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Abstract: This paper addresses the Sharma-Tasso-Olver equatiorafidntegrability perspective. There are three integratiomhs
that are applied to extract the solutions to this nonlineatution equation. The ansatz method is applied to the gdised equation
with power-law nonlinearity to obtain shock-wave soluSorsubsequently, the traveling-wave hypothesis leads athan set of
solutions in the complex domain. Finally, Lie symmetry 3@ leads to a third set of solutions. Several constrainditions emerge
from the various analyses.

Keywords: Sharmo-Tasso-Olver equation, travelling-wave, shockeyhie point symmetry

1 Introduction Several methods of integration will be applied to extract

soliton and other solutions to this equation. The ansatz
The theory of solitons is a very important area of researchepproach is firstly applied with power-law nonlinearity. In
in applied mathematics, information sciences andthis context, it will be proved that the power-law
theoretical physicsi]2,3,4,5,6,7,9,10,11,13,14,16,19, nonlinearity parameter collapses to unity for this equatio
20,21,22,23,24,25). In the context of information to supportshock-waves. The constraint conditions will be
sciences, solitons act as information carrier bits throughidentified for the waves to exist. Traveling-wave will
optical fibers across transcontinental and transoceanisubsequently be employed with a specialised form of a
distances. The theory of solitons is also studied in severasolution structure. This will lead to solutions that areigal
other forms such as analysing topological solitons, whichin the complex domain. Finally, Lie symmetry analysis
are also known as shock-waves, singular solitons that arwill lead to an additional set of solutions that are
also known as rogue waves in oceanography and opticagxhibited. Some numerical simulations will support the
rogons in nonlinear optics. This paper considers one suclnalysis developed in this paper.
nonlinear evolution equation (NLEE) that leads to
shock-wave solutions or topological soliton solutions.
This is the Sharma-Tasso-Olver (STO) equation. This
NLEE is an odd-ordered hierarchy of the well-known 2 Ansatz approach
Burgers equation, that also produces shock-wave
solutions []. The STO equation under study appears with The version of the STO equation we consider is given by
dual nonlinear terms and a single dispersion term.

u+a (U™ +b(u?"), + Clox =0, (1)
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whereu(x,t) is the dependent variable and is the profile Now setting the coefficients of the linearly independent
of the wave. The independent variables aiandt, while functions tanht for j = 0,2,4 in eq. (3) leads to

a, b andc are all real-valued constants. The paramater

dictates power-law nonlinearity. v = 2bAB, (10)

It must be noted that this approach of integrability was
already studied earlier for the case= 1 in [10]. In this v = 3aA? + 4bAB — 8cB?, (11)
paper, we adopt this approach on eq. (1) for a general
value ofn thus keeping it on a more generalised setting
from any previous work. aA? + 2bAB — 2cB? = 0. (12)

Equating the two values of shock-wave velociy from

In order to seek shock-wave solutions to eq. (1), theeqs. (10) and (11) leads to

starting hypothesis is given by
u(x,t) = Atant’[B(x— wt)], 2) 3aA? + 2bAB — 8cB? = 0. (13)

whereA andB are free parameters andepresents speed From egs. (12) and (13) one easily obtains
of the shock-wave. The value of the unknown exponent

will become evident during the course of derivation of the 3c
shock-wave solution. A=1/—B, (14)
The substitution of eq. (2) into eq. (1) leads to which prompts the constraint condition

pvA (tantP 17 — taniP 1 1) oo 0 (15)

+ (2n+ 1) paA?™ (tantf"PTPHL 1 — tanf"PTP1T)
+ 2npbA2“B{(2np— 1) tanif"P—27 — 2nptant™P which must hold for shock waves to exist. Finally, the

shock-wave solution to eq. (9) is given b
+ (2np+1)tanf"P+2 7} e O)isg y

+ cAB? {p(p—1)(p—2)tanf31 u(x,t) = AtantB(x—wt)], (16)
— [p(p—1)(p—2) +2p* tantP~*1 where the free parametedsandB are connected as given
+ [p(p+1)(p+2)+2p% tant? ™ 1 by eq. (14).
— p(p+1)(p+2)tantP™31} =0, (3)  Figure 1 displays a shock-wave solution to eq. (9) with
parameter valuea = b = c = 1, B = 0.5, with ranges
where being—50< x < 50 and 0< t < 40.
T =B(X—W). (4)

From eq. (3), by the balancing principle, equating the
exponents2p+ p+ 1 andp+ 3 leads to

p= n (5)
Again equating the exponentaf2+ 2 andp + 3 gives
1 =
P=an-1 © 2
Equating the two values gf from egs. (5) and (6) imply
n=1, )
and hence from eq. (5)
p=1 (8)
The same value ofp is obtained upon setting the
coefficient of the stand-alone linearly independent Fig. 1: Topological solution fou(x,t)

function tant®—3 1 to zero. Therefore eq. (1) reduces to

U +a(u?), +b(u?) , + Clpo = 0. 9)
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3 Travelling-waves Substituting foru, ' and u” in eq. (18), we obtain an

algebraic equation in powers of sinlgiven by
Assuming a travelling-wave solution in the form given by

(4), eq. (9) reduces to the ordinary differential equation ~ —V (M+nsinht)? + al?(1+sini 1)
(ODE) +2bB(Imsinht — In)

—VUr +a(W)r + bB(W)rr + CBUrrr = 0. (17) +cB?(2n? + m? — mnsinhr) = 0. (29)
Integrating eq. (17) with respect to and keeping the Equating the coefficients of different powers of sinto
integration constant zero, we arrive at the ODE zero, we get

—vu+aw+2bBuu +cB?U" =0, (18)  —yn?+al?— 2bBIn+ 2cB2n? + cB2n? = 0, (30)
where(’) denotes differentiation with respectto
, _ —2vmn + 2bBlm— cB?mn = 0, (31)
We assume a solution of eq. (18) in the form
u(r) = — SinhT (19) —vn?+al?=0. (32)

~ m+ncoshr’ . .
+ From egs. (31) and (32) we get the constraint relation

Substituting foru, U and u” in eq. (18), we obtain an

algebraic equation in powers of caspiven by 4b°B%v = a(cB2 + 2v)2, (33)
2 2
~v(m+ ncoshr)® + al*(cosff - 1) which is the same as eq. (24). Using eq. (32) and the
+2bB(Imcoshr + In) constraint relation (33), eq. (30) reduces to
—cB?(2n? — m? + mncoshr) = 0. (20) al2 — —vnm. (34)
Equating the coefficients of different powers of codio ,
zero, we get From egs. (32) and (34) one can conclude that +im.
The solution (28) can be written as
—vn? — al? 4+ 2bBIn— 2¢B?n? + cB?n? = 0, (21) - costr
v icos
) u(r) \/; 14 isinht (35)
—2vmn+ 2bBIm— cB“mn = 0, (22)
Therefore the solution of eq. (9) can be written as
_yn2 2 _
vn© + al 0. (23) Vi cosHB(X—vt)]
From egs. (22) and (23) we get a constraint relation uxt) = + a 1+ isnNBX—vt)] (36)
40*B?v = a(cB? + 2v)%. (24)  Egs. (26), (27), (35) and (36) imply
Using eq. (23) and the constraint relation (24), eq. (21) av> 0 37)
reduces to ) '
al? = vn?. (25)  This shows that the coefficient of the first nonlinear term
From egs. (23) and (25) one can conclude that n. and the speed of the wave must carry the same sign.

The solution (19) can be written as
4 Liesymmetry analysis

\/7 sinht
u(t) = - (26)
a 1+ coshr The study and analysis of differential equations through
. : the realm of group theory is associated with the great
Therefore the solution of eq. (9) can be written as mathematician Sophus Lie 13, The method of
v sinhB(x— vt)] determining the Lie point symmetry generators via the
u(x,t) = i\/; 11 coshB(x—vt)]’ (27) classical approach for partial differential equations
(PDEs) is well-known §,9,11,13,15,17]. In this section,
which is a kink-wave. Now we assume a solution of eq.we calculate the Lie point symmetries admitted by eq. (9).
(18) in the form

We define
| coshr 17} 7] 7]
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to be the vector field that leaves eq. (9) invariant, i.e.,
XB [ +a(u®), +b(u?), +clo] =0,  (39)

wheref = &(x,t,u), T=1(x,t,u), @ = @(x,t,u) andX3
is the third-order prolonged operatorXfdefined by

9
Jduy

9

0d
(3 — i
X X+<,otdut+<pX I

+ (p”% + @
Eq. (39) is the symmetry condition

@ + 2¢(3auuy + bux) -+ ¢*(3au? + 4buy) + 2bg™u

+ e =0, (40)

whereg, ¢%, @* and@** are given by

¢ =D — uD T — UD€,

@ = Dx— WDxT — D&,

@™ = Dy@" — UxDxT — UxDxE,

@ = D@ — Ut DxT — UaDx &,

andD; denotes the differentiation operator with respect to

X given by

7] 7}
Di=—+Uu—=—+uf

ax T gua 'jm =12,

+...7

with (x1,x%) = (xt).

We now perform symmetry reductions to determine
solutions for eq. (9) using the Lie point symmetries from
eq. (43). This entails applying the well-known method of
invariance also known as the equation for characteristics.

(1) X2

We solve the characteristic equation
dt  dx du

0= 1 0 (44)
The invariants from eq. (44) are given by
y=t, w=u, (45)
wherew = w(y) and
=W, u=0, (46)

where(') denotes the derivative of with respect tgy.

The substitution of eq. (46) into eq. (9) and then solving
the resulting ODE fow gives

w=A, (47)
whereA is a constant of integration.

Thus the substitution of eq. (47) into eq. (45) gives the
trivial solution for eq. (9) as

u=A. (48)

To determine the governing equations from eq. (40), we
use the package SYM[ in Mathematica to separate the (1) X1

monomials in the derivatives af, since the coefficient

functionsé, T andg are independent of the derivatives of 1he characteristic equation is

u, and replacey by

u = — [a(u®) +b(u?) , + Clioo] -
This process leads to solving the system of PDEs
T=1(), &=0 @Qu=0,
=3+ =0, @—2+1=0,
3au’@ + 2bu@+ CPux + @ = O,
2b(@+ Ut — 2uéy) + 3c(@u — &) =0,

TX:07 TU:07

Baup -+ 4bgy — 3auEy + 4bugy — 2buy — CEx
+ 3au’t, — & =0. (41)

The computation of eq. (41) reveals that

T=3mt+mp, &=mx+mg, @=—-mu. (42)

di_dx_do

1-0-0 (49)
The invariants from eq. (49) are given by
y=X, W=u, (50)
with
=0 U=W, Ux=W, Ux=w" (51)

The substitution of eq. (51) into eq. (9) and then integatin
once with respect tg (setting the integration constant to
be zero) results in the ODE

aw® +2b (w?) +ow” = 0. (52)
Since )
R

Thus the three-dimensional Lie point symmetry algebra isis a Lie point symmetry of eq. (52), we have the zeroth-,

spanned by the vector fields

first-order and second-order invariants

9 9 a 0 9 dg w'
—_ — e — — J— —_ — y— :W, :V\/7 o = T 53
X1 o Xo 3 X3 3tat+xax U (43) p q dp - W (53)
(@© 2014 NSP
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whereq = q(p). with
The substitution of eq. (53) into eq. (52) results in thefirst = —kw/, Ux=W, Uux=W', =w". (60)

order ODE

da _
dp

ap’

(T
We obtain the solution for eq. (54) using Mathematica as
(03]
p
+In [ap* + 4bp?q + 2cg?] = A
whereA is a constant of integration and

g (54)

+ 4bp)

2batanht

(55)

2

2ph2 —

a= .
ac

To analyse eq. (55) further, we s&t= 0 and apply the
identity

e —e*
tanh(x) = S rex
This results in
_ (apd 2 2\
<b+ cc21> (ap®+4bp-q+2cq )t? (56)
p 1+ (ap*+ 4bp?q+ 2cq?) ba
so that the substitution of eq. (53) into eq. (56) gives
1
— [aw* + 4bw?W + 2c(w')?] ba
<b+ﬂ2>: [aw' + H2W)T 67y
w 1+ [aw? + 4ow2w + 2c(w)2] ba

Remarks: (1) The solution (55) is compatible with the
solution of eq. (9).
(2) Eqg. (52) has an additional symmetry

0

for general values of, b andc, and altogether has eight

Yow

Lie point symmetries when the parameters are related by 4of

a single constraint.
() X =X+ kXz

In this case, a linear combination ¥f andX,, wherek is

an arbitrary constant leads to travelling-wave solutiohs o

eq. (9).
The characteristic equation is
dt dx du
T K- 0 (58)
The invariants from eq. (58) are given by
y=x-k, w=u, (59)

The substitution of eq. (60) into eq. (9) and then
integrating once (setting the integration constant to be
zero) results in eq. (18) (with redefined constants).

(IV) X3

The characteristic equation is

dt dx du
= =—=— 61
3 x  —u (61)
The invariants from eq. (61) are given by
3
y=2, w=x (62)
with
w W 3xw 2w 3w/
T TR e T e
6w GV\/ 27x
— vv’/ 1 .

The substitution of eq. (63) into eq. (9) and multiplying
both sides by results in the ODE

— YW + 3aw? (3y\/\/—w)
+6b [— 2w + 3y (ww” + (W)?) + WP
+3c[—2(w—yw') + 9y? (W’ +ym/”)} =0. (64)

Figure 2 is a typical representative of a numerical
simulation for eq. (64) via Mathematica, where the
parameter values were chosersas ¢ = 3 andb = 3 for

y € [0,200, and the initial conditions were given as
w(l) =0,w (1) =w'(1) = —1.

Vﬂ AN
AAVARY

Fig. 2: Profile of solution forw(y)
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5 Conclusion [10] A. J. M. Jawad, M. D. Petkovic and A. Biswas. Modified
simple equation method for nonlinear evolution equations.

This paper addressed the STO equation from an ’é%qic‘f)d Mathematics and Computatiorg17, 869-877
integration standpoint, where several solutions were . : :

= . . 11] E. V. Krishnan, S. Kumar and A. Biswas. Solitons and othe
eXh'b'.ted' The travelmg-vyave hypothesis, angatz methpcﬁ ]nonlinear waves of the Boussinesq equation. Nonlinear
and Lie symmetry analysis lead to exact solutions for this Dynamics,70, 1213-1221 (2012) '
equation. For the a_lnsat_z method, it was established th 52] S. Lie, Lectures on differential equations with known
the power-law nonlinearity parameter condenses to unit

. . . infinitesimal transformations, (in German, written witteth
for shock wave solutions to exist. Some numerical help of G. Scheffers), B. G. Teubner, Leipzig, (1891).

simulations were also included to support the analysis{13] H. Liy, J. Li and Q. Zhang. Lie symmetry analysis and éxac
The results of this paper stands on a strong footing for  explicit solutions for general Burgers’ equation. Jourogl
further research development. In the future, perturbation  Computational and Applied Mathemati@28, 1-9 (2009).
terms will be added in order to establish the integrability [14] M. Mirzazadeh. Modified simple equation method and
aspects of the perturbed STO equation. Numerical its applications to nonlinear partial differential eqoas.

simulations, as well as additional integration tools wél b Information Sciences Letter3, 1-9 (2014).

applied to address this version of the equation. A few of[15] P. J. Olver. Applications of Lie Groups to Differential
them to mention are theG'/G-expansion approach, Equations. Graduate Texts in Mathematics, VoluhtZ,
Kudryashov’'s method, variational iteration method, Springer-Verlag, Berlin, (1986).

simplest equation approach, Lie symmetry approach andil6] E. Osman, M. Khalfallah and H. Sapoor. Improve /G)
several others. These results will ultimately be reponted i -expansion method for elliptic-like equation and general
the future. traveling wave solutions of some class of NLPDEs.

Information Sciences Letterg, 123-127 (2013).
[171L. V. Ovsiannikov. Group Analysis of Differential
Equations. Academic Press, New York, (1982).
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