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Abstract: In this paper, the relation between the outage probability and the effectiyedncy diversity order will be investigated. If
the number of nonzero elements in power delay profile (PDP) is two, iliere-to-one correspondence between the outage probability
and the effective frequency diversity order. On the other hand, itineber of nonzero elements in PDP is greater than two, the effective
frequency diversity order provides the upper and lower boundseautage probability rather than the exact outage probability. Also,
the effective frequency diversity order and the outage probabilitydfecdelay diversity (CDD) schemes will be discussed.
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1 Introduction effective frequency diversity order provides the upper and
lower bounds on the outage probability if the
The outage probability is an important performance conventional frequency diversity order is greater than two
measure of communication systems operating over fading Also, the effective frequency diversity order and the
channels I-7]. The outage probability depends on the outage probability of a cyclic delay diversity (CDD)
power delay profile (PDP), and the uniform PDP scheme will be explained. In orthogonal frequency
minimizes the outage probability. The closed-form of diversity multiplexing (OFDM) systems, CDD schemes
outage probability for the uniform PDP can be found increase the frequency selectivity of channels by
in[1,3,4]. modifying the PDP and can achieve more coding gain by
The outage probability for an arbitrary PDP is using channel coding techniques10] 13]. The
important for the general frequency selective channelperformance improvement by CDD can be explained by
The closed-form of the outage probability for the generalthe effective frequency diversity ordet().
frequency selective channel can be founddr9[12]. Based on the relation between the outage probability
Traditionally, the conventional frequency diversity and the effective frequency diversity order, we will dissus
order is defined as the number of nonzero elements ifhow to determine the cyclic delay value. If the modified
PDP []. However, this definition is an asymptotic PDP by CDD has only two nonzero elements, it is enough
measure for high signal to noise ratio (SNR), so it is notto focus on the effective frequency diversity order due to
accurate in the moderate SNR region. Thus, dffiective one-to-one correspondence between the outage probability
frequency diversity order was proposed, which is moreand the effective frequency diversity order. However, & th
accurate than the conventional diversity ord@r [ modified PDP has more than two nonzero elements, we
In this paper, we will reveal the relation between the have to consider the outage probability.
outage probability and the effective frequency diversity  The rest of the paper is as follows. Section 2 explains
order. If the conventional frequency diversity order is fwo the system model. In Section 3, the closed-form of outage
it will be shown that there is one-to-one correspondenceprobability will be derived. In Section 4, the relation
between the outage probability and the effectivebetween the outage probability and the effective
frequency diversity order. Also, we will show that the frequency diversity order will be explained. We will
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(2R-1)

discuss the method of determining the cyclic delay valuewhere the threshold = = 04(2R — 1) depends on
considering this relation in Section 5. Section 6 concludeghe rateRand SNR L, 2].
the paper. If a PDP is uniform such tha|1|2 =1/L, then the outage

probability poyt is minimized L, 2]. In [2], pout iS given by

2 System model 1og) )
Pout=1— <|Zor(|+1) et (6)

We consider the tapped-delay-line (TDL) model of
wireless channell] 7, 10]. The signal is transmitted over
a multipath fading channel given by
- - 3.2 Outage probability of general PDP
him] = %hw[m—l] = ;p|h|5[m—l] 1) _ _ N
1= 1= In this section, the outage2 probability of general PDPs
whereL is the total number of multipaths and tap weights \év)l(" ot;]een(:ilzlc ?;ﬁggn? v_ari|2|l:)|lé [Cf r12] b_(la_thSOdeLlid 27?: |£he
his are complex Gaussian random processes, i.e.S ?h iahted find ,d. i '21=0 tpll ! d
h ~ CN(0, p?). Sinceh/s are tap weights correspondin > e weighied sum o7 Independen exponential random
| B | p welg PoNding yariables. We will derive the closed-form of outage
to the L. dlfferent delays, the uncorrelated scattering probability by the similar method 08[9, 12.
atsstgrpptlltlan_ln:jplles ?&ﬂtslalri mg_tuallyﬂl:ncorrelate(:jd land First, the weighted sum of independent exponential
stalls 'C%.y independentl| ,]‘ ince the power delay - andom variabled is given by
profile p{ is the variance ofy, his are independent and
identically distributed (i.i.d.), i.ely ~CN(0,1). L1 L1
The outputy[m| of an arbitrary inpuk[m| can be given T- Z) pilh |2 = Z) az )
by = =

L-1
y[m] = % P h| X[m_ l] + n[m] (2) Whereal = p|2
= The characteristic function df is given by
wheren[m] is the noise term which can be approximated
as zero mean additive white Gaussian noise (AWGN) with L-1
variancedy. or(w) = Eexp(jwT)] = r!)(pz(m w) (8)
The PDPP is given by I=

P=(p3p2....p% 1) (3)  where the characteristic function @fis @z(w) = -
] ] L1 Thus, the characteristic function ®fis given by
whereP is normalized such thgtj—; p? = 1.
L-1 1
or(w)=[]+——. 9)
3 Outage probability IDJ 1-jaw
3.1 Outage probability of uniform PDP The probability density function (pdf) df is obtained

as the inverse Fourier transform of the characteristic

The channel capacity o) is given by function as follows.

C =log,(1+ ||h[|*SNR) [bits/s/Hz] (4) PR LS |
2 fr(t) =F3 { [L T jaw (10)

where h = [poho, p1ha,- -+, pL—1h._1]. Suppose that the

transmitter encodes data at a r&tdits/s/Hz. IfC < R, . ) )

the decoding error probability cannot be made arbitrarilyWnereF_;" denotes the inverse Fourier transform evaluated
small and the system is said to be in outagg The ~ at—t.If aysaredistinctsuch that # aj fori # j, we can

outage probabilityoy is defined as use a partial fraction expansion as follovi]f
Pout = Pr{logz (1+ [h[|*SNR) < R} ot 5 A (11)
L-1 oR_1 ol-law  Sl-jow
—Pr Z) pZ|h % < SNR
I= where
L Lt 1
—P h 1 a/q° 12
r{I;QI || <E} 5) A i_l;!)l—ai/on (12)
I
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SinceF 1 { L

m} =Llexp(—L)fort>0, fr(t)is
given by

fT(t):Ftl{LlA' }
B l; 1-jow

L—1
= A exp(t> ,t>0.
aj
L—1

Finally, pout is given by
¢
I;A <1—exp<—al)> . (14)

Note that we assumed thais are distinct for 14).
However, even it = aj fori # j, then we can modify;
into a; + 0 and aj into aj — & whered is a very small

<o di -

¢

value. By this modification, we can obtain almost exact

outage probabilities, which will in

Sectiond.1

be explained

10°
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Fig. 1: Relation between the effective frequency diversity
order and the outage probabilitly € 2, £ = 0.1).

outage probability byX4) whereap = 8 anda; = 1— (3.

In (14), it is worth to mention that the order in elements Also, the effective frequency diversity order is calcuthte
of P does not affect the outage probability. For example,by (15).

the outage probability P = (1, £) is the same as that of
P=(53)

4 Relation between outage probability and
effective frequency diversity order

If the number of nonzero elements in PDP Lis the
conventional diversity order ik. However, the outage
probability may be different in spite of the same
conventional diversity orddr. For example, suppose that
there are two channels such as Chanrel with
Pa = (0.5,0.5) and ChanneB with Pg = (0.75,0.25). In
spite of the samé = 2, the outage probability of Channel
A'is lower than that of Chann@& [10].

In [7], the effective frequency diversity order was
defined as 1 1

Di=——y=——yp
Pt yaf

(15)

which is more accurate than the conventional diversity

orderL [7,10].
The relation between the outage probabiliy;: and
the effective frequency diversity ordeD; will be

investigated. We will claim that the effective frequency

diversity order is an accurate measure fore 2 since
there is one-to-one correspondence betwagnandDy.

However, this one-to-one correspondence does not hold
for L > 3. Instead, the effective frequency diversity order
provides the upper and lower bounds on the outage

probability.

4.1 When the conventional order istwo (L = 2)

WhenL = 2, all possible PDPs can be describedPas
(B,1—pB) for 0 < B < 1/2. Then, we can calculate the

Fig. 1 shows the relation between the outage
probability and the effective frequency diversity order fo
& = 0.1. ‘Calculation’ denotes the calculated values by
(14 and ‘Simulation’” denotes the Monte-Carlo
simulation results. Note that the calculated outage
probabilities by 14) coincide with the simulation results.

Fig. 1 shows that there is one-to-one correspondence
between the effective frequency diversity order and the
outage probability. The increase of effective frequency
diversity order improves the outage probability. Thus, we
can claim that the effective frequency diversity order is an
accurate measure of the outage probabilitylfer 2.

It is worth to mention that the outage probability of
(14) is almost exact even ifip = a1 = 1/2. In Fig. 1, the
calculated outage probability fdDs ~ 2 was obtained
after modifyingao = 1/2— 6 and oy = 1/2+ 9, which
matches the simulation result @fy = a1 = 1/2 (i.e.,

Df =2).

~
~

4.2 \WWhen the conventional order isthree (L = 3)

All possible PDPs forL = 3 can be described as the
following conditions.

(BaB7l_ZB)7 O<B<% (CO)
P= (Bal_B70)7 %<B<1 (Cl)
(BaBal_ZB)7 %<B<% (CZ)
(ag,a1,02), O<aj<1l  (C3)

Note that (C1) was included in the above conditions
though it hasL = 2. The order of elements iR is not
important, which was explained in Secti8r2

Fig. 2 shows the outage probabilities of all conditions
for L = 3. Especially, PDPs were randomly generated such
that 0< a; < 1, Y oy = 1 for (C3). From Fig.2, we can
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Fig. 2. Outage probabilities for all conditions of PDPs Fig. 4: Outage probabilities for all conditions of PDPs
(L=3,¢£=01). (L=4,¢£=01).
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Fig. 5: Tetrahedron plot and conditions of (CQ(C4) (L =

4).
Fig. 3: Ternary plot and conditions of (C8JC3) (L = 3). )

4.3 When the conventional order isfour (L = 4)

All possible PDPs forL = 4 can be described as the

conjecture that the outage probabiliy,; of (CO) would following conditions

be the lower bound angy,; of (C1) and (C2) be the upper

bound. poyt of (C3) exists between the upper bound and (B.B,B,1-3B), 0<B< % (C0)
the lower bound. (B,1- B,0,0), % <p<1 (C1)

A ternary plot of Fig.3 can be used to explain the P=<{(B,B,1-2B,0, i<B<i (C2
relation between the outage probability and the effective (B,B,B.1-3B), 1<p< % (C3)

frequency diversity order foc = 3. The ternary plot is a
barycentric plot on three variables which sum to a
constant. It graphically depicts the ratios of the threewhich are extensions of the conditionslof 3. Note that
variables as positions in an equilateral triangld]] In (C1) and (C2) are included in the above conditions in spite
Fig. 3, all possible PDPs by (CO)YC3) are plotted in a of L < 4 and they are identical to (C1) and (C2)Lo£ 3.
ternary plot. The shaded right triangle can be placed in  Fig. 4 shows the outage probabilities of all conditions
any position of the ternary plot as long as it has a centeffor L = 4. For (C4) PDPs were randomly generated such
point (%,%7%) and one of three vertices of the ternary that 0< a; < 1, ¥ a; = 1. From Fig.4, we can conjecture
plot as one of its vertices. Comparing Fyand Fig.3, that pout (CO) would be the lower bound angyy: of

our conjecture for the upper and lower bounds would be(C1)~(C3) be the upper boundpyy of (C4) exists
more plausible. between the upper and lower bounds.

(ao,a1,00,03), O0<aj<1 (C4)
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Table 1: PDPs and their Effective Frequency Diversity

Order
Cyclic
PDP D¢
delay value

g A=0 P=(0.6,0.4) 1.92
ﬁ A=1 Pcpp(A =1) =(0.3,0.5,0.2) 2.63
g A=2 Pcpp(A =2) =(0.3,0.2,0.3,0.2) 3.88

A=3 Pcop(4) = (0.3,0.2,0,0.3,0.2) 3.88

A>4 Pcpp(4) =(0.3,0.2,0,...,0,0.3,0.2) 3.88

1 1.‘5 é 2‘.5 i‘i 3‘.5 ll« 4.‘5 5
Effective Frequency Diversity Order

Fig. 6: Outage probabilities for all conditions of PDPs

(L=5¢=0.1).

A tetrahedron plot in Fig5 is an extension of a
ternary plot in Fig.3, which is also used to explain the
relation between the outage probability and the effective
frequency diversity order fdr = 4. It graphically depicts
the ratios of the four variables as positions and their sum
is one. Comparing Figd and Fig.5, our conjecture for
the upper and lower bounds would be more plausible.

Outage Probability

10

: T .
—6—P=(06,04),n=1
P B=1)n =2
——Pepp 8=2),n; =2

5
SNR (dB)

Fig. 7. The outage probability when CDD schemes are
applied (PDPs of Tabld, R=1).

4.4 When the conventional order is greater than

four (L > 5) 5 Cyclic delay diversity

When the PDP of the given channeHsthe PDP delayed
by a positive integeA is defined by

All possible PDPs can be generalized as follows.

B,.. —(L-1)B),0<B<1/L
[%1 BO 0),1/2<p<1
B,

( (0)
( 1)
(B,B,1— 2B0 ) 1/3<B<1/2 (2
( (3)

P (BB 36.0....0,1/4<B<1/3 (3
(B,...B,l—( ~1B). t<B<pm  (L-1
(ao,a1,02,...,0.-1),0<a; <1 (L)

We can guess thak,; of (0) would be the lower bound and
Pout Of (1)~(L — 1) be the upper bounghy of (L) exists
between the upper and lower bounds. Egupports this
conjecture folL = 5.

PA: 07"'707p%""7p571 ' (16)
——

A

If the number of transmit antennasrig and the cyclic

delay value of thé-th transmit antenna i&;, the modified
PDP by CDD is given by10Q]

I"ITl

Pcop = — Zﬁ Py (17)

By using Pcpp instead ofP, we can calculate the

effective frequency diversity order b%) and the outage
probability by (L4). ForP = (0.6,0.4) andnt = 2, we can
calculatePcpp and outage probabilities of some different
cyclic delay values. We will assume that =iA, which

Also, comparing Figl, Fig. 2, Fig. 4, and Fig.6, we is a common assumptiod(, 13].
can see that the difference between the upper bound and In Table 1, PDPs and their effective frequency
lower bound on the outage probability will be more diversity orders are presented. Taldleshows that the
significant ad. increases. Thus, for larde the effective  CDD can increase the effective frequency diversity order
frequency diversity order is not a good measure. D¢ which depends on the cyclic delay valdd10].
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If the code ratR and SNR are not determined, which [4]H. Boche and E. A. Jorswieck, “Outage probability

are indispensable parameters for calculating: the of multiple antenna systems: optimal transmission and
cyclic delay valueA has to be chosen so as to maximize impact of correlation,”International Zurich Seminar on
the effective frequency diversity ordex; [10]. Communications, (2004). _

On the other hand, iR and SNR are given, we can [3]Y. C. Ko, M. S. Alouini, and M. K. Simon, “Outage
determineA minimizing the outage probabilityoy: of probability of diversity systems over generalized fading

14) rather than maximizing the effective frequenc channels,1EEE Trans. Commun., 48, 1783-1787 (2000).
EﬂiV()ersity orderD; by (15) l\g/llinimizing Pout i rgore Y [6] A. L. Moustakas and S. H. Simon, “On the outage capacity
accurate than maximizin@f. for L > 2. Fig %mshows the of correlated multi-path MIMO channels,EEE Trans. Inf.

L S ) Th 53, 3887-3903 (2007).
outage probability for the condition in Table Table 1 Y, 92 ( )

- [7] G. Barriac and U. Madhow, “Characterizing outage rates for
and Fig.7 show thatA should be greater than one for space-time communication over wideband channéEEE

P=(0.6,04). Trans. Commun., 52, 2198-2208 (2004).

[8] S. V. Amari and R. B. Misra, “Closed-form expressions for

distribution of sum of exponential random variabld&EE

6 Conclusion Trans. Rel., 46, 519-522 (1997).

[9]J. Park, J. Kim, E. Song, and W. Sung, “Analysis and
We investigated the relation between the outage u_tilizatic_)n of Fhe power delay profile characterist_ics of
probability and the effective frequency diversity ordér. | g;lsdpggsr:]‘;ﬁuﬁgégﬂncshg;?;;%’ﬂFg’s)"ggoé‘;ai 'gf?;r?;‘ggg)
was shown that the effective frequency dlvers_lty order |s£10] Y. 3. Kim, H. Y. Kim, M. Rim, and D. W. Lim, “On the
an accurate measure for the O.Utage pr.Obab'I'ty when th optimal cyclic delay value in cyclic delay diversityEEE
number of nonzero elements_ln PDP_ is two. When the Trans. Broadcast., 55, 790~795 (2009).
number of nonzero elements in PDP is greater than twoy11] 3. G. Proakis, Digital Communications, 4th ed. New
the effective frequency diversity order provides only the York:McGraw-Hill, (2000).
lower and upper bounds. As the number of nonzero[12] S. M. Kay, Fundamentals of Statistical Sgnal Processing:
elements increases, the gap between the lower and upper Detection Theory. New Jersey: Prentice Hall, (1993).
bounds becomes larger. Also, we discussed how td13]A. Dammann and S. Kaiser, “Standard conformable antenna

determine the cyclic delay value of CDD. diversity techniques for OFDM systems and its application
to the DVB-T System,” irProc. |IEEE GLOBECOM, 3100—
3105 (2001).

[14] H. S. Coxeter,Introduction to Geometry, 2nd ed. New
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