%N S 37

Sohag Journal of Mathematics
An International Journal

Sohag J. Math. 1, No. 1, 37-43 (2014)

http://dx.doi.org/10.12785/sjm/010106

A Common Coupled Fixed Point Theorem for Two Pairs
of w*—Compatible Mappings in G—Metric Spaces

Reza Arab*

Department of Mathematics, Sari Branch, Islamic Azad University, Sari, Iran

Received: 3 Jan. 2014, Revised: 4 May. 2014, Accepted: 5 May. 2014
Published online: 1 Sep. 2014

Abstract: In this paper, we consider a new class of pairs of generalized contractive type mappings defined in G—metric spaces. Some
coincidence and common fixed point results for these mapping are presented. Our results extend and generalize many known results in

the literature.An example is presented to show the ectiveness of our results.
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1 Introduction and Preliminaries

Mustafa and Sims [5] introduced the notion of complete
G—metric spaces as a generalization of complete metric
spaces. For details on G—metric spaces, we refer to [5,6,
7,8]. The notion of a coupled fixed point in partially
ordered metric spaces has been introduced by Bhaskar
and Lakshmikantham in (2006)[9].

In this paper ,we prove a common coupled fixed point
theorem for two mappings in G—metric spaces.

Definition 1./5] Let X be a nonempty set and G : X x X X

X — R" a function satisfying the following properties:

(G1)G(x,5,2) =0ifx=y=2=0,

(G2)0 < G(x,x,y), for all x,y € X withx %y,

(G3)G(x,x,y) < G(x,y,z) for all x,y,z € X withz #y,

(G4)G(x,y,2) = G(x,2,y) = G(y,2,x) = ..., symmetry in all
three variables,

(Gs5)G(x,y,2) < G(x,a,a)+ G(a,y,z) for all x,y,z,a € X

Then the function G is called a generalized metric, or,
more specifically, a G—metric on X, and the pair (X,G)
is called a G—metric space.

Definition 2./5] Let (X, G) be a G—metric space and (x;)
a sequence of points of X. A point x € X is said to be the
limit of the sequence (x,), if liMy, n—so0 G(X, X, %) = 0,
and we say that the sequence (x,) is G—convergent to x or
that (x,) G—converges 1o x.

Thus, x, — x in a G—metric space (X, G) if for any € > 0,
there exists k € N such that G(x,x,,xn) < € for all m,n >
k.

Proposition 11/5] Let (X, G) be a G—metric space. Then
the following are equivalent:

(1)(xp,) is G—convergent to x.

(2)G(xp,xn,x) — 0 as n — oo.

(3)G(xy,x,x) —> 0 as n — oo.

(4)G(xn,%m,x) —> 0 as n,m — oo,

Definition 3./5] Let (X,G) be a G—metric space, a

sequence (x,) is called G—Cauchy if for every € > 0,

there is k € N such that G(x;,xpm,x;) < €, for all

n,m,l > k, that is G(xp,Xp,X;) — 0 as n,m,l — .

Proposition 12/5] Let (X,G) be a G—metric space, then

the following statements are equivalent:

(1)The sequence (x,) is G—Cauchy.

(2)For every € > 0, there is k € N such that
G (X, Xy Xm) < €, for all n,m > k.

Definition 4./5] A G—metric space (X,G) is called
G—complete if every G—Cauchy sequence in (X,G) is
G—convergent in (X, G).

Proposition 13/5] Let (X,G) be a G—metric space. Then,
the function G(x,y,z) is jointly continuous in all three of
its variables.

Example.[5] Let (R,d) be the usual metric space. Define
G, by

Gs(x,y,2) = d(x,y) +d(y,2) +d(x,2)

for all x,y,z € R. Then it is clear that (R, Gy) is a G—metric
space.
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Proposition 14/5] Let (X,G) be a G—metric space. Then
T :X — X is G—continuous at x € X if and only if it is
G—sequentially continuous at x,that is, whenever (x,) is
G—convergent to x, (f(x,)) is G—convergent to f(x).

Definition 5./4] Let (X,G) be a G—metric space. A
mapping F : X Xx X — X is said to be continuous if for
any two G—convergent sequences (x,) and (yn)
converging to x and y respectively, (F(x;,yn)) is
G—convergent to F(x,y).

Definition 6./3] An element (x,y) € X X X is called a
coupled fixed point of the mapping F : X x X — X if

F(x,y) =x, F(y,x) =).

Definition 7./9] An element (x,y) € X x X is called a
coupled coincidence point of a mapping F : X x X — X
and a mapping g: X — X if

F(x,y)

Note that if g is the identity mapping, then Definition 1.7
reduces to Definition 1.6.

= gx, F(y,x) = gy.

Definition 8./1] An element x € X is called a common
fixed point of a mapping F : X xX — X andg: X — X
if

F(x,x) =gx=x.

Abbas et al. [1] introduced the concept of w—compatible
and w* —compatible mappings and utilized this concept to
prove an interesting uniqueness theorem of a coupled fixed
point for mappings F and g in cone metric spaces.

Definition 9.//] Mappings F : X xX — X and g: X —
X are called

(Wi)w—compatible if g(F(x,y)) =
gx = F(x,y) and gy = F (y,x).

(Wo)w*—compatible if g(F(x,x)) =
gx = F(x,x).

F(gx,gy) whenever

F(gx,gx) whenever

Let X =R*" define F: X xX — X and g: X — X by
8, x=1,y=0,

F(x,y)= 10, x=0,y=1,
4 otherwise,
8, x=1,
10, x=0,
s0)=3 57 x—4

4,  otherwise.

Then it is clear that F and g are w—compatible but not
w* —compatible.

Definition 10./9] Let X be a nonempty set and
F:XxX—Xandg:X — X. One says F and g are
commutative if for all x,y € X,

F(gx,gy) = g(F(x,y)).

2 MAIN RESULTS

Our first result is the following.

Theorem 21Let (X,G) be a G—metric space. Set T : X X
X — X and g : X — X. Assume there exist ay,az,az >0
with 2a; + 3as + 3a3 < 2 such that

G(T(x,y), T(”v V)» T(Wv Z))
< % (G(gx, gu, gw) + G(gy, gv, 82)]

+2[ (8x,T(x,y), T (x,y

( ) +G(gu,T(u,v),T(u,v))
+G(gy, gv.87)]

(

)

ey

+ S 1G(ex,T(0,v). T (u,v)) + Glgu, T (x,), T(x.))

+G(gy,gv,87)],

Sor all x,y,u,vyw,z € X. If T(X xX) C g(X), g(X) is a
G—complete subset of X, then T and g have a unique
common coupled coincidence point. Moreover, if T is
w*—compatible with g, then T and g have a unique
common coupled fixed point.

Proof. Let xp and yp be in X. Since T(X x X) C g(X),
we can choose x1,y; € X such that gx; = T(xp,yo) and
gy1 = T(yo,x0). Analogously, there exist xp,y, € X such
that gx, = T'(x;,y1) and gy, = T(y1,x;). Continuing this
process, we can construct two sequences {x,} and {y,} in
X such that

=T (yn,xn) foralln>0
2

8Xn+1 = T(xna))n) and gyn+1

From by (1), we have

G(gxnuganrlugan)
= G(T(xnfl 7yn71)7 T(xnvyn)7 T(xn7Yn))

< %‘ (G(8%n—1,8%n,8%n) + G(8Yn—1,8Yn,8¥n)]

+ 2 6(8%1, T (1,31, T (1. 3-1))
+G(8xn, T (xu,yn), T(xn,yn))+

[G 8Xn— 1,T(xn,yn),T(xn,yn))

+G(gxn, T (Xp—1,Yn—1 ), T(Xn—1,Yn-1)) + G(8Yn—1,8Vn,8&¥n)]

G(gYn 1,8 )] + =

aj
=~ [Ggxn—1,8%, 8%1) + G(8Yn—1,8Yn,8n)]

+ %2 (G(gxn—1,8%n,8%n) + G(8%n, 8Xn-+1,8%n+1)
+G(8¥n—1,8Yn8Yn)]
+ %3 (G(8%n—1,8%n+1,8%n+1) + G(8Xn, 8Xn, 8Xn)
+G(8Yn—1,8Vn,8¥n)]-

Thus, we obtain

a)+ax+az
G <————G _
(8%n: 8Xn+1,8%n+1) < 2_a2_a3[ (8% ugxn,gxn)@

+G(8Vn—2,8Yn—1,8Vn-1)],

© 2014 NSP
Natural Sciences Publishing Cor.



Sohag J. Math. 1, No. 1, 37-43 (2014) / www.naturalspublishing.com/Journals.asp

and

G(8yn,8Yn+1,8Vn+1)

= G(T (Yn—1,%n-1)> T (VnsXn), T (Yn,%n))

< %1 [G(8Yn—1:8Yn>8Vn) + G(8Xn—1,8%n, 8Xn)]
+ %Z[G(gynmT(ynfl,xn71)7T(yn717xn71))
+G(gyns T (Yns Xn), T (¥, X))+

G(g%n-1,83n: g)) + 5 [G(83a—1,T (3 0), T (o, %2))
+G(yn, T (Vn—1,%n-1)s T Yn—1,%-1)) + G(8Xn—1,8%n, 8%n)]

aj
= DX [G(gynfl agyngH) + G(gxnfl :gxnvgxn)]

+ %2 (G(gyn—1,8Yn>8¥n) + G(8Yn:8Yn-+1,8Yn+1)
+ G(8Xn—1,8%n,8%n)]

+ %3 (G(8Yn—1,8Yn+1:8Yn+1) + G(gVn,8Vn, 8¥n)
+G(8Xn—1,8%n,8%n)]-
Thus, we obtain

G(8Yn,8Yn+1,8Vn+1)
a) +ap +03
2—ap

From (3) and (4), we have

4
< [G(gyn lvgYIthn)“'G(gxn 17gxnvgxn)]

G(8Xn, 8Xn+1,8%n+1) + G(8Vn, 8Ynt1,8Vn+1)
2(a1 +ay +a3)

<
2—ap —aj

[G(g)’nfl 18Yn>8Vn) + G(8Xn—1,8%n, gxn)]'

Set a, = G(gXn, 8%n+1,8%n+1) + G(&Vn: 8Vn+1,8Vn+1) and

_ 2Aatarta3)
A= “3-ay-a; - then the sequence {an} is decreasing as

0<a, <Aay1 <A%ay_2 < ... < Aag
which implies

lim a,
n—-soo

= lim [G(gxn,8Xn+1,8%n+1) + G(8Vn, 8Vn+1,8Vn+1)] = 0.

n—-yo

Thus,

nli—n>looG(gxn7gxn+l ) ngH'l) = 07
. ®)]
Jim G (gyn, g¥nt1,8¥n11)] =0.

Next, let us prove that {gx,} and {gy,} are G—Cauchy
sequences. In fact, for m > n, we have

G(8xn,8%m, 8%m) + G (8Yn, 8Ym, 8Ym)

< G(8%n; 8%n+1,8%n+1) + G (8Yn, 8Vn+1,8Vn+1)

+ G(8Xn+1,8%n+2,8%n+2) + G(8Vn-+1,8Vn+2,8Vn+2)

+ o+ G(gXm—1,8%m; %m) + G(8Ym—1,8Ym:&Ym)
=apt+ay4);+...+ay_1

< Aag+ A" g+ oo+ A Nag = (A4 A" 4 A D

n

< =
—1-2

ap.

Letting n,m — oo, we have

lim  G(gxn,8%m,8%m) + G(8Yn,&Ym>&¥m) = 0.

n,m—->oo

This imply that {gx, } and {gy,} are G—Cauchy sequences
in g(X). By G—completeness of g(X), there exists gx, gy €
g(X) such that {gx,} and {gy,} converge to gx and gy,
respectively.

We claim that g(x)
from (1), we have

G(gxn+la T(x7y), T(x,y)) =

G(T(x,,,y,,),T(x,y),T(x,y))
< %[G(gxnag(x)’g

() +G(gyn,8(»),8(»))]
a»

+ D [G(g'x}’h T(xn7yn)7 T (Xp,%,)) + G(g(x), T(x,y),T(x,y))

+ Glgyn 80),80)] + 5 Glgxn T(x.9). T (x,))
+G(g(x), T (Xn,Yn), T (Xn,Yn) + G(gyn, 8(¥),8(¥)))]

Letting n — oo, and using the fact that G is continuous on
its variables, we get that

=T (x,y) and g(y) = T(y,x). Indeed,

ay +as

G(8(x), T (x,),T(x,)) < =5—=G(8(x), T (x,), T (x,y))-

Hence g(x) = T'(x,y). Similarly, we may show that g(y) =
T (y,x). Then, (gx,gy) is a coupled point of coincidence of
mappings T and g.

Now we prove that gx = gy. By (1), we have

G(g(x),8(),8(y)) = G(T (x,y), T (y.x), T (y,x))
< 5 16(8(x),8(v),8(7) +G(g(v), 8(x), 8(x))]
+72[G( (), T (x,), T (x,y)) + G(g(y), T (%), T (y,%))
+G(g(v),g(x),8(x))]
+ x)
n

5 [6(8(0), T(v.x), T(y,x)) + G(g (), T (x,3), T (x,))

Glg(y).£(x).8(0)]
= D G(g(0),800.800) + 2 2B G(g(0) g(0) ).

Similarly, we may show that

G(g(y),8(x),8(x))
< w

Therefore

G(g(x),8(v), () + Gle(y),

8(x),g(x))
SW[G@@&@) 8()) +G(g(v),8(x),g(x))]
)

< G(8(x);8(y),8(y) +G(8(r),8(x),&(x))-

which is a contradiction. So g(x) = g(y). We conclude
that T'(x,y) = g(x) = g(v) = T(y,x). Thus, (g(x),8(x)) is
a coupled point of coincidence of mappings 7 and g.
Now, if there is another x; € X such that (g(x1),g(x1)) is

© 2014 NSP
Natural Sciences Publishing Cor.



40 %N S\

R. Arab: A Common Coupled Fixed Point Theorem for Two...

a coupled point of coincidence of mappings 7 and g, then

G(g(x),8(x1),8(x1))
= G(T (x,x),T (x1,x1),T (x1,x1))

< 3[G(g(x) 8(x1),8(x1)) + G(g(x),g(x1),8(x1))]
+72[G(8(X) T(x,x),T(x,x)) + G(g(x), T (x1,x1),T (x1,x1))
+G(g(x),8(x1),8(x1))]

+3[G(8(X)»T(X17x1),T(x1,X1))

+G(g(x1), T (x,x),T(x,x))

+G(g(x),g(x1),8(x1))]
= (a1 + a2 +a3)G(g(x),8(x1),8(x1))

a
+ 5 Glg(x1),8(x),8(x)).
Similarly, we may show that

G(g(m) 8(x),8(x)) < (a1 +az+a3)G(g(x1),8(x),8(x))
+2 > 2G(g(x),8(x1).g(x1)).
Therefore

G(g(x),g(x1),8(x1)) +G(g(x1),8(x),8(x))

2a; +2az +3a

< ST 6(g(0), g(n1), ()
+G(g(x1),g(x),g(x))]

It implies that
G(g(x),8(x1),8(x1)) = G(g(x1),8(x),8(x)) = 0 and so
g(x) = g(x1). Hence, (g(x),g(x)) is a unique coupled
point of coincidence of mappings 7 and g. Now, we show
that 7 and g have common coupled fixed point. For this,
let u = g(x). Then, we have u = g(x) = T(x,x). By w*—
compatibility of 7" and g, we have

g(u) = g(g(x)) = &(T (x,x)) = T(g(x), ¢(x)) =

Then, (g(u),g(u)) is a coupled point of coincidence of
mappings 7 and g. By the uniqueness of coupled point of
coincidence, we have g(x) = g(u). Therefore, (u,u) is the
common coupled fixed point of 7 and g. To prove the
uniqueness, let v € X with v # u such that (v,v) is the
common coupled fixed point of 7 and g.

Then, using (1),

G(M,V, V) = G(T(uvu)v T(V, V)a T(Va V))
< % (G(gu,8v,8v) + G(gu, gv,gv)]

T (u,u).

Hence,

2a1 +ap +3as
2

Since w <1, so that G(u,v,v) = G(v,u,u) = 0 and

u=v. Thus T and g have a unique common coupled fixed

point. In Theorem 2.1, take w = u and z = v, to obtain the
following corollary.

Corollary 22Let (X, G) be a G—metric space. Set T : X x
X — X and g : X — X. Assume there exist ay,az,az > 0
with 2a; + 3as + 3a3 < 2 such that

G(T(x,), T(u,v), T (u,v))

aj
<5 [G(gx, gu, gu) +G(gy, gv,gv)]

G(u,v,v) +G(v,u,u) < [G(u,v,v) + G(v,u,u)].

+ LGl T () T (v) + Glew T (). T )
+G(gy.gv.8v)]
+ S 1G(gx. T (w,v),T (1)) + Glgu, T (x.9), T (x.))

+G(gy.gv,8v)],

Sor all x,yu,vyw,z € X. If T(X xX) C g(X), g(X) is a
G—complete subset of X, then T and g have a unique
common coupled coincidence point. Moreover, if T is
w*—compatible with g, then T and g have a unique
common coupled fixed point.

Now, putting g = Iy (the identity map of X)in the Theorem
2.1, we obtain

Corollary 23Let (X,G) be a complete G—metric space.
Assume T : X X X — X be a function satisfying (1)(with
g =Ix)for all x,y,u,v,w,z € X. Then T has a unique fixed
point.

By choosing aj,a; and a3 suitably, one can deduce some
corollaries from Theorem 2.1.

For example, if a; = 2k and a» = a3 = 0 in Theorem 2.1,
then the following corollary is obtained which extends and
generalizes the comparable results of[10].

Corollary 24Let (X,G) be a G—metric space. Set T : X X
X — X and g : X — X. Assume there exist k € [0, 5)
such that

G(T(x,), T(u,v),T (w,2))

7
< k[G(gx,gu,gw) + G(gy, gv,82)] @

+a£[ Glgu, T (u,u), T (u,u)) + G(gv, T (v,v), T (v,v)) for all x,y,u,v,w,z € X. If T(X x X) C g(X), g(X) is a
2 G—complete subset of X, then T and g have a unique
+G(gu,gv,gv)] common coupled coincidence point. Moreover, if T is
as w*—compatible with g, then T and g have a unique
+ ?[ (gu T(V,V) ( V)) + G(gv7 T(u,u), T(u7u)) common coupledﬁxedpoint.
+G(gu,g;lv, gv)] a Theorem 25Let (X,G) be a complete G—metric space.
=(a +—2+a3)G(u,v,v)+—3G(v,u,u). Assume that T : X XX — X and g : X — X are
o 2 2 continuous  and  there exists k € [0, %) and
Similarly, we may show that h € M(x,y,u,v,w,z) satisfying
as
Gvouu) < (a) + 2 > >+ a3)G(v,u,u) + 5 Glu,v,v). G(T (x,y),T(u,v),T(w,2)) < kh, (8)
© 2014 NSP
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G(8Xp—1,8%n, G(gxn, } G(8Yn—1,8Yn,
for all x,y,u,v,w,z € X where 2.h, = (8%n—1,8%n,8%n)+G(8xn gxn2+1,gxn+1)+ (8Yn—1,8Yn:8¥n)
then

)

G(gx,gu,gw) + G(gy,8v, 82)

M(x;y7u7V7W7Z):{ ) ’ G(gxn’gxn+1’gxn+])
1 1 k
EG(ng T(xvy)a T(x,y)) + EG(gu7 T(L{,V), T(M,V)) < §G<gxn7gxn+17g-xn+1>
! G(8Xn—1,8%n,8%n) + G(8Yn—1,8Yn,8¥n)
-G ), ) ) ) )
+5G(gr8v.82) +k 5 ,
1 1 . .
EG(ng T(uv V): T(uv V)) + EG(gu7 T(xvy)7 T(xvy)) which gives that

: G( )} (8%n: 8Xn+1,8%n+1)
8Y,8V,83)s- G
2 Y 2k G(gxn—lagxl’hgxn) G(gyn_l,gYnag)’n) .
IfT(X xX) C g(X) and g commutes with T, then T and g 2—k ) ;

have a coupled coincidence point. 30, = G(8%n—1,8%n41,8%n+1)+G(8Xn,8%1,8%n ) +G(8Vn—1,8Yn,8Vn)
Proof. Let gx,.1 = T (xn,yn) and gyns1 = T (yn, X, ) for all then by case 2, we also have
n > 0. For each n € N, there exists G(g%ny Znt 1, 8% 1)
h e {G(gan,gxn,gxn)+G(gyn71,gyn,gyn) _ 2k Glgn1,8%n,8%n) + G(8Vn-1,8Yn 8¥0).
2 ’ ~2—k 2 :
1 .
EG(gxnflaT(xnflaynfl);T(xnflaynfl)) since
1 G(gXn—1,8%n+1,8%+1)
+ =G(gxn, T (Xn,¥n), T (xn,
2 (&5 T (on,30), T (5n.30)) < G(8Xn—1,8%n,8%n) + G(8Xn, 8Xn+1,8%n+1)-
1
+5G(8yn—1:8Yn:8Vn); Thus, we have
1 G(8xn,8%n+1,8%
3G 1T (ons ), T (r,30) (8%, 82041, 8%n41)
. 2k G(g¥n-—1,8%n, 8%n) + G(8Yn-1,8Ym8¥n)
+EG(gxnyT(xnflaynfl)aT(xnfla)’nfl)) T 2-k 2
1 By a similar proof, one can also show that
+ 5 G(8Yn—1,8Yn,8Yn) }
g e G(8Vn: 8V 1,8Vn+1)
_ {G(gxnfl,gxmgxn)J;G(gynfl,gyn,gyn)7 2k G(gxn—1,8%n:8%n) + G(8Yn—1,8Vn-8&Vn) Vi e N
—2—k 2 ’ ’
1 1
EG(gxnfl 18X, 8%n) + EG(gxn,gan 1 8%n+1) Then, we conclude that
+ %G(gynfl 1 8Vn>8Yn) G(g%n: §Xn-+1,8%n-+1)
1 1 <X )nG(gxo,gxl,gxl)+G(gyo,gy1,gy1) Vi e N
5 G(8%n-1,8%n+1:8%n+1) + 5 G(8%n: 830, 83n) ~ 22—k 2 : ’
1 G( 1 and
+ 5G(8Yn—1,8Yn,8Vn) s>
2 G(8yn, 8Vn+1,8Vn+1)
such that < ( 2k )n G(gxoagxlagxl)+G(gy03gylagyl) VneN
G(gxmgxn+lagxn+l) " 2—k 2 ’
= G(T(xnflvynfl)vT(xnayn)aT(xmyn)) <kh,. It follows from 0 < k < % that 0 < 22Tk < 2 Then,
Now, we consider three cases: analogously to the corresponding proof of Theorem 2.1,

{gxn} and {gy,} are G—Cauchy sequences in the
G—metric space (X,G),which is complete. Then, there
are x,y € X such that {gx,} and {gy,} are respectively

1If by, = Glgxn—1 ‘an-an)erG(gy,H,gyn,gyn) , then

G(8Xn; 8Xn+1,8%n+1) G—convergent to x and y. From Proposition 1.1, we have
G(gxn—1,8%n,8%,) +G ~1,8Vn, . .
<k (81,8 8%0) (83—1,8m:8n) lim G(gxp,gxy,x) = lim G(gx,,x,x) =0, )
2 n—-po0 n—>00
2k G(gxn—1,8%n,8%n) + G(8Yn—1,8n:8¥n)
2k 2 ’ Jim G(gyn,gyn,y) = lim G(gyn,y,y) = 0. (10)
© 2014 NSP
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From (9), (10) and the continuity of g, we have
lim G(g(8xn),g(8%n), &(x))

= lim_G(s(gx),8(x).8(x)) =0,

Jlim G(g(gyn), &(gyn);8(y))

= lim G(g(gyn):&(»),8(»)) =0.

Since gxp+1 = T(xy,yn) and gyni1 = T(yn,Xu), the
commutativity of 7 and g yields that

8(gxns1) = (T (xn,yn)) = T (8Xn,gYn) (1)

8(&ynt1) = &(T (Vn:xn)) = T (8Yn,8%n)- (12)

By using (11), (12) and the continuity of 7, we get

{8(g%+1)} is G—convergent to T (x,y) and {g(gy,1)} is
G—convergent to 7(y,x). By uniqueness of the limit,we
have gx = T(x,y) and gy = T(y,x), and this ends the
proof.

Now, putting g = Iy (the identity map of X)in the
previous result, we obtain

Corollary 26Let (X,G) be a complete G—metric space.
Assume that T : X x X — X is continuous and there exists
k €10, %) and h € M(x,y,u,v,w,z) satisfying

G(T(x,y),T (u,v),T(w,z)) < kh,
for all x,y,u,v,w,z € X where
G(x,u,w)+G(y,v,z)

> )
ST (09), T(x)) + 5 Gl T (), T(w,))

1
+ EG(% V,Z),

%G(x, T(u,v),T(u,v))+ %G(u7 T(x,y),T(x,y))

1
+ EG(yyv,Z)}-

M(x7yaU7V>WaZ) = {

Then T has a coupled fixed point.

Now, we introduce an example to support the usability of
our results. Example.Let X = [0,1]. Define 7 : X x X —
X by T(x,y) = £x%? and define g : X — X by g(x) =
1x%. Define a G—metric on X by G(x,y,2) = |x—y|+ |x —
zZ|+|y—z| forall x,y,z € X.

By routine calculations, the reader can easily verify that
the following assumptions hold:

(NT(X xX) CgX);
(2)g(X) is a G—complete subset of X;
(3)T is w*—compatible with g.

Here, we show only that 7 and g are condition (1) in
Theorem 2.1 is satisfied for all real numbers a;,ar,as3
with 0 < 2a + 3a; + 3a3 < 2. Since

|xy —uv| < |x—u|+ |y —v| holds for all x,y,u,v € X, we
have

G(T (%), T (u,v),T(w,2))

Lol 55 1 55,
7G(16xy,l6uv,l6wz)

2 2.2

- 1i6|x2y _u2v2|+li6|x ¥ = wie|
+1i6|u2v2—W2Z2|
< T16Hx2—u2|+\y2—v2|+\xz—W2|+|y2—12|+|”2_W2
+ [ —22]

< T16Hx2—u2|+\yz—v2|+\xz—W2|+|y2—Zz|+|”2_W2|

+ 2 =22

-sz—1x2y2|+\x2—1u2v2|+\u2—luzvz\—b—\uz—lxzyz\]
8 8 8 8

< gll3 = 0+ 152 = 3wl = 5w

Flgh = P14 |52 = 3P+ I3 = 2 2

+ 15— TR e = e 15y - 5

R

gl = PR3 - 21+ - 52

—H%vz—%zzﬂ

1
< %[G(gx,gu,gW) +G(gy, 8v,87)]

[G(gx, T (x,y),T(x,y))

G(gu, T (u,v), T (u,v)) + G(gy, 8v:87)]
1

+ %[G(gx, T (u,v), T (u,v))

+G(gu, T (x,y),T(x,y)) + G(gy,gv,82)]-

Thus, (1) is satisfied with a; = % and a) = a3 = % where
2a; +3a; + 3a3 < 2. Hence, all the conditions of Theorem
2.1 are satisfied. Moreover, (0,0) is the unique common
coupled fixed point of T and g.
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