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Abstract: The Jensen divergence is used to measure the difference betweprotvability distributions. This divergence has been
generalised to allow the comparison of more than two distributions. In thisrpae consider some bounds for generalised Jensen
divergence forn-time differentiable functions.
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1. Introduction Recently, Dragomir, Dragomir and Sherwell(]
obtained several sharp bounds for the Jensen divergence,

In probability theory and statistics, the Jensen divergenc for different classes of functions. We refer the readers to

is used to measure the difference between two probabilitysection 2 for the detail of these results. In the same spirit,

distributions. In Burbea and Rad][ a generalisation of we present bounds for-time differentiable functions in

the Jensen divergence is considered to allow thethis paper (cf. Sections 3 and 4). Lastly, we apply these

comparison of more than two distributions. df is @  bounds for elementary functions in Section 5.

function defined on an intervdl of the real lineR, the

(generalised) Jensen divergenbetween two elements

= (1,...,xy) @Ay = (y1,...,yn) IN I" (Wheren > 5 pefinitions, notation and previous results

1) is given by the following equation, (cf. Burbea and

Rao [1]) In this section, we provide some definitions and notation

nory o+, that are used in the text, and also provide some previous
Tn,e(x,y) == Z [[@(mi) + D(y;)] — @(”%)] results related to the Jensen divergence. Throughout the
— L2 2 paper, we denotg’ to be the Hblder conjugate of a real

i=1

numberl < p < oo, thatis, when' satisfiesl /p+1/p’ =
for all =,y € I™ x I". Several measures have been | P rp /p1/p
proposed to quantify the difference (also known as the  \ye yse the following notation for Lebesgue integrable

divergencgof two (or more) probability distributions. We  f,ctions. Let, b, u, v € R and without loss of generality,
refer to Grosse et. al2], Kullback and Leibler 8], and |t ys assume that< « < v < b. We denote
Csiszar f] for further references. -

These measures can be applied in a variety of fields, v 1/p
for example in fuzzy information systems]] The Jensen ||g|\[u’v]’p = (/ lg (s)|” ds)
divergencehas tremendous applications in the fields of u
Bioinformatics [7], [8], where it is usually utilised to .
compare two samples of healthy population (control) and:/fvgiar}(’)tue’v € [a,b] andg € L, [a,b]. Forg € Lo [a, b]
diseased population (case) in detecting gene expression
for a certain disease. We refer the readers to Dragdhir [

for applications in other areas. 1901,01,00 = €58 sup g (s)].

s€lu,v]
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If p1,..,pr > 0 (k > 2) denote the probability
distribution satisfying the usual constrairﬁ’?:1 p; =1,
then the Jensen divergence of the probability distribstion
is defined by 1]

a0t =3 Zpa (v)

i=1

(S)

forall (y!,...,y%) € I" x ... x I"withy? = (y],...,99)
for j = 1,...,k. In information theory,7? defines the
measure of information ork-input channel for input
distributionp = p1, ..., p. It also expresses the amount of
information supplied by the data for discrimination of
these distributions. The divergeng®g ;, written as

—_

jn,l('ra y) =

> [wilogz; + yilogy;
=1

—(x; + i) log (:Cl;ryl)] ;

[\)

is also known as thdensen-Shannon divergeri&.

Considering the Jensen divergence defined above, wéor anyz = (x4, ...,

state the following well-known theorem for convex and
concave functions.

Theorem 1(Burbea and Rao []). Let & be a C?

function defined on intervdl of real numbers. Thed,, &

is convex (concave) ofi* x I"™ if and only if® is convex
(concave) and /®" is concave (convex) oh Further, in
this caseJ” ¢ IS also convex (concave) aft* for any
given probab|I|ty distributiorp.

Definition 1.A function f : [a,b] — R is absolutely
continuous on[a,b] if and only if f is differentiable
almost everywhere ofa, b], the derivativef’ is Lebesgue
integrable onfa,b] and f (v) — f (u) = [ f'(t)dt for
anyu,v € [a,b].

Theorem 2(Dragomir, Dragomir, and Sherwell [10]).
Assume tha® : [a,b] — R is absolutely continuous on

[a, b] . Then we have the bounds

|Tn.0 (2,9)]
n
> Ny = il 192, 1,00
i=1

if & € Lo [a, D]

)

IN
DO =

n

p—1
E lyi — x| ® ||@/||[l‘i7yi]71)7
i=1

if & € Ly [a,b],p > 1;
n
>l
=1
n
||¢/||[a7b],oo Z |yl - :Ci|7
=1

if &' € Loo [a, b];

[zi,9:],1

IN
[N

n

p—1

||@I||[a,b],p2|yi —x| 7,
i=1

if o' € L,[a,b],p>1;

n ||Q§/||[a,b],17

l’n) Y = (ylv 7yn) € [avb]n . The
constantl /4 is best possible in both inequalities.

For two vectorst = (21, ..., Zn), ¥ = (Y1, -, Yn) €
I™ we say thatr < yifforall i € {1,...,n} we have that
x; < ;. Forz <y, we call the set,

ni},

[ﬂf,y] = {g = (gla agn) | Zq S 9i S yiai € {1a ey
the generalised interval generatedabgindy.

Theorem 3(Dragomir, Dragomir, and Sherwell [1Q)).
Let® : I — R be a convex function on the intervhlof
real numbersR.

OIf z,y, z € I™ are so thatr < y < z, then
0 S jn,';b ($3y> + jn,@ (ya Z) S \711,45 (iL’, Z) ) (2)

i.e., Jn,e IS super-additive as a functional of the
generalised interval;
(iDf x, y, z,u € I"™ are so thatr <y < z < u, then

0 S jn,@ (.%Z) S jn,@ (x,u) ) (3)

i.e., Jn,s IS monotonic nondecreasing as a functional
of the generalised interval.

When more information about the derivative of the
function @ is available, then we can state the following
result as well
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Theorem 4(Dragomir, Dragomir, and Sherwell [10]). where the kernek,, : [a, b]> — R is given by
Letd : [a,b] — R be a differentiable function on the ( it o]
interval [a, b] of real numbersR. _J=a)" ift€laz
[a, b] Kon(w,t) == {(t by ifre oy Et ®

(i)If the derivatived’ is of bounded variation ofu, b]
then andm is a natural numbenn > 1.

Corollary 1.Under the assumptions of Lemrbawe have
| Tna (z,9)] < 4 Z i — il \/ @ he foIIowing estimate for the error term {i@)
1 / / Koz, t) £ () dt
< Z\a/@);yﬁm ©) ‘ mJ,
' oo £ =)™ o
foranyz = (xl,....,:vn) LY = _(yl,:..,yn) € [a, b] m+ 1 [a,b],005
The constant /4 is best possible in both inequalities if f(™) € Loola, bl;
_(@and(). _ o _ 1 (z —a)™ % + (b—2)"Fs (
(ii)If the derivatived” is L-Lipschitzian orla, b with the < — x T 1™ 1,0, (9)
constantr, > 0, then m: (pm+1)7
n it /™ € Ly[a,b],p>1;
1 m (m)
Tn,a (T, < <L i — X 2 6 [(x—a)™ + (b—x)"]|If H[a,b],la
[T, (2, 9)] Z:(y ) (6) oy
1
_ §L Tz (@,9) forall x € [a,b].

Proof By Holder’s inequality, we have

m/K (2, £) ™ (1) dt

foranyz = (z1,....,20n), ¥y = (Y1, --sYn) € [a,b]"
The constant /8 is best possible ing).

ml
3. Approximations of Jensen divergence m
PP g [ Vo 01 151
In this section, we provide some approximations for the / b 1/p
following Jensen divergence 1 / K HIPdt ( ,
b b < X ’ Ko (2, 1)) 1" N> (20)
+ +
j17f(a7b):f(a)2f()_f<a2 > p>]_
sup Ko (z,2)| |
te€fa,b]

for some classes of which will be used to approximate
the generalised Jensen divergence in the later section. Wé/e evaluate

first consider the above Jensen divergence for absolutely b T b
continuous functions, and ‘weaken’ the condition to the | K (z,t)|dt = / (t —a)™dt +/ (b—t)"dt
case of functions of bounded variation. The results in this” ¢ @ z

section will be used to approximate the Jensen divergence I ) e N G lian

for J,,¢ (as defined in Section 1), which we will describe T om4+1 . m+1 |,

in Section 4. _ym+1 _oaym+1
The following integral identity will be used to obtain = (z —a) + (b 2)

an approximation of Jensen divergence. We refer to m+1

Cerone, Dragomir and Roumelioti¢], Lemma 2.1., p.  which proves the first part o8j. Now,
54].

b
Lemma 1(Cerone, Dragomir and Roumeliotis [L1]). (/ |Km(x,t)|pdt>
Let f : [a,b] — R be a mapping such thaf(™—1) is a

absolutely continuous oa, b] we have the identity

/ bf(t)dt : ( Wdt)l/p i (Lb(b_t)pmdt) )

1/p

1/p
(b— k+1 Dk (2 — g)k+1 B Pm+1 zq1/p (bit)pm+1 b
Z[ ) ?;ﬂ(Jr ;(x a) f<’f)(x} 7) —{ pm+1 J + o1
m) (.’L‘ ’”“"1/1? + (b )m+1/p
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which proves the second part & (Finally,

sup |Kp(z,t)| = sup (t—a)™
te[a,b] tela,x]

+ sup (b—1t)"
te(z,b]

=@x—-a)"+b-—x)"

which completes the proof.

Theorem 5Let f :

f(m=1) is absolutely continuous ofu,b]. We have the
following representation:

M_f <a;b> (12)

S (=) [(14+(=DF 4 (atd

= 2k +1)! K ok )f < 5 >

W @)~ (O] (12)

—_1\m b

+2n(u(z1;)_ a) / Con () ™ (t)dt,

where
t—a)™ — (t—b)™, ift € [a, (a+b)/2];

Cnlt)= { Ef - b))’” - ((t - a§m7 e E(G(J)/?/,b{

Proof By Lemmal we have

b

f(t)dt
(b a)f(x)
~ [(b— o) + (D@ — )™y
! { (k +1)! " (x)]
( Ko (z,t)f m)
/ (13)
Chooser = a in (13) to obtain
b m—1 (b—a k+1
_ ®) (4
[ 1w = - +k1[k+1 @]

m b
+f;3 [ = v

(14)
and choose: = b in (13) to obtain
b
[ e =6-aso)
4 Z [ kbfla) f(’“)(b)} (15)

JQW/Q—Moww

[a,b] — R be a mapping such that

Adding (14) and (L5), and divide the sum by 2, we obtain
b
f)de
SSRYIORS (0
1 {(b — a)k+!

3
k=1

(=™
2m!

+

(16)
We also have the following by choosing= (a + b)/2 in
(13

/a " for
=@—aﬁ(a§b)

+§j(

DM (b -
2K+ (J; +

) ()

(t) £ (t)dt

where

_Jt—a)m iftela, (a+b)/2
M’rn(t) T { (t — b)m, if t € ( a+ b)/2 b]

Equating (6) and (L7) yields
fla)+ 1) (a + b)
2 2

1 i (b—a)
- —Z;[(k+n @) + (-1 )]
1)4] (b — a)*+! a+b
+§:< ) ()
B b
G [ = e a0 oo ar

m!
L (b—a) a
“ Lo | ) 0 ()
(@)~ (1O o)

as required.
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Corollary 2.Under the assumptions of Theorebn we
have the following estimate for the error term(it):

L)ma /b Cm(a?, t)f(m) (t)dt

2ml(b —

2(b—a)™

if f<m> € Loo[a,b];
1 2(b — a)mt1/p-1
()—Hf( ) [

(pm +1)1/p
it (™ € L,[a,b];

20— )" M a1,
if f(™) € Li[a, b].

ProofSimilarly to the proof of Corollaryl, we use
Holder's inequality to estimate the error term (cf0)).

So, we want to quantify:

/ab|cm<t>|dt=/ab|<t—a>m—

< /ab(t _a)™dt + /ab(b —ymar

b

(t — b)™|dt

_t—am p—pmt

- om+1 a_ m+1 |,
2(b —a)mt!

N m+1

We also quantify

( / b %(t)ﬁdt)

1/p

1/p
b)m”dt>

1/p 1/p
( (t—a P’"dt) + (/b(b — t)Pmdt>

pm+1 ‘| p (b _ t)p7n+1 b] 1/p
+ A —
pm + S pm+1 u pm+1 |,
—a)mti/p
(pm +1)Hr
And finally,
sup |Cp,(t)] =sup|(t —a)™ — (t = b)™|
t€la,b]
< sup (t—a)™+ sup (b—t)™
te(a,b] t€la,b]
=2(b—a)™

which completes the proof.

Remarki-or the case ofn = 1, we have the following

fa+50) (a;b)
1

b
S e / Co(t)f (t)dt
b

_ ﬁ Vaa;b (a— b)f’(t)dt—i—/a;b

1 a;b b

s ,
:_§/a F(tydt+ 5

= a)f’(t)dt]

f(t)dt

a+b
2

and thus

)

a+b

1 2
,i/a

atb

/a2 f(t)dt| + =

1 [ I
3wy [ 15w
IR

3 [ £l =

This recaptures the last case in Theoizfar n = 1.

dt+/f t)dt

"(t)dt

IN

IN

1
S e

Theorem 6Let f : [a,b] — R be a function whose:*"
derivativesf (™ are of locally bounded variation ofa, b].
Then,

fla)+f(b) (a+b>

(18)

ProofWe utilise the following Taylor’s representation for
m-timedifferentiable functions : [a,b] — R whosem!"
derivativesf (™) are of locally bounded variation dn, b|

(see [8]).

L1 I m v elm
£ =Y 50 P [ (s )
k=0 ¢
(19)
wheret andc are in[a, b] and the integral in the remainder
is taken in the Riemann-Stieltjes sense.

© 2014 NSP
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If we choose in(19), ¢ = (a +
we get,

fa) = i;,(" - b>kf(’“) (“‘2”’)
o fLlam 9 A7)

b)/2 andt = a, then

k=0
_qym+1 gt
I [ s ag )
(b L (D) 0t
f( 2 )JF]; 2! (ba)kf(k)< 2 )
(_1)’m+1 atb

(20)
If we choose in(19), ¢ = (a + b)/2 andt¢ = b, then we
also get,

10 =3 s - (452

(21)
If we add the equality20) with (21) and divide the sum
by 2, then we get,

fla) + f(b)

a+b
S f(T)

ProofNote that for any continuous functign: [«, 5] —
R andv : [o, 8] — R is of bounded variation, then the

Riemann-Stieltjes integr{;ﬂﬁ p(t)dv(t) exists and

B
/ p(Bdu(t)| < ma |\/ (23)
Using 23) we have the following
i —-1)m = s—a)™ (m) (g
U [ T = )
1 b
= _ (m)
o f 00 S <s>>’
L Lk (s— "y (m)
= 2m! |:t€[a,(aa+b)/2](8 a) \a/(f )
b
max — (m
+t€[(a+ab/2b (b—s) \/ ! ]
L [o—0m V), =™\
=5 |5 V) + = Vi >)]
1 _(b—a)m ’ (b—a)™ i
- TWL' om \“/(f(m))‘| = om+1lm| \a/(f(m))

which completes the proof.

Theorem 7(Dragomir [12]). Let f : [a,b] — R be a
function whosem!" derivatives f(™) are of locally
bounded variation off, b].

f(a;b) _ )+ 1)

+i<b

a)®
[7P(@) + (~DH O )]

o (-1)F+1 a+b
+> [W (b=a)*f® (5= 2k
k=1
afe (m) (¢
o ) [ s ) (5) / Mn(t)d (£7(0)). @9
1 b ’ ) where
t o [ =9 dr ) arh AT | .
2 1 ——t) if t € [a, £
which completes the proof. M, (t) = — X m
2m! L sl PP
Corollary 3.Under the assumptions of Theorefn we (-1) 2 it e (52, 0]
have the following estimate for the error term(itB) (25)
atb We refer to [L2, Corollary 2] for the proof of this theorem.
oo [T s =y d(r s))
29m! . RemarkBy utilising (23) we have the following bound for
b the error term in24)
+ /w+b (b - S)Tn d(f(m) (S))‘ (22) b (b _ a)m b
# [ Mt (r0)| < G V). @8)
< (b — a) (f(m)) @ T a
2mtim! We refer to [L2, Corollary 3] for the proof.
@© 2014 NSP

Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.8, No. 6, 2739-2750 (2014)www.naturalspublishing.com/Journals.asp

%N =) 2745

4. Approximations of the generalised Jensen
divergence

We consider a functiornp I — R that is m-time
differentiable (m > 1) and the derivativedp(™~1 is
locally absolutely continuous oh, this means that it is

absolutely continuous on any closed subinterval [a,b] of

I.Fork=1,2,...,m,we define

n
Ti + Yi
P’n,(ﬁ,k‘(x, y) = Z(yl — :[7)k¢(k) (7?!)

‘ 2
i=1

n

Quor(a,y) = 3 = 20" [0 + (-1 ()
_1 m
Enom(t,y) = (Qm)! y
Y L e — o\ M (m)
ZZ:; |JU1 — /1’1 [(t — ;) (t —y;)™] D™ dt

wi)m] (p(m) dt

1 Yi m
t—y)™ — (t —
s / (=)™ — (

wherez = (z1,....,2,), ¥ = (y1,..,yn) € I" and the

The proof follows by Corollar?.

We consider now, a functio® : I — R that ism-
time differentiable(mm > 1) and them!" derivatived(™)
is of locally bounded variation of, this means that it is
of bounded variation on any closed subinterval [a,b] of
Fork=1,2, ..., m, we recall

< ) [ T T Y
Z(?/z' — ;) o) (2)

i=1

Pn,437k(x? y) =

and define

Rn,@,m(xv y)

gy |

X4

ity

(t = z;)"d(@"™(t))

’ /i (i = th@(m(t))}

wherex = (z1,..,2,), ¥ = (Y1,--,yn) € I™ and the

integral above is taken in the sense of a Riemann-Stieltjes.

The following representation for th&-divergence can
be stated.

Theorem9Llet® : I — R be a m-time differentiable

integral above is taken in the sense of a Riemann-Stieltjesfunction onI and them" derivative®(™ be of locally
The following representation for th&-divergence can be bounded variation od. Then,

stated.

Theorem 8Letd : I — R be a function o such that the
derivative#(™~1) be absolutely continuous oh Then,
Then,

m—1

=2

=1

_Qn,é,k(l'vy):| +E,or(z,y)

(-1)F+1
2k+ 2k

jn@ :L' y Pn,@,k’(xay)

for any vectore,y € I™.

Proof We employ the result of Theorebifor f = @, a =
x; andb = y;, @ € {1,...,n} and sum over from 1 ton,

then we deduce the deswed representation; and the proof <

is completed.

Corollary 4.Under the assumptions of TheoreBn we
have the following estimate:

| En@,m (2, y)]

z’”: 2|yi _ milm
m+1

i=1

max AU P
ie{lo H H[ irYils

n 2y: — m—+1/p—1
1 Z % H@(m)H I
= oml ) =1 (pm +1)1/» ie{l ,,,,,
| p>1,
m—1
Z2|y¢ — z’e{l H@( )H T
- e

m

Kk
jn,é(zyy) Z|:( 1) +1

2’“‘1]{:'} Pn,@,k(x7 y)+Rn,<I>,m(xa y)
k=1 ’

(27)
for any vectorz,y € I™.

Proof We employ the result of Theoreffor f = &, a =

x; andb = y;, i € {1,...,n} and sum over from 1 to
n, then we deduce the desired representatiat; and the
proof is completed.

Corollary 5.Under the assumptions of Theore®n we
have the error estimate:

|Rn @ m(f y)|

Zlyz i

Yi

Vi

\/(@(m))

T;

2m+1

X

— 2mt+lm) ie?%?. (28)

Z |yv - $z|

foranyz,y € I™.
In particular if 2,y € [a, b]"
simpler bound:

c I™, then we have the

b n
1 m
| Bn,0,m (7, y)| < m\/(@( ))<Z|yz — ] )
“a i=1

(29)
The proof follows by Corollang.
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Corollary 6.Under the assumptions of Theorérand if
the m*” derivative®(™ is Lipschitzian with the constant
L,, > 0onI, then we have the error estimate:

, Z |y — 2™, (30)

|Rna.m(z,y)| < W
foranyz,y € I™.

Prooflt is well known that ifp : [¢,d] — R is a Riemann
integrable function and : [c, d] — R is Lipschitzian with

constant L then the Riemann-Stielties integral
f p(t ) exists and,
‘/ t) do(t ‘ < L/ Ip(t)] dt.
Therefore,
|Rn @m z y

g +yl

H/ (t— ) d(di(m)(t))‘

mm@muﬂ}

1+yz

o (X
of L
<[
+‘/;(y )dtH}

|yz - Iz|m+1
2m+1

(t— ;) dt'

ly; — x; |
(m 1 D)2mit

:Zi{

2m+1(m = Z ly; — x;|™*L,  foranyz,y e I™.

This proves the desired inequalit§0).
Fork =1,2,...,m, we now define

Yn,@,k(xa y)

wherex = (z1,...,2,), ¥ = (y1,..,yn) € I and the

integral above is taken in the sense of a Riemann-Stieltjes.

The following representation for th&-divergence can be
stated.

Theorem 10Let & : I — R be a m-time differentiable
function onI and them!" derivative®(™ be of locally

bounded variation od. Then,

ZZ 2k+1k| {(p(k)(xl)

i=1 k=1
+(=D 0P ()] + Yoam(a.y).

for any vectorz,y € I™.

jn@xy

The proof follows by Theoren.
Corollary 7.We have the following error estimates

W(@W)} :

max

i
Iansmxy|<Z i{1 n}

2m+1m'

The proof follows by RemarB.

5. Application to some elementary functions

In this section, we consider the approximation of Jensen
divergence for some elementary functions.

1.First, we consider the exponential function, &ét) =
et. We have, from Theorei@

jne”xy ZZ ylk+;

i=1 k=1
1 —1)% witw
X [ +;k D e _ oo — (=1)fev
with the remaindef,, .+ ,,, (x,y) satisfies the bound,
|En,et,m‘
———— max e,
= m +1  ie{1,..,n}
zn: 20y; — x| /P
1 —~  (pm+1)M/P
S 5 X ’ ’ 1/17,
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Theorem9 gives us
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Finally, Theoreml0 gives us
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with the remaindet’, .: ., (x, y) satisfies the bound,
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2.We now consider the functiof(t ) = tP, wherep >

m. We have, from Theore®
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Theorem9 gives us
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where the remainderR, i ., (z,y) satisfies the

bound,
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3.We consider the functio(t) =
1. We have, from Theore®
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with the remainde,, : ,

—log(t), wheret >

yz_fz
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Theorem9 gives us
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Tl = 3231V (i

i=1 k=1

where the remainderR, i, (z,y) satisfies the

bound,
[Rn et m (2, 9)| < 2"1% ig?lax flt=m lH[z Jy+i,1] Zz Ly — @™,

Finally, TheoremlO gives us

m

DI =

=1 k=1
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with the remaindet’, .+ ,,
‘Yn,cﬂm(l‘ay)

(z, y) satisfies the bound,

< 2"}+l ) maX ”t H[zpyﬂ,l] Z?:l ly; —
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In the following figures choose =20,m = 2,4,6
for &(t) = —log(t), I = [10,20]. We observe that the
approximation in Theorer converges faster than the
other two, whilst the approximation in Theoresnis
the slowest.
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