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1 Introduction and Preliminaries

Each partial metrip on X generates & topologyr, on X
which has as a base the family opeivalls{Bp(x,€) : x €

In 1992, Matthews 16,17] introduced the notion of a X,& >0}, whereBp(x,&) = {y € X: p(X,y) < p(X,X)+ £}
partial metric space which is a generalized metric space ifor a!l Xe X arlds > 0. _
which each object does not necessarily have to have # p is a partial metric orX, then the functiorp®: X x

zero distance from itself.

First, we start with some preliminaries definitions on the

partial metric spacesl|2,3,4,5,6,8,10,11,12,13 14,16,
17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,32].

Definition 1.[16,17] A partial metric on a nonempty set X

is a function p X x X — R" such that for all xy,z < X :

(P)x=y < p(x,x) = p(xy) = pY,Y),
(P2) p(%, %) < p(X,y),

(P3)p(%,y) = p(¥;X),

(P4) p(Xa y) S p(Xa Z) + p(Z, y) - p(Z, Z)'

A partial metric space is a paifX, p) such that X is a
nonempty set and p is a partial metric on X.

Remarkt is clear that, ifp(x,y) = 0, then from(Py) and
(P) x=y.Butif x=y, p(x,y) may not be 0.

Example 1Let a functionp : R" x R — R*" be defined
by p(x,y) = maxx,y} for anyx,y € R". Then,(R", p) is
a partial metric space.

Example 2f X = {[a,b] : a,b € Ra < b}, then
p : X x X — R defined by
p([a,b],[c,d]) = maxb,d} — min{a,c} defines a partial

metric onX.

X — RT given by

P(X,Y) = 2p(X,y) — P(X,X) — p(Y;Y) 1)

is a metric onX.
Definition 2.[16,17]
(i)A sequence{xn} in a partial metric space(X,p)
converges to a point& X if

pOCX) = lim_p(x,xq),

(ii)a sequencexy} in a partial metric spaceX,p) is
called a Cauchy sequence if there exists (and is finite)
mﬂﬂm P(Xm, Xn),

(iii )a partial metric spaceX, p) is said to be complete
if every Cauchy sequende,} in X converges, with

respect tarp, to a point xe X such that

p(x,x) = (Xm, Xn)-

lim
n,m—sco P

Remarkt is easy to see that, every closed subset of a
complete partial metric space is complete.
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Lemma 10116,17] Let (X, p) be a partial metric space.

Then

(a){xn} is a Cauchy sequence {iX, p) if and only if it is
a Cauchy sequence in the metric sp&kep®).

(b)A partial metric spacéX, p) is complete if and only if
the metric spacéX, p®) is complete. Furthermore,

nli—r>noo ps(XmX) =0

if and only if

p(X7 X) = nlLrE]oo p(X, Xn) = (vaXn)'

lim
n,m—soo P

Lemma 1044] A mapping f: X — X is said to be
continuous at & X, if for everye > 0, there exist > 0
such that {B(a,8)) C B(f(a),€).

The following result is easy to check.
Lemma 103.et (X, p) be a partial metric space and T

Theorem 2Let (X, p) be a complete partial metric space.
Assume there exist aay,az > 0 with 2a; + 3a, + 3az < 2
and also suppose TX x X — X and g: X — X are
such that

P(T(xY),T(u,v))

P(gx gu) + p(9y,9v)

p(gx,T(X,i)) +pEuT(uv)+pgygy) G
Pgx T(u,v)) + p(giT(x, Y)) +P(9y.9v)

for all x,y,u,v € X. Also Suipose(‘li( x X) C g(X), gis

continuous and commutes with T. Then there exiseExX
such that

gx=T(x,y) and gy=T(y,x),
thatis, T and g have a unique coupled coincidence point.

<a

+ap

+ag

X — X be agiven mapping. Suppose that T is continuousproofLet xo,y, be two arbitrary elements iXX. Since

at xp. Then, for all sequencg} C X, if {x,} converges
to X in (X, p) implies{T x,} converges to Txin (X, p).

Definition 3.[9] An element(x,y) € X x X is said to be a
coupled fixed point of the mapping: X x X — X if

T(xy)=x and T(y,x) =Y.

Definition 4.[15] An element(x,y) € X x X is called a
coupled coincidence point of a mapping: K x X — X
and g: X — X if

T(xy) =gx and Ty,x) = gy.
Definition 5.[15] Let X be a non-empty set and:TX x

X — Xandg: X — X. We say T and g are commutative

if for all x,y € X,
9(T(x,y)) = T(gxgy).
H. Aydi[7] obtained the following.

Theorem 1Let (X, p) be a complete partial metric space.

Suppose that the mapping:TX x X — X satisfies the
following contractive condition for all yy, u,v € X

P(T(X,y), T (u,v)) < kp(x,u)+Ip(y,v), 2

where k and | are nonnegative constants with k< 1.
Then, T has a unique coupled fixed point.

The main purpose of this article is to present a —

generalization of Theorer

2 Existence and unigueness of coupled
coincidence points

T(X x X) C g(X), we can choosep,Yyo € X such that
g = T(X,Yo) and gy1 = T(Yo,%). Again from
T(X x X) C g(X) we can choosey,y; € X such that
g% = T(x1,y1) and gy, = T(y1,X1). Continuing this
process, we can construct two sequerfeg$ and{yn} in
X such that

O%+1 = T(Xn,Yn) and gy+1 =T (Yn,Xa) foralln >0
(4)

Now, let a = p<gm,gX1)J2rp(gyo,gy1) and A — 2(;17J;a27+a3>.
2—a3

Then, by 8), we have

P(9xe, 9%2) = P(T (X0, Yo), T (X1,Y1))

P(9%0,9%) + P(9Yo,9Y1)

D(gXe,T(Xi,yo) + p(gxe, T (X1,y1)) + P(9Y0, Y1)
P(g%0, T (X1,y1) + p(gxl?T (X0,Y0)) + P(9Y0. 9Y1)
(9%0,9%1) + P(9Yo, 9Y1) ’

p(gm,gxl)2+ pP(g9x, 9%) + P(9Yo, 9Y1)
P(g%0,9%) + p(gxlz, gx1) + P(g¥o, gy1)

P(gx%0, 9%1) + p(g)’o;)ﬁ)

p(gm,gxl)2+ P(gxa, 9%2) + P(9Yo, 9Y1)
P(g%0,g%) + p(gxlz, g%2) + P(g¥o, gy1)

a .
+as >

<a

+ap

+az

+ap

+ a3

<a

+ap

Thus, we obtain

In this section, we will prove the existence and uniqueness, g, gx,) < 2(a1 +a2+33) P(9%,9%1) + P(9Yo. Y1)

of the coupled coincidence point. Our first main result is

the following:

2—ap—az 2
=Aa
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Also, one can get
P(9Y1,9y2) = P(T (Yo, %0), T (¥1,X1))

If p(g%,9%)+ P(9yo,gy1) = O, then from remark, we

getgx = gx = T(9%,9¥o) andgyo = gy1 = T (gyo. 9%)
meaning thatxo, Yo) is a coupled coincidence point &f

<a P(9Y0,9y1) + P(9%0,9%1) andg. Now, let p(gx,g%) + p(gyo.gy1) > O. For each
- 2 m> nwe have in view of the conditiofps)
?T ) + ?T 7X + ) X
Lap P(g¥o, T (Yo, %) p(gy12 (Y1,X1)) + P(g%0, 9%1) DG G%)
P(9Y0, T (y1,%1) + P(ay1, T (Yo, %)) + P(9%, 9%) < P(m Pn-1) + P(Pn-1,9n-2) — P(Pn-1,9%n-1)
Tas 2 + P(O%n—2, 9%n—3) + P(OXm—3,3%m—4) — P(I¥m—3, O%n—3)
_ 5, P(9%0:9%1) + P(9X0,9%1) + o 4 P(9%012: P0+1) + P(G%0+1, %) — P(9%0+1,%nt 1)
2 < P(@%m; 9%m-1) + P(G%m-1,Pm-2) + .. + P(PXn+1,9%)
Lap P(gYo, Y1) + P(QY1, 9Y2) + P(9%, %) <A™IEAM 24 LAMa
2 n
? + ) + ) X < .
n asp(gyo 9y2) p(gy12 gy1) + p(9%,9%) <{5a
< 3, P(9%.9%) + P(9%0. 0x1) Similarly, we have
- 2 m-1 m-2 n
, <A™ A E L L+ AMa
2, P(9Y0.9%1) + P(GY1. 0Ye) + P(0X0,9%) P, O3 < ( ; )
2 < a.
+ 4, P(9Y0:9Y1) + P(9Y1.9Y2) + P(9%,0%1) 1=2
3 2 : Then
Thus, we obtain Jim _ p(g¥m.g%) =0 and lim _p(gym,gy) = 0. (5)
p(gy1,0y2) ’ ’
_ 2a1+a+as) P9X0.0%)+ PO o) _ By (1), we havep*(x.y) < 2p(x.y), so for anym > n
238 2 o s <2 <2 M
Similar to the above proof, one can show that P(m 9%) < 2P(Gxn, %) < 1-A %
n
P(P, O%n1) P°(GYm. GYh) < 2P(GYm, GYh) < 27— &

~ 2@ +a+as) p(9%-1,9%) + P(9Yn-1,9%)

2—a—a 2 So,
_ ) P@%-1,0%) ; P(9Yh-1, %) i p¥(g¥m.gx) =0 and _lim _ p*(gym. Gyh) = O(6)
< 42P(@%-2,9%-1) + P(Q¥n-2:9h-1) Then{gx,} and {gyn} are Cauchy sequences (X, p®).
- 2 Since the partial metric spade, p) is complete hence

- 4nP(9%,9%) + P(9Y0.9Y1)
- 2
=A"a,
and
P(9Yn, O¥n+1)
~ 2@+a+as) p(9%-1,9%) + P(9Yn-1,9%)

thanks to Lemmad 01, the metric(X, p°) is complete, so
there exisk,y € X such that

H S o H S o
Jlim_p(9x%,x) =0 and lim_p(gyn,y) =0. (7)
On the other hand, we have

P(9%,X) = 2p(9%, X) — P(%n, G%n) — P(X,X).
Lettingn — o in the above equation, we get

T 2-a-a 2 fim (g%, X) = 2p(X,X). (®)
_ 5 P(9%-1,9%) + P(9¥n-1,G¥n) e 2

2 On the other hand, we hayEx, x) < p(gx,,X) for all n €
< A2 P(9%-2,9% 1) + P(gYn-2,9¥%h-1) N.
= 2 On lettingn — . We get that

- ynP(9%,9%) + P(9Y0.9Y1)
N 2

=A"a

pOX) < lim p(gxn, X)- 9)
Using @) and @), we get that
P x) = lim_p(gxn,x) = 0.
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Similarly, one can show that

P(Y,y) = lim p(gyn,y) =0

Thus, we have

pOxx) = lim p(gxn,x) =0

and (10)
pP(y:y) = lim p(gyn,y) =0

From (10) and continuity ofg,

P(gxgx) = lim p(gg*,gx) =0

and (12)
p(gy,gy) = lim p(ggy,gy) =0

From @) and commutativity oflf andg,

99%+1=9(T (Xn,¥n)) = T (9%, 9¥n)

and (12)

99%-+1 = 9(T (Yn: X)) = T (GYn, P%)-
We now show thagix= T (x,y) andgy = T (Y, X).

P(gX T(X,Y))
< p(9% 9(9%+1)) + P(9(P%+1), T(X,Y))
— P(9(9%11),9(9%+1))
< p(9%9(9%1+1)) + P(I(T (X, ¥n)), T(X.Y))
< p(9%9(9%+1)) + P(T (9%, 9¥n), T(X,Y))
< p(g% g(%ns1)) + p(gx gg*) ; P(9Y; 99%)

P(gx T(X,y)) + P(99%, T (9%, 9¥n)) + P(TY, 90%)
2
P(9% T (9%, 9¥n)) + P(99%, T (X,Y)) + P(QY, 99%)
2
X, gg%) + p(gy.
< p(ax g(g%1) + al|0(@1 ag )zp(gyggyn)

P(OX T(X,Y)) + (9%, T (9%, g¥n)) + P(QY, 99¥%)
2
P(9X T (9%, 9Yn)) + P(99%, 9X)
2
P(gx T(X,y)) + P(9Y, 99%)
+ 5 ).

Taking the limit asn — o in above inequality,{1) and
(12) we get

+ap

+as

+ap

+a3[

@ p(gx T(x,Y)) < p(gx T(x,Y)),

which is a contradiction. Thus, we have
p(gx T(x,y)) = 0, which implies thatgx = T(x,y).
Similarly one can show thaly = T(y,X). Thus we proved
thatT andg have a coupled coincidence point.

Suppose thatx,y) and (zt) are coupled coincidence
points of T andg, that is

gx=T(x,y), gy=T(y,x), 9z=T(zt) and gt="T(t,2).

POX T(XY)) <

We are going to show thaix = gz and gy = gt. From
condition @) we have

P(gx.92 = p(T(x,y), T(zt
<a p(gx g2) ; p(gy, gt)
P(Ox T(Xy)) +p(9z T(z1)) + p(gy,at)
2
P(gx, T(z1)) 4+ p(9z T(X,y)) + p(gy;gt)
2
p(gy, gt)

)

+ap

+ a3

a p(g% 92) +
1 2
p(gx gx) +

p(9z 92) + p(gy; gt)
2

p(gx,92) + p(gz gx) + p(gy, gt)

2

— (3 +ag)plox g + (5

%( P(gx g%) + p(9292))

+ap

+ag

L 22, %

ap
> )p(gy, at)

ajg a; a; a;
< (5 +a)p(gx g2 + (5 + 5 +5)p(ava)

<(3 7
+ a—zz[p(gx 92 + p(gx,92)]

a
= (5 +ata)p(gx g2 +

Similarly

(2 + 2 > 2,2 )p(gy,gt)

p(gy.ot) < (% +ag+ as) p(gy. gt)
+(3 5 L2 5 212 5 )P(9x.92).
Then above inequality and the propefty), we have
P(9% 92) + p(gy.gt)
<(ar+ 37 + @)[p(gx 92) + p(9y; gt)]
< p(9%92) + p(gy.gt),

which is a contradiction. Thus(gx,g2) + p(gy,gt) =
implies thatp(gx,gz) = 0 andp(gy,gt) =0

An immediate consequence of Theorelmare the
following results.

0. It

Corollary 201Let (X,p) be a complete partial metric
space. Assume thereextsK k< 1and T: X x X — X
and g: X — X are such that

P(T(%Y), T(u,v)) <

for all x,y,u,v € X. Also Suppose (K x X) C g(X), g is
continuous and commutes with T. Then there exiseExX
such that

gx=T(xy) and gy=T(y,x),
thatis, T and g have a unique coupled coincidence point.

;[p(gx gu)+p(gy,9v)], (13)
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Prooflf T andg satisfies {3), thenT andg satisfies 8)
with a; = kanda, = az = 0.

Then, the result follows from Theorein
Corollary 202Let (X,p) be a complete partial metric

space. Assume there existi,@,az3 > 0 with
2a; + 3a, + 3a3 < 2 and also suppose that
T : X x X — X is such that
P(T(X,Y), T(u,v))
- a P+ PIY)
2
‘a P T(XY) +p(U,T(uv)+p(y,y)  (14)
2 2
4 2, P T V)) + p(u. T(xy)) + Py V)
3 > ;

for all x,y,u,v € X. Then there exist ¥ € X such that
x=T(xy) and y=T(y,x),
thatis, T have a unique coupled fixed point.

ProofPuttingg =1 (I the identity mapping) in Theorefy
we obtain corollar202

Corollary 203Let (X,p) be a complete partial metric
space. Assume thereexsk k< 1and T: X x X — X
and g: X — X are such that

P(T(6Y), T(uv) < S[p(xu)+py:v)l,  (15)

NI x

for all x,y,u,v € X. Then T has a unique coupled fixed

point.

Corollary 204Let (X,p) be a complete partial metric
space. Assume there exBt< k < 1 and also suppose
T:Xx X — X and g: X — X are such that

P(T(%y),T(u,v))

k (16)
< E[p(gx,T(u,v)) +p(9u, T(x,y)) + p(9y.gv)],

for all x,y,u,v € X. Also Suppose (K x X) C g(X), g is
continuous and commutes with T. Then there exisExXX
such that

gx=T(x,y) and gy=T(y,x),

thatis, T and g have a unique coupled coincidence point.

Example 3.et X = [0,1] endowed with the usual partial
metric p defined byp(x,y) = maxx,y}. Since

P°(%,Y) = 2p(xy) — p(X.X) = p(Y.y)
=max{X,y} —Xx—y
= |X_y|7

is Euclidean metric, thefX, p®) is complete. So it is clear
that (X, p) is a complete partial metric space. Defifie

Xx X — XasT(xy) = % for all x,y € X andg:

X — X be defined bygx = %x. We show that condition
(3) is satisfied.
If x,y € X, then we have

p(T(X7y),T(U,V)) = max{i T

1
< E[max{x, u} +max{y,v}]

-1 max{gx gu} +maxgy.gv}
=4 2
P(gx.gu) + p(gy: gv)
2
P(gx,gu) + p(gy. 9v)
2
+ 5, PO T(xY)) +p(guT(u,v)) + p(gy.gv)
2 2
4 5, PEXT(WY) +p(gu T(xy)) + P(gy.gv)
3 2 .

IN

a

<a

Thus all the conditions of theoreml are satisfied.
Moreover,(0,0) is the unique coupled coincidence point
of T andg.
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