]pk

+D
1
n

[

M′′
k

(

||
tkm(uk∆ rxk)

ρ
,z1, · · · ,zn−1||

)]pk

gives the result.

Theorem 2.4. The sequence spaces
ŵI

0(M ,u, p,∆ r, ||·, · · · , ·||) and
ŵI

∞(M
′,u, p,∆ r, ||·, · · · , ·||) are solid.

Proof. Let (xk) ∈ ŵI
0(M ,u, p,∆ r, ||·, · · · , ·||), let (αk) be a

sequence of scalars such that|αk| ≤ 1 for all k ∈ N. Then
we have
{

n ∈ N : 1
n

n

∑
k=1

[

Mk

(

|| tkm(uk∆ rαkxk)
ρ ,z1, · · · ,zn−1||

)]pk
}

⊂
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{

n∈N : C
n

n

∑
k=1

[

Mk

(

|| tkm(uk∆ rxk)
ρ ,z1, · · · ,zn−1||

)]pk
≥ ε

}

∈ I,

where C = max{1, |αk|
H}. Hence

(αkxk) ∈ ŵI
0(M ,u, p,∆ r, ||·, · · · , ·||) for all sequences of

scalars αk with |αk| ≤ 1 for all k ∈ N whenever
(xk) ∈ ŵI

0(M ,u, p,∆ r, ||·, · · · , ·||).
Similarly, we can prove that

ŵI
∞(M

′,u, p,∆ r, ||·, · · · , ·||) is also solid.

References

[1] S. Banach, Theorie operations linearies, Chelsea Publishing
Co., New York, (1955).

[2] P. Das, P. Kostyrko, W. Wilczynski and P. Malik, Math.
Slovaca58, 605-620 (2008).

[3] P. Das and P.Malik, Real Anal. Exchange33 (2), 351-364
(2007-2008).
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