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Received: 1 Jul. 2014, Revised: 12 Oct. 2014, Accepted: 16 Oct. 2014
Published online: 1 Jan. 2015
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1 Introduction

The notion of soft set was introduced in 1999 by
Molodtsov [28] as a new mathematical tool for dealing
with uncertainties. Since its inception, it has received
much attention in the mean of algebraic structures such as
groups [2], semirings [11], rings [1], BCK/BCI-algebras
[16,17,18], d-algebras [19], ordered semigroups [20],
BL-algebras [33], BCH-algebras [22] and near-rings [31].
Moreover, Xiao et al. [32] proposed the notion of
exclusive disjunctive soft sets and studied some of its
operations and Gong et al. [15] studied the bijective soft
set with its operations. Atagün and Sezgin defined the
concepts of soft subrings and ideals of a ring, soft
subfields of a field and soft submodules of a module [4]
and studied their related properties with respect to soft set
operations. C. ağman et al. defined two new soft groups,
soft int-groups [8] and soft uni-groups [9], which are
based on the inclusion relation and the intersection of sets
and union of sets, respectively.

Algebraic structures of soft sets have been studied by
some authors. Maji et al. [25] presented some definitions
on soft sets and based on the analysis of several
operations on soft sets Ali et al. [3] introduced several
operations of soft sets and Sezgin and Atagün [30]
studied on soft set operations as well. Soft set relations
and functions [5] and soft mappings [27] were proposed
and many related concepts were discussed. Moreover, the
theory of soft set has gone through remarkably rapid

strides with a wide-ranging applications especially in soft
decision making as in the following studies: [6,7,12,13,
14,26,29,34].

In [4], Atagün and Sezgin defined the notions of soft
subrings and soft ideals of a ring, soft subfields of a field,
soft submodules of a module. They studied their
properties especially with respect to soft set operations in
more detail. In this paper, first we extend Atagün and
Sezgin’s study [4] by focusing on soft subrings and ideals
of a ring and soft submodules of a module with respect to
image, preimage and upperα-inclusion of soft sets. We
then introduce union soft subrings and ideals of a ring and
union soft submodules of a left module and investigate
their related properties with respect to soft set operations,
anti image and lowerα-inclusion of soft sets. Moreover,
we obtain relations between soft subrings and union soft
subrings, soft ideals and union soft ideals and soft
submodules and union soft submodules. The union soft
set theory (in a few algebraic structures) is also studied in
the following papers [21,23,24].

2 Preliminaries

Throughout this paper,R will always denote a ring with
zero 0R, M a left R-module with identity 0M andN a left
submodule ofM. Let U be an initial universe set,E be a
set of parameters,P(U) be the power set ofU andA⊆ E.
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Definition 1.[28] If F is a mapping given by
F : A → P(U), then the set FA = {(x,F(x)) : x ∈ A} is
called a soft set over U.

Definition 2.[3] The relative complement of a soft set FA
over U is denoted by FrA, where Fr

A : A → P(U) is a
mapping given as FrA(α) =U \FA(α) for all α ∈ A.

Definition 3.[8,9] Let FA and GB be soft sets over U and
Ψ be a function from A to B. Image of FA underΨ and
anti image of FA underΨ are the soft setsΨ(FA) and
Ψ⋆(FA), where Ψ(FA) : B → P(U) and
Ψ⋆(FA) : B→ P(U) are set-valued functions defined as if
Ψ−1(b) 6= /0, then
Ψ(FA)(b) =

⋃
{F(a) | a ∈ A and Ψ(a) = b}, otherwise

Ψ(FA)(b) = /0 and if Ψ−1(b) 6= /0, then
Ψ∗(FA)(b) =

⋂
{F(a) | a∈ A and Ψ (a) = b}, otherwise

Ψ∗(FA)(b) = /0 for all b ∈ B, respectively. Preimage (or
inverse image) of GB underΨ is the soft setΨ−1(GB),
where Ψ−1(GB) : A → P(U) is a set-valued function
defined byΨ−1(GB)(a) = G(Ψ(a)) for all a ∈ A.

Definition 4.[3] Let FA and GB be two soft sets over U
such that A∩B 6= /0. The restricted union of FA and GB is
denoted by FA∪R GB, and is defined as FA∪R GB = (H,C),
where C = A∩B and for all c∈C, H(c) = F(c)∪G(c).

Theorem 1.[9] Let FH and TK be soft sets over U, FrH , Tr
K

be their relative soft sets, respectively andΨ be a function
from H to K. Then, i)Ψ−1(T r

K) = (Ψ−1(TK))
r , ii) Ψ (F r

H)=
(Ψ⋆(FH))

r andΨ⋆(F r
H) = (Ψ(FH))

r .

Definition 5.[10] Let FA be a soft set over U andα be a
subset of U. Then, upperα-inclusion of FA, denoted by
F⊇α

A and lowerα-inclusion of FA, denoted by F⊆α
A are

defined as
F⊇α

A = {x ∈ A | F(x) ⊇ α},F⊆α
A = {x ∈ A | F(x) ⊆ α},

respectively.

Definition 6.[4] Let S be a subring of R and let FS be a soft
set over R. Then, FS is called a soft subring of R, denoted
by FS<̃R, if for all x,y ∈ S, F(x− y) ⊇ F(x)∩F(y) and
F(xy)⊇ F(x)∩F(y).

Definition 7.[4] Let I be an ideal of R and let FI be a soft
set over R. Then, FI is called a soft ideal of R, denoted
by simply FI ⊳̃R, if for all x,y ∈ I and r ∈ R, F(x− y) ⊇
F(x)∩F(y), F(rx)⊇ F(x) and F(xr)⊇ F(x).

Definition 8.[4] Let N be a submodule of M and FN be
a soft set over M. Then, FN is called a soft submodule of
M, denoted by simply FN<̃M, if for all x,y∈ N and r∈ R,
F(x− y)⊇ F(x)∩F(y) and F(rx)⊇ F(x).

3 Some characterizations for soft subrings
and soft ideals

In this section, we obtain some significant
characterizations for soft subrings and soft ideals of a ring
with respect to image, preimage and upperα-inclusion of
soft sets.

Theorem 2.Let FS be a soft set over R andα be a subset
of R such that F(0R)⊇ α. If FS is a soft subring of R, then
F⊇α

S is a subring of R.

Proof.SinceF(0R)⊇ α, then 0R∈ F⊇α
S and /06= F⊇α

S ⊆ R.
Assumex,y∈F⊇α

S , thenF(x)⊇α andF(y)⊇α. We need
to show thatx− y∈ F⊇α

S andxy∈ F⊇α
S for all x,y∈ F⊇α

S .
SinceFS is a soft subring ofR, it follows thatF(x− y) ⊇
F(x)∩F(y) ⊇ α ∩α = α. Furthermore,F(xy) ⊇ F(x)∩
F(y)⊇ α, which completes the proof.

Theorem 3.Let FS and GT be soft sets over R, where S and
T are subrings of R andΨ be a ring isomorphism from S
to T . If FS is a soft subring of R, then so isΨ(FS).

Proof.Let t1, t2 ∈ T. SinceΨ is surjective, there exists
s1,s2 ∈ S such thatΨ(s1) = t1 and Ψ(s2) = t2. Then,
(Ψ(FS))(t1 − t2) =

⋃
{F(s) : s ∈ S,Ψ(s) = t1 − t2} =⋃

{F(s) : s∈ S,s= Ψ−1(t1 − t2)} =
⋃
{F(s) : s∈ S,s=

Ψ−1(Ψ(s1 − s2)) = s1 − s2} =
⋃
{F(s1 − s2) : si ∈

S,Ψ(si) = ti , i = 1,2} ⊇
⋃
{F(s1)∩F(s2) : si ∈ S,Ψ(si) =

ti , i = 1,2}= (
⋃
{F(s1) : t1 ∈ S,Ψ(s1) = t1})∩ (

⋃
{F(s2) :

t2 ∈ S,Ψ(s2) = t2}) = (Ψ (FS))(t1) ∩ (Ψ(FS))(t2).
Similarly, one can show that
(Ψ(FS))(t1t2)⊇ (Ψ (FS))(t1)∩ (Ψ (FS))(t2). Hence,Ψ(FS)
is a soft subring ofR.

Theorem 4.Let FS and GT be soft sets over R, where S and
T are subrings of R andΨ be a ring homomorphism from
S to T . If GT is a soft subring of R, then so isΨ−1(GT).

Proof.Let s1,s2 ∈ S. Then,
(Ψ−1(GT))(s1 − s2) = G(Ψ(s1 − s2) =
G(Ψ(s1) − Ψ(s2)) ⊇ G(Ψ(s1)) ∩ G(Ψ(s2)) =
(Ψ−1(GT))(s1) ∩ (Ψ−1(GT))(s2) and similarly
(Ψ−1(GT))(s1s2) ⊇ (Ψ−1(GT))(s1) ∩ (Ψ−1(GT))(s2).
Hence,Ψ−1(GT) is a soft subring ofR.

Theorem 5.Let FI be a soft set over R andα be a subset of
R such that F(0R)⊇ α. If FI is a soft ideal of R, then F⊇α

I
is an ideal of R.

Proof.Since F(0R) ⊇ α, then 0R ∈ F⊇α
I and

/0 6= F⊇α
I ⊆ R. Assumex,y ∈ F⊇α

I and r ∈ R. Then,
F(x) ⊇ α andF(y) ⊇ α. We need to show that
x− y ∈ F⊇α

I , rx ∈ F⊇α
I andxr ∈ F⊇α

I for all x,y ∈ F⊇α
I .

Since FI is a soft ideal of R, it follows that
F(x − y) ⊇ F(x) ∩ F(y) ⊇ α ∩ α = α. Furthermore,
F(rx) ⊇ F(x) ⊇ α and F(xr) ⊇ F(x) ⊇ α , which
completes the proof.

Theorem 6.Let FI and GJ be soft sets over R, where I and
J are ideals of R andΨ be a ring isomorphism from I to J.
If FI is a soft ideal of R, then so isΨ(FI ).

Proof.Let j1, j2 ∈ J and r ∈ R. Then,
(Ψ(FI ))( j1− j2) ⊇ (Ψ(FI ))( j1)∩ (Ψ (FI ))( j2) is satisfied
as in the case of Theorem3. Now, let r ∈ R and j ∈ J.
SinceΨ is surjective, there exists̃i ∈ I such thatΨ(ĩ) = j.
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Then,
(Ψ(FI ))(r j ) =

⋃
{F(i) : i ∈ I ,Ψ (i) = r j} =

⋃
{F(i) : i ∈

I , i = Ψ−1(r j )} =
⋃
{F(i) : i ∈ I , i = Ψ−1(rΨ (ĩ))} =⋃

{F(i) : i ∈ I , i = Ψ−1(Ψ(r ĩ)) = r ĩ} =
⋃
{F(r ĩ) : r ĩ ∈

I ,Ψ(ĩ) = j} ⊇
⋃
{F(ĩ) : ĩ ∈ I ,Ψ (ĩ) = j} = (Ψ(FI ))( j).

Similarly, one can show that(Ψ (FI ))( jr ) ⊇ (Ψ(FI ))( j)
for all r ∈ Rand j ∈ J. Hence,Ψ(FI ) is a a soft ideal ofR.

Theorem 7.Let FI and GJ be soft sets over R, where I and
J are ideals of R andΨ be a ring epimorphism from I to J.
If GJ is a soft ideal of R, then so isΨ−1(GJ).

Proof.Let i1, i2 ∈ I , then
(Ψ−1(GJ))(i1 − i2) ⊇ (Ψ−1(GJ))(i1)∩ (Ψ−1(GJ))(i2) is
satisfied as shown in Theorem4. Now, letr ∈ R andi ∈ I .
Since Ψ is surjective, there existsj ∈ J such that
Ψ(i) = j. Then, (Ψ−1(GJ))(ri) = G(Ψ (ri)) =
G(Ψ(r)Ψ (i)) ⊇ G(Ψ (i)) = (Ψ−1(GJ))(i) and
(Ψ−1(GJ))(ir ) = G(Ψ(ir )) = G(Ψ(i)Ψ (r))⊇ G(Ψ(i)) =
(Ψ−1(GJ))(i). Hence,Ψ−1(GJ) is a soft ideal ofR.

4 Union soft subrings and union soft ideals

In this section, we introduce union soft subrings and union
soft ideals of a ring, investigate their basic properties and
establish the relation between soft subrings and union soft
subrings as well as soft ideals and union soft ideals.

Definition 9.Let S be a subring of R and FS be a soft set
over R. FS is called a union soft subring of R, denoted
FS<̃uR, if F(x − y) ⊆ F(x) ∪ F(y) and
F(xy)⊆ F(x)∪F(y) for all x,y∈ S.

Example 1.Given the ring R = (Z8,+, .),
S1 = {0,2,4,6} < R and the soft setFS1 over R, where
F : S1 → P(R) is a set-valued function defined by
F(x) = {y ∈ Z8 : y ∈< x >} for all x ∈ S1. Here,
F(0) = {0}, F(2) = F(6) = {0,2,4,6} and
F(4) = {0,4}. Then one can easily show thatFS1<̃uR.
Now, the subring ofRbe given asS2 = {0,4} and the soft
set GS2 over R, where G : S2 → P(R) is a set-valued
function defined by G(0) = {0,1,3,4,5} and
G(4) = {0,1,3}. Then,G(4 ·4) = G(0) = {0,1,3,4,5}*
G(4)∪G(4) = {0,1,3}. It follows thatGS2 is not a union
soft subring ofR.

Example 2.Given the ringR= M2(Z6), i.e. 2×2 matrices
with Z6 terms, with the operations addition and

multiplication of matrices. LetS=

{[
0 0
0 0

]
,

[
3 0
0 3

]}
. It

is obvious thatS is a subring ofR. Let the soft setTS over
R, whereT : S→ P(R) is a set-valued function defined by

T

([
0 0
0 0

])
=

{[
0 2
1 2

]
,

[
3 2
4 0

]}
andT

([
3 0
0 3

])
=

{[
1 2
1 2

]
,

[
3 2
4 0

]
,

[
0 2
1 2

]}
.

Then, one can easily show thatTS<̃uR. However, if
we define a soft setHS overRsuch that

H

([
0 0
0 0

])
=

{[
0 1
1 1

]
,

[
1 0
3 2

]}
andH

([
3 0
0 3

])
=

{[
0 1
1 1

]
,

[
1 1
4 2

]
,

[
0 4
2 1

]}

then,
H

([
3 0
0 3

]
·

[
3 0
0 3

])
= H

([
0 0
0 0

])
* H

([
3 0
0 3

])
∪H

([
3 0
0 3

])
.

Thus,HS is not a union soft subring ofR.

In [4], Atagün and Sezgin showed that the restricted
intersection, the sum and the product of two soft subrings
of R is a soft subring ofR. Here, we show that the
restricted union of two union soft subrings ofR is a union
soft subring ofR.

Theorem 8.If FS1<̃uR and GS2<̃uR, then FS1 ∪R GS2<̃uR.

Proof.SinceS1 andS2 are subrings ofR, thenS1∩S2 is a
subring of R. By Definition 4, let
FS1 ∪R GS2 = (F,S1) ∪R (G,S2) = (H,S1 ∩ S2), where
H(x) = F(x)∪G(x) for all x ∈ S1∩S2 6= /0. Then, for all
x,y ∈ S1 ∩ S2,
H(x−y) = F(x−y)∪G(x−y)⊆ (F(x)∪F(y))∪ (G(x)∪
G(y)) = (F(x) ∪ G(x)) ∪ (F(y) ∪ G(y)) = H(x) ∪ H(y)
and similarly H(xy) ⊆ H(x) ∪ H(y). Therefore,
FS1 ∪R GS2 = HS1∩S2<̃uR.

Theorem 9.If FS<̃uR, then F(0R)⊆ F(x) for all x ∈ S.

Proof.SinceFS is a union soft subring ofR, thenF(0R) =
F(x− x)⊆ F(x)∪F(x) = F(x) for all x∈ S.

Theorem 10.If FS<̃uR, then SF = {x∈ S| F(x) = F(0R)}
is a subring of S.

Proof.It is obvious that 0R ∈ SF and /06= SF ⊆ S. We need
to show thatx− y ∈ SF and xy ∈ SF for all x,y ∈ SF ,
which means thatF(x− y) = F(0R) and F(xy) = F(R)
have to be satisfied. Sincex,y ∈ SF , then
F(x) = F(y) = F(0R). By Theorem9, F(0R) ⊆ F(x− y)
andF(0R) ⊆ F(xy) for all x,y ∈ SF . SinceFS is a union
soft subring ofR, thenF(x− y) ⊆ F(x)∪F(y) = F(0R)
and F(xy) ⊆ F(x) ∪ F(y) = F(0R) for all x,y ∈ SF .
Therefore,SF is a subring ofS.

Theorem 11.Let FS be a soft set over R andα be a subset
of R such that F(0R) ⊆ α. If FS is a union soft subring of
R, then F⊆α

S is a subring of R.

Proof.SinceF(0R)⊆ α, then 0R∈ F⊆α
S and /06= F⊆α

S ⊆ R.
Let x,y∈ F⊆α

S , thenF(x) ⊆ α andF(y) ⊆ α. We need to
show thatx− y ∈ F⊆α

S andxy∈ F⊆α
S for all x,y ∈ F⊆α

S .
Since FS is a union soft subring ofR, it follows that
F(x − y) ⊆ F(x) ∪ F(y) ⊆ α ∪ α = α. Furthermore,
F(xy)⊆ F(x)∪F(y)⊆ α, which completes the proof.

The following theorem gives the relation between soft
subrings and union soft subrings of a ring.

Theorem 12.Let FSbe a soft set over R. Then, FS is a union
soft subring of R iff FrS is a soft subring of R.

c© 2015 NSP
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Proof.Let FS be a union soft subring ofR. Then for all
x,y ∈ R, F r(x− y) = R\F(x− y) ⊇ R\ (F(x)∪F(y)) =
(R \ F(x)) ∩ (R \ F(y)) = F r(x) ∩ F r(y) and
F r(xy) = R \ F(xy) ⊇ R \ (F(x) ∪ F(y)) =
(R\F(x))∩ (R\F(y)) = F r(x)∩F r(y). Thus,F r

S is a soft
subring ofR. The converse can be proved similarly.

Theorem 13.Let FS and GT be soft sets over R, where S
and T are subrings of R andΨ be a ring homomorphism
from S to T . If GT is a union soft subring of R, then so is
Ψ−1(GT).

Proof.Let GT be a union soft subring ofR. Then,Gr
T is a

soft subring ofR by Theorem12 andΨ−1(Gr
T) is a soft

subring of R by Theorem 4. Thus,
Ψ−1(Gr

T) = (Ψ−1(GT))
r is a soft subring ofR by

Theorem1 (i). Therefore,Ψ−1(GT) a union soft subring
of Rby Theorem12.

Theorem 14.Let FS and GT be soft sets over R, where S
and T are subrings of R andΨ be a ring isomorphism
from S to T. If FS is a union soft subring of R, then so is
Ψ⋆(FS).

Proof.LetFS be a union soft subring ofR. Then,F r
S is a soft

subring ofR by Theorem12 andΨ(F r
S) is a soft subring

of R by Theorem3. Thus,Ψ(F r
S) = (Ψ⋆(FS))

r is a soft
subring ofR by Theorem1 (ii). So,Ψ⋆(FS) is a union soft
subring ofRby Theorem12.

Theorem 15.Let R1 and R2 be two rings and FS1<̃uR1,
HS2<̃uR2. If f : S1 → S2 is a ring homomorphism, then i)
H f (S1)<̃uR2 and FKer f<̃uR1, ii) If f is an epimorphism,
Ff−1(S2)

<̃uR1.

Proof.i) SinceS1 < R1, S2 < R2 and f : S1 → S2 is a ring
homomorphism, thenf (S1) < R2 and asf (S1) ⊆ S2, the
result is obvious by Definition9. Moreover, since
Ker f < R1 andKer f ⊆ S1, the rest of the proof is clear by
Definition9. ii) SinceS1 < R1, S2 < R2 and f : S1 → S2 is
a ring epimorphism, then it is clear thatf−1(S2) < R1.
Since FS1<̃uR1 and f−1(S2) ⊆ S1,
F1(x− y) ⊆ F1(x)∪F1(y) andF1(xy) ⊆ F1(x)∪F1(y) for
all x,y∈ f−1(S2). This completes the proof.

Corollary 1.Let FS1<̃uR1, HS2<̃uR2 and f : S1 → S2 is a
ring homomorphism, then H{0S2

}<̃uR2.

Definition 10.Let I be an ideal of R and let FI be a soft set
over R. Then, FI is called a union soft ideal of R, denoted
by FI ⊳̃uR, if F(x− y) ⊆ F(x)∪ F(y), F(rx) ⊆ F(x) and
F(xr)⊆ F(x) for all x,y∈ I and r∈ R.

Example 3.Consider the ringR= (Z16,+, .), the ideal ofR
asI1 = {0,8} and the soft setFI1 overR, whereF : I1 →
P(R) is a set-valued function defined byF(0) = {0,3,15}
andF(8) = {0,3,6,9,12,15}. It can be easily shown that
FI1⊳̃uR. Now, let the ideal ofRbeI2 = {0,4,8,12} and the
soft setGI2 over R, whereG : I2 → P(R) is a set-valued

function defined byG(0) = {0,4,9,12}, G(4) = G(12) =
{0,4,6,9,15} andG(8) = {0,4,6,12}. Then,G(2 · 8) =
G(0) = {0,4,9,12}* G(8) = {0,4,6,12}. It follows that
GI2 is not a union soft ideal ofR.

Theorem 16.If FI1 ⊳̃uR and GI2⊳uR, then FI1 ∪R GI2 ⊳̃uR.

Proof.Since I1, I2 ⊳ R, then I1 ∩ I2 ⊳ R. By Definition 4,
FI1 ∪R GI2 = HI1∩I2, whereH(x) = F(x) ∪ G(x) for all
x ∈ I1 ∩ I2 6= /0. Then for all x,y ∈ I1 ∩ I2 and r ∈ R,
H(x−y) = F(x−y)∪G(x−y)⊆ (F(x)∪F(y))∪ (G(x)∪
G(y)) = (F(x) ∪ G(x)) ∪ (F(y) ∪ G(y)) = H(x) ∪ H(y),
H(rx) = F(rx) ∪ G(rx) ⊆ F(x) ∪ G(x) = H(x) and
H(xr) = F(xr) ∪ G(xr) ⊆ F(x) ∪ G(x) = H(x). This
completes the proof.

Theorem 17.If FI ⊳̃R, then IF = {x∈ I | F(x) = F(0R)} is
an ideal of R.

Proof.The proof follows from Theorem10 and Definition
10.

Theorem 18.Let FI be a soft set over R andα be a subset
of R such that F(0R) ⊆ α. If FI is a union soft ideal of R,
then F⊆α

I is an ideal of R.

Theorem 19.Let FI be a soft set over R. Then, FI is a union
soft ideal of R iff FrI is a soft ideal of R.

Proof.Let FI be a union soft ideal ofR, x,y ∈ I and r ∈
R. Then, for allx,y ∈ I andr ∈ R, F r(x− y) = R\F(x−
y)⊇ R\ (F(x)∪F(y)) = (R\F(x))∩ (R\F(y)) = F r(x)∩
F r(y). Moreover,F r(xr) = R\F(xr) ⊇ R\F(x) = F r(x)
andF r(rx) = R\F(rx) ⊇ R\F(x) = F r(x). Thus,F r

I is a
soft ideal ofR. The converse can be proved similarly.

Theorem 20.Let FI and GJ be soft sets over R, where I and
J are ideals of R andΨ be a ring epimorphism from I to J.
If GJ is a union soft ideal of R, then so isΨ−1(GJ).

Proof.Follows from Theorem1 (i), 7 and19.

Theorem 21.Let FI and GJ be soft sets over R, where I and
J are ideals of R andΨ be a ring isomorphism from I to J.
If FI is a union soft ideal of R, then so isΨ⋆(FI ).

Proof.Follows from Theorem1 (ii), 6 and19.

5 Some characterizations for soft submodules

In this section, we obtain some characterizations for soft
submodules of a module with respect to image, preimage
and upperα-inclusion of soft sets.

Theorem 22.Let FN be a soft set over M andα be a subset
of M such that F(0M)⊇ α. If FN is a soft submodule of M,
then F⊇α

N is a submodule of M.
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Theorem 23.Let FN and GK be soft sets over M, where N
and K are submodules of M andΨ be a module
isomorphism from N to K. If FN is a soft submodule of M,
then so isΨ (FN).

Proof.Let k1,k2 ∈ K. SinceΨ is surjective, there exists
n1,n2 ∈ N such thatΨ(n1) = k1 andΨ(n2) = k2. Thus, as
in the case of Theorem 3,
(Ψ(FN))(k1 − k2) ⊇ (Ψ(FN))(k1) ∩ (Ψ(FN))(k2) is
satisfied. Now, letr ∈ R andk ∈ K. SinceΨ is surjective,
there exists ˜n ∈ N such that Ψ(ñ) = k. Then,
(Ψ(FN))(rk) =

⋃
{F(n) : n ∈ N,Ψ(n) = rk} =

⋃
{F(n) :

n ∈ N,n = Ψ−1(rk)} =
⋃
{F(n) : n ∈ N, i =

Ψ−1(rΨ(ñ))} =
⋃
{F(n) : n ∈ N, i = Ψ−1(Ψ(rñ)) =

rñ} =
⋃
{F(rñ) : rñ ∈ N,Ψ (ñ) = k} ⊇

⋃
{F(ñ) : ñ ∈

N,Ψ (ñ) = k} = (Ψ(FN))(k). Hence,Ψ (FN) is a soft
submodule ofM.

Theorem 24.Let FN and GK be soft sets over M, where N
and K are submodules of M andΨ be a module
homomorphism from N to K. If GK is a soft submodule of
M, then so isΨ−1(GK).

Proof.Let n1,n2 ∈ N. As in the case of Theorem4,
(Ψ−1(GK))(n1−n2)⊇ (Ψ−1(GK))(n1)∩ (Ψ−1(GK))(n2)
is satisfied. Now let r ∈ R and n ∈ N. Then,
(Ψ−1(GK))(rn) = G(Ψ (rn)) = G(rΨ (n)) ⊇ G(Ψ(n)) =
(Ψ−1(GK))(n). Hence,Ψ−1(GK) is a soft submodule of
M.

6 Union soft submodules

In this section, we introduce union soft submodules of a
module, investigate its basic properties and establish the
relation between soft submodules and union soft
submodules.

Definition 11.Let N be a submodule of M and FN be a soft
set over M. Then, FN is called a union soft submodule of
M, denoted by(F,N)<̃uM or simply FN<̃uM, if F(x−y)⊆
F(x)∪F(y) and F(rx)⊆ F(x) for all x,y∈ N and r∈ R.

Example 4.Consider the ringR = (Z12,+, .), the left
R-moduleM = (Z12,+) with natural operation and the
submoduleN1 = {0,6} of M. Let the soft setFN1 overM,
whereF : N1 → P(M) is a set valued function defined by
F(0) = {0,4,9} andF(6) = {0,3,4,9,11}. Then, it can
be easily seen that(F,N1)<̃M. Now, let the submodule of
M be N2 = {0,4,8} and the soft setGN2 over M, where
G : N2 → P(M) is a set valued function defined by
G(0) = {0,3,9} and G(4) = {0,3,5,8,11} and
G(8) = {0,3,5,8,9,11}. Then, G(2 · 4) = G(8) =
{0,3,5,8,9,11}* G(4) = {0,3,5,8,11}. Therefore,GN2
is not a union soft submodule ofM.

The following theorems are given without their proofs,
since one can easily show them in view of Section5.

Theorem 25.If FN1 is a union soft submodule of M and
GN2 is a union soft submodule of M, then so is FN1 ∪R GN2.

Theorem 26.If FN<̃uM, then F(0M)⊆ F(x) for all x ∈ N.

Theorem 27.If FN<̃uM, then
NF = {x∈ N | F(x) = F(0M)} is a submodule of N.

Theorem 28.Let FN be a soft set over M andα be a subset
of M such that F(0M)⊆ α. If FN is a union soft submodule
of M, then F⊆α

N is a submodule of M.

Theorem 29.Let FN be a soft set over M. Then, FN is a
union soft submodule of M if and only if Fr

N is a soft
submodule of M.

Theorem 30.Let FN and GK be soft sets over M, where N
and K are submodules of M andΨ be a module
homomorphism from N to K. If GK is a union soft
submodule of M, then so isΨ−1(GK).

Theorem 31.Let FN and GK be soft sets over R, where N
and K are submodules of M andΨ be a module
isomorphism from N to K. If FN is a union soft submodule
of M, then so isΨ⋆(FN).

Theorem 32.Let M1 and M2 be two R-modules, FN1<̃uM1,
HN2<̃uM2. If f : N1 →N2 is a module homomorphism, then
i) H f (N1)<̃uM2 and FKer f <̃uM1, ii) If f is an epimorphism,
Ff−1(N2)

<̃uM1.

Corollary 2.Let FN<̃uM1, HN2<̃uM2 and f : N1 → N2 is a
module homomorphism, then H{0N2}

<̃uM2.

7 Conclusion

Atagün and Sezgin in [4] defined soft subrings and soft
ideals of a ring, soft subfields of a field and soft
submodule of a left module. In this paper, we have
introduced union soft subrings and union soft ideals of a
ring and union soft submodules of a left module and
investigate their related properties with respect to soft set
operations, anti image and lowerα-inclusion of soft sets.
We also obtain significant relations between soft subrings
and union soft subrings, soft ideals and union soft ideals
of a ring and soft submodules and union soft submodules
of a left module. To extend this work, one could study the
union soft substructures of different algebras.
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[22] KazancıO., Yılmaz Ş. and Yamak S., Soft sets and soft
BCH-algebras, Hacet. J. Math. Stat.39 (2), 205-217 (2010)

[23] Kim C.S., Kang J.G. and Kim J.S.: Uni-soft (Quasi) Ideals
of Semigroups, Applied Mathematical Sciences,7 50, 2455-
2468 (2013)

[24] K. J. Lee, Union-Soft Filters of CI-Algebras, Applied
Mathematical Sciences,7 117, 5831-5838 (2013)

[25] Maji, P.K., Biswas, R., Roy, A.R.: Soft set theory, Comput.
Math. Appl.45, 555-562 (2003)

[26] Maji, P.K.,Roy, A.R. and Biswas R.: An application of soft
sets in a decision making problem, Comput. Math. Appl.44,
1077-1083 (2002)

[27] Majumdar P. and Samanta S.K.: On soft mappings, Comput.
Math. Appl.60 (9), 2666-2672 (2010)

[28] Molodtsov, D.: Soft set theory-first results, Comput. Math.
Appl. 37, 19-31 (1999)

[29] Molodtsov D.A., Leonov V.Y. and Kovkov D.V.: Soft
sets technique and its application, Nechetkie Sistemi Myakie
Vychisleniya 1(1), 8-39 (2006)

[30] Sezgin, A., Atagün, A.O.: On operations of soft sets.
Comput. Math. Appl.61(5), 1457-1467 (2011)

[31] Sezgin,. A, Atagün, A.O., Aygün, E.: A note on soft near-
rings and idealistic soft near-rings. Filomat25 (1), 53-68
(2011)

[32] Xiao Z., Gong K., Xia S., Zou Y., Exclusive disjunctive soft
sets, Comput. Math. Appl.59 (6), 2128-2137 (2010)

[33] Zhan, J., Jun, Y. B.: Soft BL-algebras based on fuzzy sets,
Comput. Math. Appl.59 (6), 2037-2046 (2010)

[34] Zou Y. and Xiao Z., Data analysis approaches of soft sets
under incomplete information, Knowledge Based Systems21,
941-945 (2008)

Aslıhan Sezgin Sezer
is Assistant Professor Doctor
of Mathematics at Amasya
University. She received the
PhD degree in Mathematics
at Gaziosmanpaşa University
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