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1 Introduction

The concept of a complex valued metric space which is a
generalization of the classical metric space was recently

introduced by Azam, Fisher and Khag].[ An ordinary
metricd is a real-valued function from a s¥tx X into R,
where X is a nonempty set. That isl: X x X — R. A

complex number € C is an ordered pair of real numbers,

whose first co-ordinate is called B and second
coordinate is called Ifz). Thus a complex-valued metric
d is a function from a seX x X into C, whereX is a
nonempty set an@ is the set of complex numbers. LEt
be the set of complex numbers ardz, € C. Define a
partial order< on C as follows:z; < 2 if and only if
Re(z1) = Re(z) and Im(z1) = Im(z), that iszy < 2, if
one of the following holds:

(C1) Rdz) =Rez) andImz) = Im(z);
(C2) Rdz1) <Rez) and Im(z) = Im(z);
(C3) Rdz1) =Rez) and Imz) < Im(z);
(C4) Rdz1) <Rez) andImz) < Im(z).

In particular, we will writez; 5 2 if z; # z and one of
(C2), (C3), and (C4) is satisfied and we will wrize < z»
if only (C4) is satisfied.

Remark 1.1.We note that the following statements hold:

(). abeRanda<b=az<hzVvVzeC,
(i). 0szagzn=|zal <z
(ii). zn<zmandz <z3=27 < z.

In2011, Azam et al.g] defined the complex-valued metric
spacg X, d) in the following way:

Definition 1.2.Let X be a nonempty set. Suppose that the
mappingd : X x X — C satisfies the following conditions:

().
(ii).
(iii).
Thend is called a complex valued metric ohand(X,d)

is called a complex valued metric space.

Example 1.3.Let X = C. Define the mapping : X x X —
C by

0 < d(x,y), for all x,y € X andd(x,y) = 0 if and
onlyif x=vy;

d(x,y) = d(y,x) forall x,y € X;

d(x,y) <d(x,z)+d(zy), forallx,y,ze X.

d(Zl,Zz) = 2i|Zl—22|, for all 21,2 € X.

Then(X,d) is a complex valued metric space.
In 2013, Radenovic et. al4] introduced the concept
of complex valued generalized metric space as follows:

Definition 1.4. Let X be a nonempty set. If a mapping
X x X — C satisfies the following conditions:

(). 0<d(xy), forall x,y € X andd(x,y) = 0 if and
onlyif x=y;
(i). d(x,y) =d(y,x) forall x,y € X;
(iii).  d(x,y) S d(x,u) +d(u,v) +d(vy), for all X,y € X

and all distinctu,v € X each one is different from
andy.

Thend is called a complex valued generalized metric on
Xand(X,d) is called a complex valued generalized metric
space.

Example 1.5LetX ={1,—1,i,—i}. Defined : X x X — C

as follows:
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d(1,1) =d(~1,—1) = d(i,i) = d(—i, i) =0,

d(—1,i)=d(i,—~1) =d(1,i) = d(i,1) = 2¢°?,

d(la_l):d(_ ) ):7e|91

d(la_l):d(_lal): (_17_i):d(_|7_1):d(ia_i):
—i,i) = 4€°,

It is easy to verify that(X,d) is a complex valued
generalized metric space whére [0, 71/2]. Note that

769 =d(1,-1) > d(1,i) +d(i,—1) = 4€°.

So,(X,d) is not a complex valued metric space.

Definition 1.6.Let (X,d) be a complex valued generalized
metric space. A sequeng®,} in X is said to be
(i). Convergenttc, if for everyc € C, with 0 < c there
is k € N such that for alh > k, d(xn, X) < c. We denote
this by {X,} — xasn — o or limp_,c Xn — X.
Cauchy sequence, if for evege C, with 0 < cthere
is k € N such that for alh,m > k, d(xn,Xm) < C.
Complete, if every Cauchy sequencedrconverges
in X.

(ii).
(i)

Lemma 1.7.Let (X,d) be a complex valued generalized
metric space and l€ix,} be a sequence K. Then{x,}
converges tx if and only if |d(xn,X)| — 0 asn — oo,

Lemma 1.8.Let (X,d) be a complex valued generalized
metric space and I€ix,} be a sequence K. Then{x,} is
a Cauchy sequence if and onlydf{(X, xm)| — 0 asn,m—
0,

In 2010, Altun et. al. ] introduced the concept of
weakly increasing map as follows:

Definition 1.9.Let (X, <) be a partially ordered set. A pair
(f,0) of self-maps ofX is said to be weakly increasing if
fx <gfxandgx < fgx for all x e X. If f =g, then we
havefx < f2x for all xin X and in this case, we say that f
is a weakly increasing map.

Definition 1.10. A non-empty subseW of a partially
ordered seiX is said to be totally ordered if every two
elements ofV are comparable.

2 Main Results

Theorem 2.1. Let f and g be weakly increasing

point. Moreover, the set of common fixed pointsfoand

g is totally ordered if and only iff andg have unique
common fixed point.

Proof. First, we shall show that if or g has a fixed point,
then itis a common fixed point df andg. Letu be a fixed
point of f. Then from () with x=y = u, we have

d(u,gu) = d(fu,gu)
(u, fu)d(u, gu)+{d(u,u)}2+d(u, fu)d(u,u)
d(u, fu) +d(u,u) +d(u,gu)
=0, which implies that u=gu.

So,u is the common fixed point of andg. Similarly, if u
is a fixed point ofg, then it is also fixed point of .

Now, letxg be an arbitrary point oX. If fxg = Xp, then
the proofis finished.

Assume thaf xg # Xo. Construct a sequenéds, } in X
as follows:

<k|¢

X1 = fXo S 9fxo = gx1 =x2, and
Xe=0x < fox = fxo =X

in this way, we have
X1 S X <0 S X S X1 S ... Assume  that
d(Xon,Xont1) > 0O, for everyn € N. If not, thenxz, = Xon11
for somen. For all thosen, xon = Xonr1 = fXon and the
proofis finished.
Assume thad(Xon, Xon+1) = 0 forn=0,1,2,.... As
Xon @andxzn 1 are comparable, so we have

d(Xent1, Xeni2) = d(fxon,0%on11)

S K[dOxon, FXan)d(kon, Pan1)+{d(Xon, Xons1) 12

Continuing

+d(Xzn, FXon)d(X2n, Xan+1) } X
[d(Xzn, FXan)+d(Xan, Xont1) +d(Xan, Oonea )]
= K[ Xons1)d(Xan, Xons2) + {d (o, Yone1) 12
+d(Xzn, X2n+1)d (Xan, Xon+1)] X
[d(Xan, Xon1) +d(Xan, Xon1) +0(Xan, Xans2)]
= kd(Xon, X2nt1) [d(X2n, Xens2) +-d(X2n, Xont1)
+d(Xzn, Xent1)] X
[d(Xzn, Xont1) +d(Xan, Xoni 1) +d(Xan, Xoni2)]
= kd(Xen, Xan11)-
Similarly, we have

self-mappings of a complete complex valued generalized(xy,, xon1) = d( fXon, gxon 1)

metric spacgX,d). Suppose that, for every comparable
X,y € X, we have either

d(x, Fx)d(x, gy)+{d(x,y) }2+d(x, fx)d(x,y)

d(fx,gy) Sk d(x, FX)+d(x,y) +d(x,ay) 71)

in cased(x, fx) +d(x,y) +d(x,gy) #0,0< k< 1, or

d(fx,gy) =0, if d(x, fx) +d(xy) +d(x,gy) = 0. (2)

If f or gis continuous or for any non-decreasing
sequence{x,} with x, — z in X we necessarily have
xn < zfor all ne N, thenf andg have a common fixed

< K[dkan, Pxen)d(zn, @éan-1)+ {d0Xan Xon 1)}
-+d(xan, fX2n)d(Xon, Xon-1)]

id(Xzn, fXan)+d(Xan, Xon-1)+d(Xan, Oan 1)

— K[d(xan, Xans2)d(n, Xn) + {0z, Yon 1)}
-+Hd(X2n, Xon+1)d(Xon, Xon-1)]

[d(X2n, Xn+1) +d (Xan, Xon-1) +d (Xan, Xan)]
d(Xon, Xon-1)+d(Xon, Xont1)
d(Xon, Xon+1) +d(Xon, Xon-1)
= kd(Xon,Xon—1) = kd(Xon—1,%2n).

= kd(Xzn, Xon-1) {
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Hence, for al n > 0 we have
d(Xn+1,%n+2) < hd(Xn, Xn41)-

Consequently, we have

d(Xns1,%n42) < hd(Xn, Xns1) S P2d(Xn Xnp1) S -0 S

h™1d(Xn, X+ 1), for all n > 0. Now, for allm > n, we have

d(¥m,%n) < d(Xn,Xn+1) +d(Xns1,%Xn42) + ... +d(Xm, Xm-1)
< hd(x0, 1) +h™d(xg, X1 )+ ..+h™2d(xg,X1)

n
<
~1-h

Therefore, we have

d(xo,%1).

n

|d(Xm, Xn)| = 1i-h

|d(Xo,Xa)|-
Hence,
[iMh_seo |0 (Xm, Xn)| = O.

Hence {x,} is a Cauchy sequenceXh But X is complete
metric space, séx,} is convergent to some point, say
in X, i.e.,Xnp — uasn — oo,

If f orgis continuous, thenitis clear théti = u = gu.
If neitherf norgis continuous, then by given assumption
xn < ufor all n € N. We claim thatu is a fixed point ofg.
If not, thend(u, fu) =z> 0. From @), we obtain

z < d(U,Xn+1) +d(Xnr1,Xn42) + A2, fu)
= d(UXn11) +d(Xni1.Xn12) +d( U, Qni1)
< d(UXn+1) +d(Xn+1,Xn2)
+k [d(u, fu)d(u, gxm)+{d(u,xm)}2+d(u,fu)d(u,xml)]
[d(u, fu)+d(u,Xp) +d(U, Ona)]
= d(U,Xn+1) +d(Xn11,Xn12)
+k[d(u, fu)d(u, Xni2)+{d(U,Xns1) }2-+d(u, fu)d(U, Xn:1)]
(U, Fu)+d (U, Xna)+d (U, Xng2)]
2] < [d(uXni1)] + [d (X2, X012)]

,and so

+k)d(u,fu)d(u,xm2)+d(u,xml)2+d(u,fu)d(u,xml)
[d(u,fu)+d<u,x(n+1))+d<u,x(n+2))}*1‘.
Letting n — o, we get|z] <0, a contradiction, and so

u= fu. Thereforefu=gu=u.
Now, suppose that the set of common fixed point$ of

andg s totally ordered. We prove that common fixed point

of f andg is unique. Let, if possibley andv are distinct
common fixed points of andg.
Puttingx =u, y=vin (1), we get
d(u,v) = d(fu,gv)
{d(u, fu)d(u,gv)+{d(u,v)}2+d(u, fu)d(u,v)}
d(u, fu)+d(u,v) +d(u,gv)
K {d(u u)d(u7v)+{d(u7v)}2+d(u7u)d(u7v)}
d(u,u) +d(u,v) +d(u,v)
V), which implies that

A

k

<

2

= kd(u,

|d(u,v)| = Kk|d(u, V)|, a contradiction, Hence = v.

Conversely, iff andg have only one common fixed
point then the set of common fixed point bndg being
singleton is totally ordered.

Corollary 2.2. Let f be a weakly increasing self-mapping
of a complex valued generalized metric spaeged).

Suppose that, for every comparablgy € X, we have
either
(3)

(4)

If f is continuous or for any nondecreasing sequence
{Xn} with x, — zin X we necessarily havg, < zforallne
N, thenf has a fixed point. Moreover, the set of common
fixed points off is totally ordered if and only iff has
unique fixed point.

Example 2.3.Let X = {1,3,5,7} be endowed with order
x <yifandonly ify < x Then< is a partial order irx.
Define a generalized metrit: X x X — C as follows:

d(x, Fx)d(x, fy)+{d(x,y)}2+d(x, fx)d(x,y)
d(x, fx) +d(x,y) +d(x, fy)

d(fx, fy) Sk

in cased(x, fx) +d(x,y) +d(x, fy) #0,0< k< 1, or

d(fx, fy) =0, if d(x, fx) +d(x,y) +d(x, fy) =0

(x.y) d(x.y)
(1,1),(3,3),(5,5),(7,7) 0
(1,3),(3,1),(3,5),(5,3) 2e7
(1,5),(5,1) 5¢d
(1,7),(7,1),(3,7),(7,3),(5,7),(7,5) | 7€

Clearly (X,d) is a complex valued generalized metric

space four € [0,71/2]. Here, we note that(1,5) = 5¢9 £
4% = d(1,3) +d(3,5), so(X,d) is not a complex valued
metric space.

We definef,g: X — X by

fx=1 forxe X and
% — {1, forx e {1,3,5}

3, forx=17.
Note thatfx < fgxandgx < gfxfor all xin X.
Fork=1/2, we consider the following cases:

(i).If xe X andy € X\ 7, then we havéx = gx=1 and so
d(fx,gy) = 0 and Q) is satisfied obviously.
(i).Whenx € X andy = 7, then we havdx=1,gy =3
andd(fx,gy) =d(1,3) = 2¢€°.
Also,
d(x, fx)d(x, gy) +{d(x,y)}* +d(x, fx)d(xy)
d(x, fx) +d(x,y) +d(x,qy)
d(1,1)d(1,3)+{d(1,7)}2+d(1,1)d(1,7)
- d(1,1)+d(1,7)+d(1,3)
_ 49T 49,
7€0 +2da 9
Clearly, we have

d(x, Fx)d(x, gy)+{d(x,y)}2+d(x, fx)d(x,y)
d(x, fx) +d(x,y) +d(x,gy)

d(fx,gy) Sk

Thus, the conditions of Theorem 2.1 are satisfied for
k=1/2. Moreover, 1 is the unique common fixed point
of f andg.
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Theorem 2.4. Let f and g be weakly increasing Assume thad(Xon, Xon+1) = 0 forn=0,1,2,.... As

self-mappings of a complex valued generalized metricxz, andxzn;1 are comparable, so we have

space(X,d). Suppose that, for every comparaklg € X, q — dif

we have either (Xeni1,Xeni2) ( X2na9X2n+1)k

= Tom )+ Ao 1,0%m1)
{d0xn, fxan) 12, {d(Xam1, Pania) 1,

max[{d(Xan, Xen:1) },

k

D) G+ divay)

max[{d(xw}%{d(x )2, . o 2
E{d(XZn-,Qsz)} aé{d(xzm-, fXxan)} ]

1
{d(zoy)}? S{dxay)}?, (y7 £x)%| ,(5) _ k max[{d(Xan, Xam2) 12,

d(Xon, Xon+1 ) +0(Xons1, Xons2)

{d(Xan, Xon1) 12, {d (Xans1. Xoni2) 12,

in cased(x, fx) +d(y,gy) #0,0< k< 1, or %{d<X2n-,X2n+2)}2-, %{d(me,men}z]

k
= max [{d(xzn, X 2,
d(Xzn, Xznt1) +d(Xani1, Xani2) [{d0enxena)}"

(o1 5 (G ). )

d(fx,gy) =0, if d(x, fx) +d(y,gy) = 0. (6)

If f orgis continuous or for any non-decreasing sequencelf

{Xn} with Xy — zin X we necessarily have, < z for all 1

ne N, thenf andg have a common fixed point. Moreover, Max|{d(Xan,Xzn11)}2, {d(Xons1,Xeni2) }2, é{d(x2n7xzn+2)}2}

the set of common fixed points éfandg is totally ordered >

if and only if f andg have unique common fixed point. = {d(xan, Xen+1)}(8)
) ) ] ] then from {7), we have

Proof. First, we shall show that if or g has a fixed point,

then it is a common fixed point of andg. Let u be a {d(Xon, Xons1) }2

fixed point off. Then from B) with x=y =u, we have for  d(Xont1,X2n2) S kd( ’

u gu,

, that is

Xon, Xon+1) + d(Xont-1, Xon4-2)

{d(Xen+1, Xan+2) 2 + d(Xan, Xen+1)d (Xon+1, Xon+-2)
—k{d(Xzn, Xan1) }* = 0.
The positive root of the quadratic equatitht-tk = 0 is

d(u.gu) = d(fu,qu)
k

: mm“[{d(w)}z,{d(u,fu)}{

{d(u,gu)}z,%{d(u,gu)}z, %{d(u, fu)}z} :% [(1—|—4k)1/2— 1], and sincek < 1, it follows that,
q<1i.
_ kmax([0,0, {d(u,gu)}?, 3{d(u,gu)}?,0| Thus, we have
B 0+d(u,gu)
= |(d(u79u)7 which implies that d(X2n+17X2n+2) 5 qd(XZn,X2n+1)7 forn= Oa 1a Za s (9)

If max of the three numbers in the braces on the left side
d(u,gu)| < kld(u,gu)|, a contradiction and so in(8)is {d(Xeni1,%n:2)}?, then from 7), we have

gu = u = fu. Thereforeu is the common fixed point of d(%an,Xon+1) + d(Xeni1,Xon+2) S Kd(Xenia,Xen+2),
andg. Similarly, if u is a fixed point ofg, then it is also ~ Whichis impossible, since< 1.
fixed point of f. If max of the three numbers in the braces on the left

side in @) is %{d(xz,],xmﬂ)}z , then from {7), we have
d(Xon,Xont1) + d(Xont1,Xens2) S Kd(Xony1,Xont2),
which is impossible, sincke < 1.
Assume thaft xg # Xo. Construct a sequenéde, } in X If max of the three numbers in the braces on the left
as follows: side in @) is 3{d(Xzn, Xon12) }2 , then from {), we have

Now, letxp be an arbitrary point oX. If fxg = X, then
the proofis finished.

(Z—k){d(X2n+1>X2n+2)}2+(2—2k)d(X2n7X2n+1)d(X2n+1>X2n+2)
x1 = fxo < gfxo = g1 =Xz, and —k{d(Xzn,Xen1)}> =0

— g < = fx, =
X =g s Tga ==, The positive root of the quadratic equatith— k) p? +

(2—2K)pk=01isr = 5, and sincé < 1, it follows that
Continuing in this way, we havg <x2 < ... <X, Sxn+ r < 1. Thus, we get
1< ... Assume thatd(Xon, Xon+1) = O, for everyn € N.

If not, thenxzn, = Xon11 for somen. For all thosen, xo, = d(Xon+1,Xon+2) S rd(Xon, Xont1), forn=0,1,2,....
Xont1 = fxon and the proofis finished. (10)
(@© 2015 NSP

Natural Sciences Publishing Cor.



Sohag J. Math2, No. 3, 97-102 (2015) www.naturalspublishing.com/Journals.asp

N SS ¥

101

Hence by puttinch = max{q,r}, we have from 9) and
(10)

d(X2n+1, X2n+2) s hd(XZn,X2n+1), forn= O, 1, 2, e (11)

Hence for alln =0, we haved(Xn11,Xn+2) < hd(Xn, Xnt1)-

Consequently, we have

d(%n:1,%042) S hd(%, % 11) < h%d (%, Xne1) S -0 S
™ Ld (X0, Xn 1 1),

for all n= 0. Now, for allm > n, we have
d(Xm7Xn) 5 d(Xn7Xn+l) + d(xn+17xn+2) +...+ d(Xm7mel)

< hd(x0,x1) +h™d(x0, %) + ... + ™ d(x0,x1)
hn

<
~(1-h)

d(xo,%1).

Therefore, we hﬁtve
|d(Xm, Xn)| =
Hence,
|imn_>oo |d(Xm,Xn)| = 0
Hence, {x,} is a Cauchy sequence . But X is
complete metric space, sfx,} is convergent to some
point, sayuy, in X, i.e., X, — uasn — o,
If f orgis continuous, thenitis clear théti = u = gu.
If neither f, norg is continuous, then by given assumption
*n < ufor all n € N. We claim thatu is a fixed point ofg.
If not, then
d(u, fu)=z>0.
From (), we obtain
Z < d(U Xn1) +d(Xnt1, X1 2) +d(Xn 12, fU)
= d(U,Xn+1) +d(Xn+1,Xn+2) +d(FU, Gxn1)
< d(U;Xn41) +d(Xn41, Xn+2)
n k
d(u, fu) +d(Xn11,9%n 1)

{d(u, fu)}?,{d(Xn 1,90 11)},
318036, 10)2 5 (A, )]

S d(U, X 1) +d(Xn 1, %n42)
k
d(u, fu) +d(Xn11,%n12)

{d(uv fu)}zv {d(Xn+1,Xn+2)}2,

1 1

3 00x0:2))2 3 80 T
Lettingn — o, we have

mld(x@xﬂl-

maX[{d(U, XnJrl)}Za

T max[{d(u,Xn:1)},

k
d(u, fu) +d(u,u) x
max[{d(u,u)}2 {d(u, fu)}? {d(u,u))?,

1 1
(U2 S 1))

= kd(u, fu), that is

|zl < k|d(u, fu)| = k|z|, which is a contradiction, and so,
u= fu. Thereforefu=gu=u.

z < d(u,u) +d(u,u) +

Now, suppose that the set of common fixed point$ of
andg is totally ordered. We prove that common fixed point
of f andg is unique. Let, if possibley andv are distinct
common fixed points of andg.

Puttingx =u, y=vin (5), we get

d(u,v) = d(fu,gv)
k
d(u, fu)+d(v,gv)

1 1
(g0, 3 (A g0 3 )|

B k
~d(u,u)+d(v,v)

max[{d(u7v)}27{d(u7 fu)}?,

~

max[{d(u7v)}27{d(u7u)}27{d(v7v)}27
%{d(u,v)}z,%{d(v,u)}z} . which implies that

d(u,v) = 0, a contradiction. Henag=v.

Conversely, iff andg have only one common fixed
point then the set of common fixed point bandg being
singleton is totally ordered.

Remark 2.5.We note that the conclusion of Theorem 2.4
remains valid if we replace the conditio®)(by the
condition of the type

{d(x, fx)}2 + {d(y,ay)}?
d(x, fx) +d(y.ay)
1{d(x,gy)}*+{d(y, fX)}Z}
2 d(x fx)+d(y,gy) '

Corollary 2.6. Let f be a weakly increasing self-mapping
of a complex valued generalized metric spaeed).
Suppose that, for every comparablgy € X, we have
either

d(fx,gy) < kmax

)

(12)

Kk
~ ko
At 1Y) S G i+ a0y fy)

{0, )12, 3 {0 1)1 5y, 0012 | (13)

max[{d(x7 y)}2, {d(x, fx)}2,

in cased(x, fx)+d(y, fy) #0,0< k< 1, or

d(fx, fy) =0,ifd(x, fx)+d(y, fy) =0. (14)
If f is continuous or for any non-decreasing sequengg
with X, — zin X we necessarily haweg, < zforalln € N,

3 Periodic point result

A fixed pointu of f is also a fixed point off" for every

naturaln. However, the converse is not true. For example,

considerX = [—1,0] and definef by fx=—1—x. Then

f has a unique fixed poinfe% and every even iterate of

f is the identity map, which has every point[ef1,0] as

a fixed point. On the other handX = [0, r7], fx = sinX,

then every iterate of has the same fixed point ds
Ifamapf satisfies=(f) = F(f") for every naturah,

whereF (f) is the set of fixed points of, then it is said
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to have property P[3]. The s€(x, ) = {x, fx, f2x,...} is
called the orbit ok.
Theorem 3.1.Let f be a self map of a complete complex
valued generalized metric spade,d) satisfying the
conditions as in Corollary 2.2. 1fO(x,») is totally
ordered, therf has property.
Proof. From Corollary 2.2,f has a fixed point. Leti
F(fM.

From @), we have
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S K[d(fu, (fhu)d(f"u, £(F" 1)+ qualified also.
{d(fu, £ u) P2+ d(fu, F(Fu)d( M, 1)) x
[d(f"u, (")) +d(fmu, F*u)+d(Fu, F(FLu))]
= k[d(f"u, f"" u)d(f"u, f"u)+
{d(fu, £ u) P2+ d( f u, P ayd(Fu, £ )] x
[d(f"u, £ 1u) +d(Fu, £ ) +d( Fu, Fu)]
_ k{{d(u,f"*lu)}2+d(u,fu)d(u,f”*lu)
d(u, fu) +d(u, f"-tu)
= kd(u, f""tu).

Obviously, we have
d(u, fu) = d(fu, f"u)
< kd(f" 1, fhu) < K2d(F1 20, £ 1) <
. <K'd(u, fu).
Since 0< k < 1, implies,d(u, fu) = 0 andu = fu.
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