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Abstract: In this paper, we suggest and analyze a new recurrenceorelatiich generates the iterative methods of higher order for
solving nonlinear equatiof(x) = 0. This general recurrence relation is obtained by using tianial iteration technique. We purpose
some new iterative methods for solving nonlinear equatidis also test different examples to illustrate the efficjeotthese new
methods. Comparison with other similar methods is alsogiVeese new methods can also be considered as alternativedristing
methods. This technique can be applied to suggest a wide ala®w iterative methods for solving nonlinear equations.
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1 Introduction

] o ] ) Such type of iterative methods are called the explicit
Iterative methods for finding the approximate solutions of method, seelf6].
the nonlinear equatiofi(x) = 0, are being developed by |n a similar way, we can use the fixed point formulation

using several different techniques including Taylor sgrie (2) to suggest the following iterative method.

quadrature formulas, homotopy and decomposition
techniques. Seel|2,3,4,5,6,7,8,9,10,11,12,13,14,15, X1 — H(x N—0.1.2.3.... 4
16,17] and the references therein. L (1), e @

Letus consider the nonlinear equation of the type Such types of iterative methods are called the implicit

methods. We remark that, to implement these iterative
methods, one wusually uses the predictor-corrector
technique. Some well known implicit and explicit type of
We can rewrite (1), in the following equivalentform as: jterative methods are given as:

Algorithm1.1.[16]. For a giverxo, find the approximation

f(x) = 0. (1)

X=H(x) (2) solutionxn 1 by the following iterative schemes:
which is a fixed point problem. This alternative equivalent f(Xn)
formulation plays an important and fundamental part in Xni1 = Xn— Tx)’ n=0,12.---.
n

developing various iterative methods for solving
nonlinear equation. We use the fixed point formulation (2)

to suggest the following iterative methods. . .
1ag wing! V Algorithm 1.1 is known as Newton method and has

For a givenxg, find the approximation solutior,1 by second-order convergenc.

the following iterati h : . . ) N
© oflowing rferative schemes Algorithm1.2.[16. For a giverxo, find the approximation

X1 =H(xn), n=0,1,2,3,---. 3) solutionxn1 by the following iterative schemes:
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wide class of both linear and nonlinear problems arising
¢ o in various branches of pure and applied sciences. [9por[
Xns1 = X — 2f (%) F'(%n) n—0.1.2....  suggested and analyzed a class of iterative methods for
2[f (xn)]2 = f(Xn) " (Xn)’ ’ solving the nonlinear equations. Later on Noor and
Shah[Ll2] suggested the scheme for accelerated order of
convergence. Noor and Shah2Jused the main scheme
Algorithm 1.2 is known as Halley method which has by involving the auxiliary functiorg(x). Now, we modify
third-order convergence, setd|. the main relation and arrange in some different way. New
suggested relation also involves the auxiliary functiod an

Algorithm1.3.[16. For a giverxo, find the approximation the methods generated by this main relation are more

solutionx,, 1 by the following iterative schemes: efficient and robust.
2 . . .
Xorog = X 100) O —x0)” F7060) 55 2 Construction of iterative methods
7 (x0) 2 Tix)

In this section, we use the variational iteration technique

to derive some new iterative methods. These methods are
Algorithm 1.3 is an implicit method. To implement the multi-step methods consisting predictor and corrector
Algorithm 2.3, we use the predictor-corrector technique.steps. The convergence of the methods is better than the
We use Algorithm 2.1 as predictor and Algorithm 1.3 asone step methods. We use the variational iteration
corrector step. Consequently, we have the followingtechnique to obtain some new iterative methods of order
two-step iterative method. p+ 1. wherep > 1, is the order of convergence of the

predictor iteration functiorp(x), which is the essential
Algorithm1.4.[16. For a giverxo, find the approximation  part of the main scheme.
solutionxn 1 by the following iterative schemes:

Let ¢(x) be an iteration function of ordgy > 1, andg(x)

B f(Xn) be an auxiliary arbitrary function. We consider the
Yn=Yn— f (%) functionH (x) defined as:
n
H(x) = o(x) + A [f(x)]Pg(x), (5)
_ 2 §n
Xop1—yp— X TT00) g 550 , .
20 (%) where) is the Lagrange’s multiplier.
We would like to mention that Algorithm 1.4 can be Using the optimality criteria from (5), we obtain the value
written in the equivalent form as: of A as:
Algorithm1.5.[16]. For a giverxo, find the approximation N ¢(x ©)
solutionxn, 1 by the following iterative schemes: — plf(X)]PE (x)g(x) + [ (X)]PY(X)
2
Xop1 = ¥y 1 00) _}[f(xn)} "0q) | _012.... From(5)and (6), we obtain
f(Xn) 2 f(Xn) f/(xn)
=0~ S e
Algorithm 1.5 is known as Householder method. It has
also third-order convergenceqy.
These well known iterative methods can be derived by ~NOW combining (2) and (7), we obtain
using different techniques such as Taylor series |, @ () F(Xg(Xx)
quadrature formula, homotopy perturbation method, x=H(x) = @(x) — g 8)

Adomian decomposition method. P, 3,4,5,6,7,8,9, 10, P (x)g(x) + [f(X)]g' (x)
11,12,1314,15,16,17].

In this paper, we use the variational iteration technique toThis is another fixed point problem. We use this fixed
suggest and analyze some new iterative methods fopoint formulation to suggest the following iterative
solving the nonlinear equations, the origin of which canscheme as:

be traced back to Inokuti et af]. However it is He f]

who realized the potential of this method for solving a Algorithm2.1. For a givenxg, find the approximation
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solutionxy 1 by the following iterative schemes: . .
2. Letg(x,) =€ 70 andg/(x,) = —e fo) (& 00)
(pl(xn)f(xn)g(xn) g( n) 9 g ( n) ([f (Xn)]Z)

Xn1 = (%) — P (%n)g(Xn) + f(Xn)d (Xn)”

This is the main recurrence relation involving the iteratio
function  @(x).
methods of order p+ 1. We select@(x,) as predictor
having the order of convergenge We also note that, if
we take @(xn) =1 and p = 1. then Algorithm 2.1

This scheme generates the iterative

Then from Algorithm 2.2, we obtain the following
iterative method for solving nonlinear equations.

Algorithm2.4. For a givenxg, find the approximation
solutionxy 1 by the following iterative schemes:

Xorog = X — 100 [f 0012 (%)
M F) T 2E G2 — @ o) T Ok

collapses to the recurrence relation which has been

suggested by Noo#).

For simplicity, we first consider the well known Newton
method as a predictor such that

O(X) =X~ % 9)
Thus (000
X X
(0’(X) = [f,(X)]Z (10)
Using (9) and (10) in (8), we have
o fPI )
X=X T TR0 + Fg )] D

If a =0, then Algorithm 2.4 reduces to the well known
Householder method f].

_af(xn)
3. Let g(xn) = e ') . Then from Algorithm 2.2, we
have the following iterative method for solving the
nonlinear equation (1).

Algorithm2.5. For a givenxg, find the approximation
solutionxy 1 by the following iterative schemes:

[f ()2 1 (x0)
[2(x0)3 = f (%) (F/ (%) 2 = £ (%) f (%))

a2

If a =0, then Algorithm 2.5, reduces to the well known
Householder method f].

We replace the approximation of second derivative in
Algorithms 2.3-2.5 by a suitable substitution involving
only the first derivative 121 and obtain

which is another fixed point formulation. This fixed point predictor-corrector type iterative methods.
formula enables us to suggest the iterative method for

solving nonlinear equations as:

Algorithm2.2. For a givenxp, find the approximation
solutionxn 1 by the following iterative schemes:

[f (xn)]*90%)  (%n)
[/ (xn) 2121 ()9 (%) + f (0)g (%n)]”

(X
Xnt1=Xn— ( )

f(%n)

For different values of the auxiliary functiagix), we can

=02 gy _ L0

fy) = F(x)+(y—x)f'(x) +

obtain several Householder type iterative methods for

solving nonlinear equations.

1. Let g(xn) = € . Then from Algorithm 2.2, we
obtain the following iterative method for solving the
nonlinear equation (1).

Algorithm2.3. For a givenxg, find the approximation
solutionxn 1 by the following iterative schemes:

2 2[f"(x)]2
(12)
where
_f
T
From which, we have after simplifying
() ~ AP PTY) (13)

[f(012

Replacing the value of”’(x), in Algorithm 2.3-2.5 for all
values ofn, we obtain the following iterative methods as:

Algorithm2.6. For a givenxg, find the approximation
solutionxn 1 by the following iterative schemes:

Xn41=Xn— f,(xn) - Lf 0602 1" (%0) _ f (%)
T o) PO —af O] I k)
If a =0, then Algorithm 2.3 reduces to the well known 2f(yn) 10
Householder method . X1 =Y = S ety b2
(© 2014 NSP
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If a =0, then Algorithm 2.6 reduces to the following
method.

Algorithm2.7.[10]. For a giverxp, find the approximation
solutionxy 1 by the following iterative schemes:
f(Xn)

n— 7 9

f )

h =

f(yn)
f/(xn)’

Xnt1=Yn— nzoalaza""

This method is suggested by No@} pnd has third order
convergence.

Algorithm2.8. For a givenxp, find the approximation
solutionxn 1 by the following iterative schemes:

- f(Xn)
n—an— f(Xn) )
f(%a) f(Yn)

Xn+1=Yn— f/(xn)f(xn)_af(yn)anzoalvza"'-

If o =0, then Algorithm 2.8 reduces to the Algorithm
2.7.

Algorithm2.9. For a givenxg, find the approximation
solutionxn 1 by the following iterative schemes:

f(%n)
f(Xn) ’

Yn=1X

h—

- 2f(yn)
Tt I 3 k) — [ () — 2 (yn)]

n=0,1,2,---.

If o =0, then Algorithm 2.9 reduces to the Algorithm
2.7.

It is important to say that never choose such a value of

ProofLetr ba a simple root of the nonlinear equatit(x).
Sincef is sufficiently differentiable. Expanding(x) and

f(x) in Taylor's series at, we obtain

f(%n) = f(r)[en+ Co€h + Caeh + Cagh + C€5 + Coeh+ O[]
(14)
and

f (xn) = f (r)[1+2coen -+ 3c3€2 +4c4€3 + 5es et + 6coen -+ O(€])].
(15)

where

k
f,_(r) andk=2,3,---

=Xp—I,Ck=
U T s

From Eq.(14) and Eq.(15), we get

(X
f’EXni = €n — C2€2 +2(C5 — C3)€3 + (7caC3 — 4¢3 — 3c4)€ft
n
4 (8¢5 — 20c3C3 + 63 + 10c,C4 — 4cs) € + (130,05 — 28¢5¢4
—50s — 16C5 4 5253 + 17c3c4 — 33c263)€d + O(€).
(16)

Similarly, we can obtain

£(X) = f (1)[2C2 + 6Caen + 120462 + 20c5€3 + 30cs€f + O(€D)).
7)
Using Eq. (14)and Eq. (17), we get

£ (%) F ()9 (%) = [ (r)]*[2c29(r) €3+ (Beag (r) +2c2(g (r)+

4c5g(r))es+O(eq)]. (18)

Using Eq.(15), we obtain

009 (x) = '(r)[g(r)en+ (c2g'(r) +9"(r))€q + (cag'(r)

which makes the denominator zero. It is necessary that
sign of a should be chosen so as to keep the denominator

19
largest in magnitude in above Algorithms. (19)

1
+50"() + cog(1)€8 + O(e)].
Using Eq. (18) and Eg. (19),we get

3 Convergence analys's (900 = 1/(1)[g(r) + (¢ (1) + 20000 )en+ (30" (1) + 2624 (1)

In this section, we consider the convergence criteria of the 1
main iterative scheme Algorithm 2.2 developed in section_, 3c.q(r))e2 + (=g’ (r) + 2¢,d (1) + 3caq(r))e2 + O(ed)].
2 and Algorithm 2.6 derived after substitution the 30 ))eﬁ (Zg ) 29 (") 0 ))eﬁ (&)]
auxiliary function and approximation of the second (20)
derivative off (x). Now from Eq.(18) and Eq.(21), we get
Theorem 1.Assume that the function:fZ C R — R for / Y /
an open interval inZ with simple root re Z. Let f(x) be a 281 (X)g(x) + f(x)g () = F'(r)[29(r) + (3¢ (r) +4cg(r) )en
smooth sufficiently in some neighborhood of root and then 5 )

r

Algorithm 2.2 has third order convergence. +(29"(r) +5c2g (1) + 6c39(r)ef) + (59

(@© 2014 NSP
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Table 4.1 Comparison of example 4.1 for = 1.

Method IT TNFE Xn o) p

+8c49(r) 4 329" (r) + 7cad (r)]€2 + O(ef).  (21)

. NM 7 14 1.404916 7.33e-26 2.00003
From Eq.(15), Eq.(18) and Eq.(21), we obatain ¢

KN 17 51 1.404916 4.41e-21 2.87384

[(H)(X)]Pg(x) " (x)
[(f)(x)]2(2f (x)g(x) + f(X)g' (X)) Alg27 6 18 1404916 1.57e-40 3.01692
1 Alg 2.8 5 15 1.404916 2.09e-22 2.90662

= Cze% -3 (80% —6C3+ cz)eﬁ + O(eﬁ) (22) 9 e
1 ‘o Table 4.2 Comparison of example 4.1 for = 0.5.
r
Xni1= P+ 5(—ZC3+4C§+02%(—r))e§+0(eﬁ)- (23) Method IT TNFE  x, 5 0
1 ) g/(r) 3 4 KN 17 51 1.404916 4.41e-21 2.87384
en1=5[~23+4c; +C2 0 Jen+0(er), (24

9 Alg2.7 6 18 1404916 1.14e-23 3.12188

which shows that the main recurrence relation Algoritm
2.2 has 8 order convergence. Methods derived from this
main scheme has als&®rder convergence.

Alg28 5 15 1.404916 3.43e-16 3.34476

Alg29 5 15 1.404916 4.37e-17 3.30201

Theorem 2.Assume that the function:fZ C R — R for
an open interval inZ with simple root pc 7. Let f(X)
be a smooth sufficiently in some neighborhood of root and
then Algorithm 2.6 has third order convergence with the means of
following error equation
IN([X0-1 — Xol/[¥n — ¥n1])

1 T In(%0— X1/ [Xn1 — X
en+1:20§e§+[—Ecz(—1403+180§+acz)]eﬁ+0(eﬁ). (b0 =1l /X2 = X-2])

(25)  along with the total number of functional evaluations
(TNFE) as required for the iterations during the
Similarly, one can check the order of convergence of allComputation.
other newly derived methods.

Example 4.1. We consider the nonlinear equation

_ f(x) = sifx—x?+ 1.
4 Numerical results
We considera = 1 anda = 0.5 for all the methods to
We now present some examples to illustrate the efficiencyr@mpare the numerical results in Table 4.1 and Table 4.2
of the new developed two-step iterative methods (sed€SPectively.
Tables 4.1-4.12). We compare the Newton method (NM) , )
[16], Noor's method (KN) L0], Algorithm 2.7, Algorithm Table 4.1 dep[ct's. the numerical results of example
2.8 and Algorithm 2.9, which are introduced here in this 4-1- We use the initial guesg = 1 for the computer
paper. We also note that these methods do not require therogram fora = 1.
computation of second derivative to carry out the , )
iterations. All computations are done using the MAPLE Table 4.2 depicts the numerical results of example
using 60 digits floating point arithmetics (Digits: =60). 4-1. We use the initial guesg = 1, for the computer
We will use & = 10-32. The following stopping criteria  Program fora = 0.5.
are used for computer programs. , ,
Example 4.2. 2We consider the nonlinear
; _ o equatiorfy(x) = x“ —e X —3x+ 2.
(1) Pass =l < & (i) [T00)] < & We considera = 1 anda = 0.5 for all the methods to
compare the numerical results in Table 4.3 and Table 4.4
The computational order of convergengapproximated respectively.
for all the examples in Tables 4.1-4.12, (sée&]] by

(@© 2014 NSP
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Table 4.3 Comparison of example 4.2 for = 1. Table 4.5 Comparison of example 4.3 for = 1.

Method IT TNFE Xn o) p Method IT TNFE Xn o) p
NM 7 14 025730 9.10e-28 2.00050 NM 9 18  2.00000 8.28e-22 2.00025
KN 5 15  0.25730 3.23e-42 2.91743 KN 6 18  2.00000 1.84e-28 2.95752
Alg2.7 5 15  0.25730 3.18e-34 3.01615 Alg2.7 6 18  2.00000 1.11e-40 3.08772
Alg2.8 5 15  0.25730 4.49e-41 2.95762 Alg2.8 6 18  2.00000 7.57e-30 3.01953
Alg2.9 4 12  0.25730 1.81e-39 2.98436 Alg2.9 6 18  2.00000 1.64e-33 3.99885
Table 4.4 Comparison of example 4.2 for = 0.5. Table 4.6 Comparison of example 4.3 for = 0.5.
Method IT TNFE %n 5 o Method 1T TNFE  x, 5 3
NM 7 14 0257530 9.10e-28 2.00050 NM 9 18 20000 8.22e-22 2.00125
KN 5 15  0.257530 3.23e-42 291743 KN 6 18  2.0000 1.04e-28 2.95652
Alg2.7 5 15  0.257530 3.18e-34 3.01615 Alg2.7 6 18~ 2.0000 1.31e-40 2.98872
Alg28 5 15  0.257530 4.49e-41 2.95762 Alg2.8 6 18~ 2.0000 2.57e-30 2.96983
Alg29 5 15  0.257530 1.81e-39 2.98436 Alg29 6 18  2.0000 2.64e-33 2.99885

Table 4.7 Comparison of example 4.4 for = 1.

o Method IT TNFE Xn o) P
Table 4.3 shows the efficiency of the methods for

example 4.2. We use the initial guesg = 2, for the NM
computer program foor = 1. Number of iterations and
computational order of convergence gives us an idea KN 6 18 2.15443
about the better performance of the new methods.

8 16 2.15443  5.64e-28 2.00003
1.35e-32 3.03016

Alg2.7 5 15 2.15443  1.46e-27 3.07947
Table 4.4 shows the efficiency of the methods for

example 4.2. We use the initial guess = 2, for the Alg28 6 18 215443  2.73e-43  3.00842
computer program foor = 0.5. Number of iterations and

computational order of convergence gives us an idea_Al929 4 12 2154438 2.0le-19 3.29320
about the better performance of the new methods.

Example 4.3. We consider the nonlinear equation

fa(x) = (x—1)* - 1. number of iterations but the computational order of
We considera = 1 anda = 0.5 for all the methods to convergence has little bit difference.

compare the numerical results in Table 4.5 and Table 4.6

respectively. Example 4.4. We consider the nonlinear
equatiorf(x) = x3 — 10.

In Table 4.5, the numerical results for example 4.3 areWe considera = 1 anda = 0.5 for all the methods to
described. We use the initial guess = 3.5 for the  compare the numerical results in Table 4.7 and Table 4.8
computer program for = 1. We observe that all the respectively.
methods approach to the approximate solution after equal
number of iterations but the computational order of

Table 4.7 shows the numerical results for example 4.4.
convergence has little bit difference.

For the computer program we use the initial guess
Xo = 1.5, and a = 1. We note that the new derived

In Table 4.6, the numerical results for example 4.3 aremethods have better computational order of convergence
described. We use the initial guesg = 3.5 for the  and approach to the desired result in less number of
computer program foo = 0.5.. We observe that all the iterations.

methods approach to the approximate solution after equal
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Table 4.8 Comparison of example 4.4 for = 0.5. Table 4.10 Comparison of example 4.5 for = 0.5.
Method IT TNFE Xn o o Method IT TNFE Xn o p
NM 8 16 2.15443 3.64e-28 2.00003 NM 10 20 -1.20764 2.78e-21  2.00055
KN 6 18 2.15443 1.35e-32 3.00017 KN 7 21 -1.20764 2.34e-35 2.99722
Alg2.7 5 15 2.15443 1.43e-27 3.07989 Alg2.7 6 18 -1.20764 1.11e-31 2.98708
Alg28 6 18 2.15443 2.44e-43 3.00876 Alg28 7 21 -1.20764 1.92e-35 2.99793
Alg29 4 12 2.15443 2.01le-19 2.99321 Alg29 6 18 -1.20764 2.87e-33  2.99910
Table 4.9 Comparison of example 4.5 for = 1. Table 4.11 Comparison of example 4.6 for = 1.
Method IT TNFE Xn o P Method IT TNFE Xn o P
NM 10 20 -1.20764 2.73e-21  2.00085 NM 8 16 1.365230 4.74e-27 2.00003
KN 7 21 -1.20764 3.34e-35 2.97222 KN 6 18 1.365230 2.38e-21 3.14948
Alg2.7 6 18 -1.20764 1.51e-31 2.98705 Alg2.7 5 15 1.365230 8.18e-24 3.13992
Alg2.8 6 18 -1.20764 1.92e-35 2.99293 Alg2.8 6 18 1.365230 2.31e-33  3.02907
Alg29 7 21 -1.20764 2.87e-33  2.98710 Alg29 4 12 1.365230 3.17e-17 2.81408

Table 4.12 Comparison of example 4.6 for = 0.5.
Method IT TNFE Xn o) P

Table 4.8 shows the numerical results for example 4.4.
For the computer program we use the initial guess
Xo = 1.5, and a = 0.5. We note that the new derived NM 8 16 1.365230  4.45e-27 2.00003
methods have better computational order of convergence
and approach to the desired result in less number of
iterations.

KN 6 18 1.365230 2.56e-21  3.14398
Alg2.7 5 15 1.365230 8.10e-24 3.10092
Example 4.5. We consider the nonlinear equation Alg2.8 4 12 1.365230 2.38e-33 3.00007

2 .
f5(X) = x& — sin’x+ 3cosx+ 5. Alg29 4 12 1365230 3.07e-17 2.98408

We considera = 1 anda = 0.5 for all the methods to

compare the numerical results in Table 4.9 and Table 4.10
respectively.

In Table 4.9, we show the numerical results for the Example 4.6. We consider the nonlinear equation
example 4.5. We use the initial guegs= —2, anda = 1, fo(x) = ° — 4x2 — 10,
for the computer program. We observe that the new
methods approach to the desired approximate solution iWe considera = 1 anda = 0.5 for all the methods to
equal or less number of iterations. We calculate thecompare the numerical results in Table 4.11 and Table
computational order of convergence for all the methods4.12 respectively.
which verify the rate of convergence and efficiency of the
methods. In Table 4.10, we show the numerical results for  In Table 4.11, we show the numerical results for the
the example 4.5. We use the initial guegs= —2, and  example 4.6. We use the initial guegg = 0.75 and
a = 0.5, for the computer program. We observe that thea = 1. for the computer program. We observe that the
new methods approach to the desired approximatemew methods approach to the desired approximate
solution in equal or less number of iterations. We solution in less number of iterations.
calculate the computational order of convergence for all
the methods which verify the rate of convergence and In Table 4.12, we show the numerical results for the
efficiency of the methods. example 4.6. We use the initial guegs= 0.75 anda =
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0.5. for the computer program. We observe that the new{6] J. H. He, Variational iteration method-a kind of nondar
methods perform in better way and approach to the desired analytical technique: some examplésternet. J. Nonlinear
approximate solution in less number of iterations. Mech, 34(4)(1999), 699-708.

[7]1 M. Inokuti, H. Sekine and T. Mura, General use of the
Lagrange multiplier in nonlinear mathematical physics3Sn
Nemat-Nasser (Ed.), Variational Methods in the Mechanics
of Solids,Pergamon PresdNew York (1978).

. . 138]\]. Kou, The improvement of modified Newton’s method,
In this paper, we have presented the main recurrenc Appl. Math. Comput.189(2007), 602-609.

relation by using the variational iteration technique.sThi (g m. A, Noor, New classes of iterative methods for nonlinea
main recurrence relation generates the iterative methods " equationsAppl. Math. Comput, 191(2007), 128-131.

for solving nonlinear equations. For illustration, we have [10] M. A. Noor, New family of iterative methods for nonlinea
applied this technique to obtain third-order convergent equationsAppl. Math. Comput.190(2007), 553558.
methods by using Newton method as auxiliary predictor[11] N. Osada, Improving the order of convergence of iteeati
functions. This technique also generates the Halley-like functions,J. Comput. Appl. Math98(1998), 311315.

and Householder type iterative methods. Using[12] M. A. Noor, F. A. Shah, Variational iteration technique
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