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Abstract: In this paper, we extend and complement some recent results of coupled fixed point theorems of Luong and Thuan in [N. V.

Luong, N. X. Thuan, Coupled fixed point theorems for mixed monotone mappings and an application to integral equations, Computers
and Mathematics with Applications 62 (2011) 4238-4248.] by weaken the concept of the mixed monotone property. The example of a
nonlinear contraction mapping which is not applied by the results of Luong and Thuan, but can be applied to our results is given. The
presented results extend and complement results of Luong and Thuan and some known existence results from the literature.

Keywords: Coupled fixed pointsF-invariant sets; partially order metric spaces.

1. Introduction Thuan [14] extend and generalized the classical coupled

_ . . fixed point of Bhaskar and Lakshmikantham [9] and some
One of the simplest and the most useful result in the fixedzoypled fixed point theorems.

point theory is the Banach’s contraction principle [8]. This  The aim of this paper is to extend and unify the coupled
principle has been generalized in different ways in severafiyqq point results in [14], using the conceptiéfinvariant
spaces by mathematicians over the years (see [2,7,10,1dg que to Samet and Vetro [17] and to study condition
19] and references mentioned therein). _ to guarantee the uniqueness of coupled fixed points. We
In 2004, fixed point theory was extend to metric spacesysg give the example of a nonlinear contraction mapping
endowed with a partial ordering by Ran and Reurings [16]\\hich is not applied by the results of Luong and Thuan
and they presented applica_tions of their resylts to matrix[14], but can be applied to our results. The presented re-
equations. Subsequently, Nieto and Rgdez-lopez [15]  gyts extend and complement some recent results of Luong

extended the results in [16] for nondecreasing mapping$,ng Thuan [14] and some known existence results from the
and obtained a unique solution for a first order ordinary iterature.

differential equation with periodic boundary conditions (see
also, [4,6,12]).

On the other hand, Bhaskar and Lakshmikantham [9] L .
introduced the concept of mixed monatone property. Fur-2- Preliminaries
thermore, they established the classical coupled fixed point
theorems for mappings which satisfy the mixed monotoneThroughout this papetX, <) denotes a partially ordered
property and showed some applications in the existencget. Byx < y, we meanz =< y butz # y. A mapping
and uniqueness of a solution for a periodic boundary valuef : X — X is said to be non-decreasing (non-increasing)
problem. Because their important role in the study of non-if for all z,y € X, z < y implies f(z) < f(y) (f(y) =
linear differential equations, nonlinear integral equationsf(x) respectively.
and differential inclusions, so a wide discussion on cou-
pled fixed point theorems aimed the interest of many sci-Definition 21 ([9]) Let (X, <) be a partially ordered set.
entists. A number of articles on this topic have been ded-A mappingF' : X x X — X is said to has the anixed
icated to the improvement and generalization see in [1,3monotone propertif F'is monotone non-decreasing in its
13,18,20-23] and reference therein. Recently, Luong andirst argument and is monotone non-increasing in its sec-
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ond argument, that is, for any,y € X wherek,l € (0,1)
In(1 + max{s,t})
T1,20 € X, 21 Sy = F(ml,y)jF(l‘Q,y) 93(S,t): max{s t} ;s>0o0rt >0,
(2.1) ref0,1) L5 =0,t=0.
and Now, we prove our main result under the concept of
F-invariant.

yLY2 € Xopn 2y = F(x,p) = Fx,y2).
(22)  Theorem 31 Let (X, %) be a partially ordered set such

Definition 22 [[9]] Let X be a nonempty set. An element that there exists a complete metdon X, F7: X x X' —
(z,y) € X x X is called acoupled fixed poinof mapping X bi a continuous mapping and be a nonempty subset
F:XxX—Xif of X*. We assume that

(a) M is F-invariant;
z = F(z,y) andy = F(y, ). (b) there exist§zo, yo) € X x X such that

Definition 23 [[17]] Let (X,d) be a metric space and .
F : X x X — X be a given mapping. Let/ be a (F(z0,%0), F(y0, o), Zo, yo) € M;

nonempty subset of *. We say thafl/ is F-invariantsub-  (c) there exist®) € O such that for all(z, y, u, v) € M,

set of X* if and only if for allz, y, z, w € X, we have we have

%gng € M (w,2,3,2) € M d(F(x,y), F(u,v)) + d(F(y,z), F(v,u))
z,y,z,w €
= (P(e.y). Fly. ), F(zw), F(w,2)) € M, = Oldla, u), dly,u)){d(z, ) + dly,v)-

Then there exists,y € X such thatr = F(z,y) and

i — y4
Remark 24 We can easily to check that the gdt= X y = F(y,z), thatis, F has a coupled fixed point.

is trivially F-invariant.

Example 25 Let X = {1, 2, 3,4} endowed with the usual
metric andF’ : X x X — X be defined by

Proof AsF(X x X) C X, we can construct sequences
{z,} and{y,} in X such that

Tn = F(Tn_1,Yn— andyn =F(Yn—1,Tn— (31)
pay_ [2 mye{2,4) (@11 Yn) ot )
(z,y) = 3, otherwise. for all n € N. Since
It easy to see that/ = {2,4}* C X*is F-invariant. (F(x0,50), F(yo; 0), @0, o) = (x1,¥1, %0, Yo) € M,
Next example plays a key role in the proof of our main We using contractive condition (c), we get
results in partially ordered set. d(w2, 21) + d(y2, y1)

Example 26 Let (X,d) be a metric space endowed with = d(F(x1,41), F(xo,0)) + d(F(y1,%1), F (0, 20))

a partial order <. Let ' : X x X — X beamapping < 0(d(xy,x0),d(y1,y0))(d(z1, 7o) + d(y1,%0))
satisfying the mixed monotone property. Defineldeby < d(z1,0) + d(y1,0)

M = {(a,b,c,d) € M* : ¢ < a,b = d}. Since(z1, y1, 2o, yo) € M, we have
Then,M is F-invariant subset of{ 4. (F(z1,91), F(y1,21), F(zo,y0), Fyo, z0)) € M
that is
3. Coupled fixed point for F-invariant set (z2,y2,21,91) € M.

Let© denote the class of all functiofis [0, o0) %[0, c0) — Again, using the contractive condition, we get

[0, 1) which satisfies following condition: d(x3, x2) + d(ys, y2)

IFor agy two sequences,, } and{s,} of nonnegative  — d(F(z2,v2), F(x1,71)) + d(F(y2, x2), F(y1, 1))
real numoers, < 0(d(z2, 1), d(y2, y1))(d(z2, 21) + d(y2, y1))

O(tn,sn) = 1= t,,s, — 0. < d(ze,z1) + d(y2,y1).

Following are examples of some functiongh Using a similar argument to the above, we get

01(s,t) = kfor s, t € [0,00), wherek € [0, 1). A(Tpi1,20) + d(Yni1,Yn)

1n(1k+ _IZT_SZ: lt) 1S > Oort > 0’ < e(d(xna xn71)7 d(yru ynfl))(d(wny xnfl)
_ S
Oa(s,) = 1 ) ¢ [0,1) ts=0,t=0, +d(Yn, Yn-1))
< d(l'naxnfl) +d(ynayn71) (32)
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for all n € N. This implies that the sequence

{d(@nt1,20) + d(Ynt1,Yn) }

is monotone decreasing and bounded below. Therefore,

there is some > 0 such that

dyp, = d(xns1,2n) + d(Ynt1,yn) — dasSn — 0o

Next, we show thatl = 0. Assume, to the contrary, that

d > 0, then from (3.2), we have
O(d(xnt1,Tn), d(Ynt1,Yn)) — L asn — oo
Sinced € O, we get
d(@n+1,2n) — 0@Ndd(Yn41,yn) — 0
asn — oo. SO
d(Tpi1,Tn) + d(Yn+1,Yyn) — 0 @SN — 00,
which is a contradiction. Thereforé,= 0, that is,

d(Tnt1,2n) + d(Yni1,yn) — 0 @SN — 00

Next, we show thafx,} and {y,} are Cauchy se-

guences. On contrary, assume that at least ongre}

or {y,} is not a Cauchy sequence. Therefore, there exists

e > 0 and two subsequences of integer%) andm(k)
with n(k) > m(k) > k such that

AT k), Tm(k)) + AYn(k)s Ym(k)) = € (3-3)

for all & € N. Further, corresponding tox(k), we can
choosen(k) in such a way that it is the smallest integer

with n(k) > m(k) > k satisfying (3.3). Then we have

AT (kys Tm(k)) + AYn(k)s Ym(k)) > € (3.4)

and

d(Zn(k)—1> Tm(k)) + AYnk)—1, Yma)) <€ (3.5)

Using (3.4), (3.5) and the triangle inequality, we have

€ <1k = d(@n)s Tmk)) T AYn(k)> Ym(k))
< d(@nrys Trk)—1) T ATnk)—1, Tm(k))
FdYn (k) Un(k)—1) + AUn(k) =15 Ym(k))
< ATy Tok)—1) T AYn(k)s Yn(k)—1) T €

On taking limit ask — oo, we have

Ty = d(xn(k)v xm(k)) + d(yn(k)a ym(k)) — € (36)

By the triangle inequality, we get

Tk = d(Tn(k)y, Tm(k)) + AYn(k)s Ym(k))

< d(@n (k) Tn(k)+1) + ATnk) 115 Tm(k)+1)
FA(Trm(k)+1> Tm(k)) + A Ynk)s Yn(k)+1)
FA(Yn (k) +15 Ymk)+1) T AYm(k)+1> Ym(k))

= [d(Tn k) +15 Tmk)+1) + AYnk)+15 Ym(k)+1)]
Hd(@nk)s Trky+1) T AYn(k)s Yn(r)+1)]
HA( T (k)+15 T (k) T AYm(k)+15 Ym (k)]

= [d(@m(k)+1> Tnk)+1) + A Ymk) 115 Yn(k)+1)]
+dn(k) + dm(k)

= d(F(xm(k)7ym(k))vF(xn(k)ayn(k)))

+d(F(ym(k)7 xm(k))a F(yn(k)a xn(k)))

+dn(k) + dm(k)
< O(d(Tm(k)s Tn(k)) AYm k), Yn(k)))
(d(Tp(k)s Trr)) + A(Ym(k)s Yn(k)))
+dn(k:) + dm(k)
= 0(d(@n(k), Tm(k))s A Yn(k)> Ym(k))) Tk
+dn(k:) + dm(;c).
Therefore, we have
Tk < 0(d(Tn(k), Tm(k))s AYn(k)s Ym(k))) Tk
+dn(k) + dm(k)~
This further implies that
Tk = dn(k) = dm(k)
Tk
< d(Tn(hys Tmk))> AYn (k) Ym(k)))
< 1.
On taking limit ask — oo, we obtain

O(d(Zn(k)s Trm(k))s A Yn(k)> Ym(k))) — 1.
Sincefd € ©, we have

(T (k)s Tm(ry) — 0 @ANAA(Yy (k) s Ym(k)) — O

ask — oo, thatis

A(@n(kys Tmk)) + AYn(k)s Ymr)) — 0

ask — oo, which is a contradiction. Thereforéy,, } and
{yn} are Cauchy sequence. By completenesX othere
existsz,y € X such that{z,,} and{y,} converges ta
andy respectively.

Now, we show thaf' has a coupled fixed point. Since
F'is a continuous, taking — oo in (3.1), we get
= lim x,41

= lim F(xn,yn)

= F( lim z,, lim y,)

= F(z,y)
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and Corollary 33 [14, Theorem 2.1] LetX, <) be a par-

— lim tially ordered set such that there exists a complete metric
Y= N Yntt donX andF : X x X — X be a mapping having the

= lim F(yn,z,) mixed monotone property ol such that there exist two

o elementrq, yo € X such that
= F( lim y,, lim z,)
n—oo n—oo
_ F(y,). xo = F(xo,y0) andyo = F(yo, xo).

Thereforex = F(z,y) andy = F(y,x), thatis,F has a
coupled fixed point.

Theorem 32 Let (X, <) be a partially ordered set such
that there exists a complete metdon X, F: X x X —
X be a mapping and/ be a nonempty subset &f*. We
assume that

(a) M is F-invariant;
(b) there existgxo,yo) € X x X such that

(F(x0,90), F'(yo,%0), T0,Y0) € M;

(c) there exist®) € © such that for all(z, y, u,v) € M,
we have
d(F(z,y), F(u,v)) + d(F(y,z), F(v,u))
< b(d(z,u),d(y,v))(d(z,u) + d(y,v)).
If two sequenceéz,, }, {y, } with

($n+17 Yn+1,Tn, yn) eM

forall n € Nand{z,} — z,{y,} — v. then

(@,y,Zn,yn) € M

for all n € N. Then there exists,y € X such thatr =
F(z,y) andy = F(y,z), thatis, F has a coupled fixed
point.

Proof Following arguments similar to those given in
Theorem 31, we obtain a sequenfcg,} converges tar
and a sequencfy,, } converges tg for somez,y € X.
By assumption, we have, y, 2, y,) € M foralln € N.
By the contractive condition, we obtain
d(F(z,y), ) + d(F(y,2),y)
< d(F(z,y), F'(Tn,Yn)) + d(F (T, yn), )
+d(F(y,2), F(Yn, 7)) + d(F (Yn, Tn), y)
< a(d(x7 In)v d(y7 yn))(d(gja xn) + d(y, yn))
+d(p+1,2) + d(Ynt1,y)
< d(.’l?, an) + d(ya yn) + d(xn—i-lv J;) + d(yn-‘rla Z/)

On taking limit asn — oo, we have
d(F(z,y),z) + d(F(y,x),y) = 0.

Thusz = F(z,y) andy = F(z,y) that is(z,y) is a
coupled fixed point of".

From Example 26, we can apply Theorem 31 and 32

with M = {(a,b,c,d) € X* : ¢ < a,b =< d} to the main
result of Luong and Thuan [14].

Suppose that there exigtss © such that

d(F(z,y), F(u,v)) + d(F(y, ), F (v, u))
< 0(d(z,w), d(y, v))(d(x, u) + d(y,v))

for all z,y,u,v € X withz > wandy =< v. Suppose
either

(a) F'is continuous or
(b) X has the following property:
1.ifanon-decreasing sequenge,, } — z, thenz,, <
xzforalln € N,
2if a non-increasing sequende,, } — y, theny >
yp foralln € N,

then there exists;,y € X such thatr = F(z,y) and
y = F(y,x), thatis, F has a coupled fixed point.

Theorem 34 Let (X, <) be a partially ordered set such
that there exists a complete metrion X and F' : X x
X — X be a continuous mapping and be a nonempty
subset ofX“. We assume that

(a) M is F-invariant;
(b) there existgzg, y9) € X x X such that

(F('r07y0)7F(y07x0)7I07yo) € Ma

(c) there exists) € © such that for all(z, y, u,v) € M,
we have

d(F(z,y), F(u,v))
< Snld(a, u), dly, 0))(d(,u) + d(y,v).
Suppose either
(d) F'is continuous or

(e) If two sequenceéz,, }, {y, } with
(Tn+1, Ynt1:TnsYn) € M
forall n € Nand{z,} — =, {y,} — v, then
(@,y,Tn,yn) € M

foralln € N,

then there exists,y € X such thatr = F(z,y) and
y = F(y,x), thatis,F has a coupled fixed point.

Proof  For(z,y,u,v) € M, from (c), we have

d(F(z,y), F(u,v))

< Snld(z,w), dly, o) (dr,w) + d.v). @)

© 2013 NSP
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Since(x, y,u,v) € M, we get(v,u,y,x) € M and then
d(F(y,z), F(v,u))
= d(F(v,u), F(y,z))

(3.8)

(d(z,u) + d(y, v))
= G(d(x, u)7 d(y7 ’U))(d(xv ’LL) + d(yv U))
for (z,y,u,v) € M, where

(3.9)

O(t1,t2) = %[77(7517752) +n(t2, t1)]

for all t1,t € [0,00). Itis easy to verify that € © and
we can apply Theorems 31 and 32. Helfitkas a coupled
fixed point.

Corollary 35 [14, Corollary 2.2] Let(X, <) be a par-
tially ordered set such that there exists a complete metric
onX andF : X x X — X be a mapping having the mixed
monotone property. Suppose that there existga® such
that

d(F(z,y), F(u,v))

< Zda, ), dy,v) (e w) + d(y, ).

forall z,y,u,v € X for whichz = v andy =< v. If there
existszg, yo € X such that

xo = F(z0,y0) andyo = F(yo, xo)

and either
(a) F is continuous or
(b) X has the following property:

1if a non-decreasing sequen¢e,, } — z, thenz,, <z
forall n € N,

2.if a non-increasing sequendg,,} — v, theny > y,
forall n € N,

then there exists:,y € X such thatx = F(z,y) and
y = F(y,z), thatis, F has a coupled fixed point.

Corollary 36 [9, Theorem 1.3 and 1.4] LetX, <) be a

1.if a non-decreasing sequen¢e,, } — z, thenz,, <z
forall n € N,

2.if a non-increasing sequendg,,} — v, theny > y,
forall n € N,

then there exists,y € X such thatx F(z,y) and
y = F(y,z), thatis,F has a coupled fixed point.

Proof Taking n(t1,t2) = k with & € [0,1) for all
t1,t2 € [0,00) in Corollary 35, result follows immedi-
ately.

Let (2 denote the class of those functians [0, c0) —
[0, 1) which satisfies the condition:

For any sequences,, } of nonnegative real numbers,

w(ty) = 1= 1t, — 0.

Theorem 37 Let (X, <) be a partially ordered set such
that there exists a complete metidoon X and F : X x

X — X be a mapping and/ be a nonempty subset of
X*. We assume that

(a) M is F-invariant;
(b) there exist3zg, yo) € X x X such that
(F(x())yo)’F(yOaxO)ax(%yO) S M7

(c) there existsv € {2 such that for all(z, y, u,v) € M,
we have

d(F(z,y), F(u,0)) + d(F(y, x), F (v, u))
< w(d(z, u) + d(y,v))(d(z, u) + d(y, v)).
Suppose either
(d) F'is continuous or
(e) If two sequence$z,, }, {y, } with
(Tnt15Ynt1, TnsYn) € M
foralln € Nand{z,} — z,{y,} — v, then

(xn7 y7l7x7 y) 6 M

forall n € N,

then there exists,y € X such thatx F(z,y) and
y = F(y,z), thatis, F has a coupled fixed point.

Proof Taking 0(t1,t2) = w(ty + t2) for all t1,¢2 €
[0, 00) in Theorem 31 and Theorem 32, result follows.

Corollary 38 [14, Corollary 2.3] Let(X, <) be a par-

partially ordered set such that there exists a complete mettially ordered set such that there exists a complete metric

ricdonX andF : X x X — X be a mapping having

donX andF : X x X — X be a mapping with mixed

the mixed monotone property. Suppose that there exists monotone property. Suppose that there exists {2 such

k € [0,1) such that

d(F(z,y), F(u,v)) <

|

(d(z,u) +d(y,v))

forall z,y,u,v € X for whichx = v andy =< v. If there
existszy, yo € X such that

wo = F(20,%0) andyo = F(yo, 7o)

and either
(a) F is continuous or
(b) X has the following property:

that
d(F(z,y), F(u,v)) + d(F(y, ), F(v,u))
< w(d(z, u) + d(y,v))(d(z,u) + d(y,v))
forall z,y,u,v € X for whichx = v andy =< v. If there
existszg, yo € X such that
xo = F(x0,y0) andyo = F(yo, zo)

and either
(a) F is continuous or
(b) X has the following property:

© 2013 NSP
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1.if a non-decreasing sequen¢e,,} — z, thenz,, < x
forall n € N,

2if a non-increasing sequendg,,} — v, theny > y,
forall n € N,

then there exists;,y € X such thatz = F(z,y) and
y = F(y,x), thatis, F has a coupled fixed point.

Takingw(t) = k with k € [0,1) forall ¢t € [0,00) in
Corollary 38, we obtain the following corollary.

Corollary 39 Let (X, <) be a partially ordered set such
that there exists a complete metrion X and F' : X x

X — X be a mapping with mixed monotone property.

Suppose that there exists= [0, 1) such that
d(F(z,y), F(u,v)) + d(F(y, z), F(v,u))
< k(d(z,u) +d(y,v))

forall z,y,u,v € X for whichz = v andy < v. If there
existsxg, yo € X such that

w9 = F(z0,y0) andyo = F(yo, o)

and either
(a) F'is continuous or
(b) X has the following property:

1if a non-decreasing sequen¢e,, } — «, thenz,, <z
forall n € N,

2if a non-increasing sequendg.,,} — v, theny > y,
forall n € N,

then there exists,y € X such thatz
y = F(y,

Theorem 310 In addition to the hypotheses in Theorem
31, suppose that

F(z,y) and
x), thatis, F" has a coupled fixed point.

(y07x03x07y0) € M or ($07907y075€0) S M7
thenz = y thatisz = F(x,x).

Proof = We construct the sequencés,,} and{y,} as
Theorem 31. So we get the sequenées} converges to
x for somez € X and the sequencdg,, } converges tg
for somey € X. Assume thatyg, xo, zo, y0) € M. Since
M is F-invariant, we havey,,, x,,z,,y,) € M for all
n € N. From (c), we have
d(yn+1; xn-&-l) + d(xn-&-la yn+l)

= d(F(y’n? :I:’VL)7 F(‘TTL? yn)) + d(F('TTLa y’n)? F(y’n7 'T’n))
< Q(d(yn, xn)v d(l’n, yn))[d(yna I") + d(In, yn)]

(3.10)

for all n € N. From (3.10), we get

d(yn+1a xn-{-l) < Q(d(ym xn)7 d(l‘n, yn))d(yna xn)
< d(Yn, Tn)- (3.11)

This implies that the sequend@(y,,,z,)} is monotone

decreasing and bounded below. Therefore, there is some- 4

d > 0 such that

d(yn, xn) — dasn — oo

Next, we show thatl = 0. Assume, to the contrary, that
d > 0, then from (3.11), we have

e(d(yna

Sinced € ©, we getd(y,, z,) — 0 asn — oo, which is
a contradiction. Thereford, = 0, that is,

In), d(xmyn)) — lasn — oo

d(yn,xn) — 0aSN — 00
Now, we have
d(y,x) < d(y,yn) + d(Yn, Tn) + d(z,,x).  (3.12)

From (3.12), taking limit as. — oo we getd(y,z) = 0
and hence = y. For case ofxg, yo, yo, o) € M, we can
similar prove in first case.

Theorem 311 In addition to the hypotheses of Theorem
32, suppose that

(Yo, o, Z0, Yo) € M or (2o, Yo, Yo, To) € M
thenz = y thatisz = F(z, x).

Proof Following arguments similar to those given in
Theorem 310 and then by applying Theorem 32, result fol-
lows.

Now, reasoning on Theorem 31 and 32, some questions
arise naturally. To be precise, one can ask himself

Is it possible to guarantee the uniqueness of the cou-
pled fixed point off" ?

Motivated by the interest in this research, we give pos-
itive answers to these questions adding to Theorem 31 and
32 some hypotheses. We proceed with order. Then, to have
the uniqueness, we state and prove the following theorem.

Theorem 312 In addition to the hypotheses in Theorem
31, suppose that for eveffg, y), (z,¢) € X x X, there
exists a poin{u,v) € X x X such that(z, y,u,v) € M
and(z,t,u,v) € M. ThenF has a unique coupled fixed
point.

Proof  From Theorem 31F' has a coupled fixed point.
Supposez,y) and (z,t) are coupled fixed points aF,
that is,

= F(z,y),y = F(y,z),z = F(z,1) andt = F(t, 2).

Next, we claim that: = z andy = ¢. By given hypothesis,
there existgu, v) € X x X such thatz, y, u,v) € M and
(z,t,u,v) € M. We putuy = u andvy = v and construct
sequencesu,, } and{v, } by

Up = F(unflyvnfl) and”n = F(’Unflvunfl)

foralln € N.

Since(z,y,u,v) € M, we get(z,y, up—1,Vn_1) €
M for alln € N and then

d(z,un) + d(y, vn)
( ( ) (unfl7vn71)> +d(F(y7x)aF<vn71;un71))
( (z,up—1),d(y, vn—1))d(@, un—1) + d(y, vn—1)]
d(

T, Up— 1)+d(yvvn 1) (313)
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Consequently, sequenéé(z, u,,)+d(y, v,) } is non-negative example. But, by simple calculation, we see that for all

decreasing and bounded below, so z,y,u,v € X%, we have
d(.’E, Un) + d(y, Un) —d d(F(xa y)? F(ua U)) + d(F(yv I)v F(”? U))
r+y+2 utv+2 y+rx+2 v4+u+?2
asn — oo, for somed > 0. We claim thatd = 0. Indeed, = 3 - 3 3 - 3
if d > 0 then following similar arguments to those given 1 1
in the proof of Theorem 31, we conclude that < g[d(l’v u) + d(y, v)] + g[d(% ) + d(xz,u)]
0(d(z, un), d(y,vn)) — 1 asn — oo. = 0(d(z,u),d(y, v))(d(z, u) + d(y,v)),

Sinced € ©, we obtaind(x, u,) — 0 andd(y,v,) — 0

2
asn — oo. Therefore, wheref(s,t) = 3 Now, we can applying Theorem 312

with M = X*. Therefore,F has a unique coupled fixed

d(x,uy) + d(y,v,) — 0asn — oo point that is a poin{2, 2).
which is a contradiction. Hence Remark 316Although main results of Luong and Thuan
[14] is essential tool in the partially ordered metric spaces
d(x,un) + d(y,vn) — 0asn — oo. to claim the existence of coupled fixed point. However,
o the mapping do not have the mixed monotone property in
Similarly, one can prove that general case such as the mapping in the above example.

Therefore, it is very interesting to our Theorem as another

d(z,un) +d(t,vn) — 0 @sn — oo. auxiliary tool to claim the existence of a coupled fixed

Finally, we have point.
d(z,z) +d(y,t) < [d(z,un) + d(un, )]
+[d(y, vn) + d(vn, )] Acknowledgement
+[d(z, up) + d(t,v0)]- The first author would like to thank the Research Profes-

) sional Development Project under the Science Achieve-
Takingn — oo, we haved(z,z) = 0 andd(y,t) = 0 that  ment Scholarship of Thailand (SAST).
is, z = x andy = t. This completes the proof.
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