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Abstract: In this paper we investigate the generalized fractionagrdtion and differentiation of the generalizBtdSeries. We
give representations of the generalizddSeries in terms of the Wright generalized hypergeometriwtion pyq , and formulas
for generalized fractional calculus operators. Sevetaonew and known results can also be obtained from our maoréins. Some
results derived by SharmaT], Kilbas [3], and Sharma and Jaia§] are special cases of the main findings.
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1 Introduction

The Wright generalized hypergeometric functi@q)[ is
given by

_ (az,A1),...,(ap,Ap) NP, (ai+nA)
pYa(2) = piko {Z (131751)7-~.7(BE,B§) =2n- OnT . (BJ+nB,)
1)

whereA; >0 (i=1,p), B; >0(j
SPAA -3 B <L

WhenA; = ... = Ay =By = ... = By = 1, then () reduces
to a generalized hypergeometric functighy(.) as shown
below

=1,0); a;,B; €C, and

P
= 1, r) PRa(@

e { (o1 oo O3 B1,-.., Bgi 2)

()
wherep < q,]Z <ew;p=q+1, |7 <1 p=qg+1,

2= 1;Re(51 B~ 3], a1) > 0.

It is observed that the Riemann-Liouville fractional
integral and derivative of the Wright function is also the
Wright function but of greater order. Conditions for the

existence of the serieg)(together with its presentation in
terms of the Mellin-Barnes integral and tle-function
were established by Mathai and Saxena [

The generalizet-Series 18] is defined as

ng’ﬁ (2) = M&'B (31, ap. b1,....bg; 2)
9 ( Pl
20 (bl r(an+pB)’ ®)

where za,B € C, O(a) > 0; (a)n (i = 1,p) and
(bj)n (j = 1,q) are the Pochhammer symbols. The series
(3) is defined when none of the parameters
(b)), (i=1,9), is a negative integer or zero; if any
numerator parametey; is a negative integer or zero, then
the series terminates to a polynomialanThe series in

(3) is convergent for alz if p < q, it is convergent for

|7 <0 =0aif p=g+1and divergent, ifo > q+ 1.
Whenp =g+ 1 and|z] = J, the series can converge on
conditions depending on the parameters. Further detailed
account of thevl-Series can be found in the pap#8][.

The fractional integral operator involving various spécia
functions, have been found of significant importance and
applications in various sub-fields of application
mathematical analysis.

The generalizedl-series can be represented as a special
case of the Wright generalized hypergeometric function
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pWq (2) and of the FoxH-function [7] as shown below.

ng'B (aq,...,ap; by,....bg; 2) = Wiﬂj irib) pr1dai1 |Z ((1?11 1:5) """ ((&p"f)):(%:;))]
(4)
_ Mty apa [ (3-a10),,(0.1)
I_Ij 1r( ) p+1.a+2 (071)7(1_B]7l)lq7(1_[3/a)
(5)

Furthermore, if we sep = q= 1, b =1 anda= y where
y € Cin (3), then we obtain the generalized Mittag-Leffler
function, as given below.

EV (@ = Shoredpd = 5h o% = M (v12).
(6)

Generalized fractional calculus operators:

Let a,a’,B,8,y € C,x > 0, then the left-sided

(5% PPy and right-sided IC* P Yy generalized
fractional integral operators of a functiofi(x) for
Regy) > 0 is defined by Saigo and Maed&?], in the
following form:

(12270 ) 00 = i 50072 (.0 B L1 ) fo,

()
<|E-"’-‘*B/-Vf) (x) =

Ct—x)Y 1t Ry (Gva’,BVﬁ’;VJ*?:l*i) f(t)dt,
(8)

These operators reduce to the Saigo fractional derivative
operators11,16] as

(O824 78) 9= (D57 ) 0. (Re) Zg

(DO*" hp 7Vf> (X) = (D“’ P ‘Vf> (x), (Rey)>0).

(16)
Further [ L2], p. 394, Eqgns. (4.18) and (4.19)] we also
have

a,a BB, — ,p+y—a—a —B, p+B —a _a—d +y—
(7)

where

Rely) > 0,Regp) > max[O, Rea + a +B-vy), Re(a/ —B/)} ,

and

!
|g,a'-B-B Yyo-l_ {Haw ~y-p, l+a+B —y-p. 1-B— p} xo—a—a'ty- 1

1-p, 1+a+a'+8' —y-p, 1+a—B—p
(18)

where

Rey) > 0,Relp) < 1+ min [Re(~B),Rela + ' ~y), Re(a+ '~ )|
Here, we have used the symbbl[-] representing the
fraction of many Gamma functions.

Recently, Srivastava and Saxeri#®][have discussed the
operators of fractional integration and their applicasion

These operators reduce to the Saigo fractional integraBimilarly, generalized fractional calculus formulae oéth

operators11,14] due to the following relations:

088, a—y,—
|g+, B.B 'yf(x):lgf y; ﬁf(x)

(yeC), (9

and

|TOPBYE () = 1YY P ()

(yeC). (10)

Leta,a’,B,B .y € C, andx € R, then the generalized
fractional differentiation operatorsl®] involving the
Appell function F3 as a kernel are defined by the
following equations:

<Daaﬁl3 vf>() ('of —a,p B, vf>() (1)

_an
—ax

(Di*",’ﬁ-f*”yf) (X) = (l_“/""*”,*ﬁ’yf) (X)

G (17 e orne) ). (Raly) > 0in [Rety)] + 3
(14)

(lof ~apmnp, V*”f)() (Re(y) > 0:n = [Re(y)] + 1),
(12)

(13)

Aleph-function associated with the Appell functiég is
given by Saxena et al1f], and Ram & Kumar §].

2 Generalized fractional integration of the
generalizedM-Series

In this section we derive the left and right-sided
generalized fractional integration formulas of the
generalizedV-Series.

Theorem 1 Let

a,a ,B,8.v,§n,0 €C, x>0, u>07zc¢c O

Rg&) > 0, Regy) > 0 and g,b; € C,
(i=1,...,p;j=1,...,0), then we have the following
relation:

;o / Mi,r(by)

ja.a BBy (t'771 Mé.n(z t“))}(x) _ yo-a-a +y-111i=1 i

{ o P I_Iler(ai)

.(ap.1),(o.p), a+y a-d Bu)(tﬂﬁ - H)( 1
(bql )(o+y—a—a’ ), (o+y—a’ —B.u),(0+B" 1).(1.6)

(a1,1),

by 1), (19)

X pralyra [Z*‘

provided each member of the equation exists.

Proof. Following the definition of left-sided Saigo-Maeda
fractional integral as given in7j, we have the following
relation:

{16522 (172 oME (28)) } (9
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= I){(;) ‘(;( (X_t)yiltiaq»ailF:;(aﬁa/ﬁﬁvﬁl; 14 1_t/X71_X/t) ng‘n (Zt“)dt'
By virtue of (3) and (L7); and interchanging the order of

Rgé) > 0, Regy) > 0 and 4&,bj € C,
(i=1,..,p;j=1,....,0), then we have the following

integration and summations, evaluating the inner integratelation:

with the help of Beta function and using Gauss

summation theorem, it becomes
{16528 (191, M7 (2¢)) } (9 =

o I (ag+n)...7 (ap+n)l (un+o)r (un+o+y—a—a’'—p)
2n=0 I (by+n)...7 (bg+n)I (unt+o+y—a—a’)r (un+o+y—a’—PB)

x0-a-0" V=11 (by)...1 (bg)
I (ay)...T (ap)

r(un+o+p' —a)r(n+1) (2¢)"
F(un+o+p)r (En+n) n!

Following the definition of the Wright generalized
hypergeometric function as given id)( we obtain (9).
This completes the proof of the Theorem 1.

On settingp=q=1; a=A € C; andb=1in (19), then
we obtained the following interesting result:

Corollary 1 Let

a.a .B.B.y&n0€C x>0 pu>0 zel
Rgé) > 0, Rgy) > 0 and g,bj € C,
(i=1,...,p;J=1,...,0), then there holds the following
formula:

’
xo—a-a +y-1

{lgf’ﬁ.ﬂ/.y (ta—l qu (zt“)) } (x) = o

Ao, (0+y-a—a —p.p).(0+p —a' w11 |
(ot+y—a—a,p),(o+y—a —B,u).(0+B,1),(n.%)
(20)

X ala |:qu

If we seto = n andu = & in Theorem 1, then we obtain
an interesting result as given following:

Corollary 2 Let a,a/,B,B/,y,E,n €C, x>0, ze [,
Rgé) > 0, Rgy) > 0 and g,bj € C,
(i=1,..p;j=1..0q9), then we have the following
relation:

KA ()

fi oo (oo (26))} 00 = —grra—
. [ZXE (a,1),...(ap 1), (N +y—a—a' —B.&).(n+B —a' &), (L1)
pralr3 (b1,1) ., (g, 1), (N +y—a—a’,&),(n+y—a'=B,&),(n+B,&) |
(21)

In view of the relation 9), then we arrive at the
following corollary concerning left-sided Saigo fractain
integral operator discussed by Sharrd [

Corollary 3Leta,B,y,0,§,n €C, u>0,x>0, ze O,
and Rea) > 0,Re(¢) > 0, then we have the following
result:

a,pB, o— N X07ﬁ71 I_qulr <b1)
{|0+B y (t LMEN (zt“))} (x) = T’J—(ai)

11) 5 (8p, 1), (0, 1), (0 +y—B, 1), (L,1)

(a1
X prats [Z*‘<b1,1>,m,<bq,1>.,<o—B,u>.,<o+a+v,u>,<n.,s> - @2

Theprem/ZLet
a,a,B,8,v,6&,n,0 € C, x>0, u > 0,ze [

XA ()
I_ljpzlr (ay)

(a1,1),-.(ap.1). (1+a+a’ —y—o.p),(L+a+B —y-o.u).(1-B-0,u),(11)
(b1,1).--.(bq.1).(1-0.p).(1+a+a’ +B' —y-o.p).(1+a—B-o.u).(n.&)
(23)

{Ig.u’.ﬁ.ﬁ’v (tﬂfl ng»” (zt’“))} (x) =

X prallgia {ZX?H

provided each member of the equation exists.

ProofFollowing the definition of right-sided Saigo-Maeda
fractional integral as given ir8f, we have the following
relation:

{lg,aﬂﬁ,ﬁﬂy (t"‘l pM§" (zt‘“))} (X)

= %f;’ (t—x)" U s (a,a’, 8,8 y; 1— Xit, 1—t/x) pM§™" (ztH)dt.

By virtue of (3); and following similar lines to that of
Theorem 1, we obtair2Q).

By puttingp=q=1; a=A € C; andb=1in (23), then
we obtained the following interesting result:

Corollary 4 Let

a.a B.B.yEno€e€C x>0 u>0 zel;
Rgé) > 0, Rgy) > 0 and g,bj € C,
(i=1,..,p;j=1,...,9), then there holds the following
formula:

{Ig.u/.B.B,«V (tafl EZ, (th“)) } ) = %Z:;H

(A1), (1+a+a’ —y- o), (1+a+p' —y-0o.u),(1-B-0,u),(1,1)

(1-o.u),(1+a+a’ +B'—y—o.u),(1+a—B—o.u),(n.€) (24)

X 4y [ZX?H

In view of the relation £0), then we arrive at the following
corollary concerning right-sided Saigo fractional intgr
operator discussed by Sharmia].

Corollary5Let a,B,y,0,E,n € C,x > 0, u > 0,z €
OandRe(&) > 0,Re(a) > 0, then we get the following:

aBy (o ) _ - XI Pl (b))

e e

(a1,1),.... (ap, 1), (1+ B~ 0, 1), (1+y—0o,1),(1,1)

(01,1),....(bg, 1), (1—0,1) ,(I+a+B+y—o.u),(n,§) |
(25)

X pr3Pgi3 [Z xH

Remark 1We can also obtain results concerning
Riemann-Liouville and Elyi-Kober fractional integral
operators L1, 13 14] by putting 3 = —a and 3 =0
respectively in Corollary 3 and 5.

3 Generalized fractional differentiation of
the generalizedM-Series

In this section we derive the left and right-sided
generalized fractional differentiation formulas of the
generalizedVl-Series.
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Theorem 3 et

a,a’ BB v,é.no € C, u>0 x>0 zel
Re(E) > 0, Rgy) > 0 and 4a,bj € C,
(i=1,..,p;j=1,..0q), then we have the following
formula:

Xa+a+n’fyfl I_llj:lzlr <bl>
m) 1T (@)

(ag.1)..--(ap.1).(0.), (o +a+a’ +B/—y.u).(o+a—PB,u).(1.1) 26)
(b1,1),.--:(bg.1),(o+a+a’ —yp),(o+a+B —y.u),(a-B.u).(n.€) |

{Dgf’_p_p’,y (tcr—l pMé"’ (zt“)) } (x) =

X prallgia {Z)@

provided each member of the equation exists.

ProofFollowing the definition of left-sided Saigo-Maeda
fractional differentiation as given irl), we get

{DGPEY (12 Mg (21)) } ) =

d a’',—a,—B'+k—B,—y+k (1o0-1 \p&.n (5l

e (ot ) o,
where k = [Re(y)+1]. Interchanging the order of
integration and summations, using2( and (7) and

making some simplification, we arrive at
a.a' BB (o-1 ypEN (o _ gk X I ()
{Do+ (t Mg (2t )>} ) = 4x I (a0).T (ap)

I (ba)

y I (ag+n)..1 (ap+n)I (un+o)l (un+o+a+a’+p'—y)
-0 I (by+n)..I (bg+n)r (un+o+a+a’—y+k)r (unto+a-+B'—y)

I(pn+o+a—PB)r(n+1) (@)

run+o—-p)r(én+n) n
By using di:\;xm ?n(qikﬁl)xm—k, wherem > k in the

(i=1..pj=1,..,

result:
foge 2t () o - * T )

a,1),(n+a+a' +p' -y, &), (n+a—-B,§),(1,1)
U, (n+a+a —y.&).(n+a+p —vy.&),(n-B,¢) |
(28)

g), then we have the following

p+3Wqi3 {ZX{ ‘ (b(ai)

In view of the relation 15), then we arrive at the
following corollary concerning left-sided Saigo fractain
differentiation operator.

Corollary 8Leta,B,y,0,n,é €C, u>0, x>0, ze [J;
Rega) > 0, Rgé) > 0 and 4g,bj € C,
(i=1,..,p;j=1,...,9), then we have the following:

XL (by)
|_|JP:1’—<aj)

l) ~~~~~ (ap 1.(o,u).(0+a+B+yu),(L1)
- (bg,1),(a+B, 1), (0 +y,1),(n,&)

{D5PY (12 pM§T (21)) } (0 =

X pr3Pqy3 [ . (29)
Theorem 4Let

aaBBy,EnaeC x>0 u>07zc¢cl

Regé) > 0, Rgy) > 0 and a,bj € C,
(i=1,..,p;j=1,..9) then we have the following
relation:

Xa+n+a’—y—1 I_quzl r (b])
I'IF:J (ay)

(al.l),...,(ap.l),(17a—n’+yfa,u).(17a’—B+y—a.u).(1+B’fa,u),(1,1)
(bl.l),...,(bq,l).(l—ﬂ.;i).(l—nfa’—B+y—a.u),(1fn’+13’70,u).(n.£)
(30)

{oe 8 (10 g (214)) } 0 =

X pralgra {ZX?H

provided each member of the equation exists.

ProofFollowing the definition of right-sided Saigo-Maeda

above expression, and following the definition of the fractional differentiation as given irLf), we get

Wright generalized hypergeometric function as given in

(1), we obtain R6). This completes the proof of the
Theorem 3.

On settingp=qg=1; a=A €C; andb=1in (26), then
we obtained the following interesting result:

Corollary 6 Let

a,a .B,,v,E&n,0 €C, x>0, p>0, ze [
Rgé&) > 0, Regy) > 0 and 4g,bj € C,
(i=1,..p;j=1,..,9), then there holds the following
formula:

{Dg,a/,B,B,-,V(tU’l E} (zt“))}<x> - %UA,;H

(o), (+a+a +p —y,pu),(0+a—B,u),(1,

X atps {Z*‘ S SRR ISR

Gl
@7

If we seto = n andu = & in Theorem 3, then we obtain
an interesting result as given below.

{Dgp’,&ﬁ’,y (ta—l p|v|§»’7 (zt‘“)) } ()

= (1) g 1 PP (1 MG (264)) } (),

wherek = [Re(y) + 1].

Using (14) and (8) and making some simplification,
we obtain 80). This completes the proof of the Theorem
4,

By settingp=qg=1; a=A € C; andb =1 in (30), then
we obtained the following interesting result:

Corollary 9Let

a,a ,B,B.y,En0€eC x>0 pu>0 zel
Regé) > 0, Rgy) > 0 and a,bj € C,
(i=1,...,p;j=1,...,q), then there holds the following
formula:

’
xo+a+a —y-1

@)

{Dﬂ‘”/'B‘B,‘V (tafl B, (zt’“)) } ) =

Corollary 7Let a,a’,8,8,y,.E,n,€ C, x>0, z€ [; - {zx’“ A1), (1-a-a+y-0,), (10’ ~B+y-0,u),(1+5'~0,u) (1) 31)
Rg&) > 0, Rey) > 0, and gb € C, T e (romapryau) (ot ou) )
@© 2015 NSP
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In view of the relation 16), then we arrive at the [9]J. Ram and D. KumarGeneralized fractional integration

following corollary concerning right-sided Saigo involving Appell hypergeometric of the product of two H-

fractional differentiation operator. functions Vijanana Prishad Anusandhan Patrikd4,2011),
33-43.

Corollary 10Leta,B,y,0,§,n €C, p>0,x>0,ze J;  [10]E.D. Rainville, Special Functions Chelsea Publishing

and Re&) > 0,Re(a) > 0, then we get the following: Company, Bronx, New York, (1960).

[11] M. Saigo, A remark on integral operators involving

XL () the Gauss hypergeometric functipridath. Rep., College

{Dgﬂ‘y (tafl pMétn (Zr“))} (X) =

Ml @) General Ed. Kyushu Univi,1(1978), 135-143.
X praligsa [Zx—u (a1, 1), (8, 1), (1= —0,p),(I+a+y—o,u),(L1) | [12] M. Saigo and N. MaedaViore generalization of fractional
(b1,2),.,(Bg, 1), (1= 0, ), (1= B +y =0, ), (&) @) calculusTransform Methods and Special Functions, Varna,

Bulgaria, (1996), 386-400.

Remark 2We can also obtain results concerning [13]S.G. Samko, A.A. Kilbas, and O.I. Marichekractional
Riemann-Liouville and  Eflyi-Kober fractional Intsgéals aEdYDe”;at'VQSTPS,‘”éSSg)App"Cat'O”S' Gordon
At ; and Breach, Yverdon et alibi, .
?ee;éveaé{;ceel?ﬁﬁ fg?:”:g]r-{/%yaaléttiréq B=-aandf=0 [14] R.K. Saxena, J. Ram, and D. Kum@eneralized Fractional
Integration of the Product of twal-Functions Associated
with the Appell Function & ROMAI Journal,9(1) (2013),
. 147158.
4 Conclusion [15] R.K. Saxena, J. Ram, and D. Kuma®n the Two-
Dimensional Saigo-Maeda fractional calculus associated
In the present paper we investigate the generalized with Two-Dimensional Aleph Transforrhe Matematiche,
fractional calculus involving= hypergeometric function 68(2013), 267-281.
of theM-Series. We can also obtain the number of specia[16] R.K. Saxena, J. Ram, and D. Kum@&eneralized fractional
functions as the special cases of our main results, which  differentiation of the Aleph-Function associated with the
are related with M-Series and Wright generalized Appell function g, Acta Ciencia Indica38(2012), 781-792.
hypergeometric function. [17] K. Sharma,An introduction to the generalized fractional
integration Bol. Soc. Paran. Mat30 (2012), 85-90.
[18] M. Sharma and R. Jaii note on a generalized M-Series as
a special function of fractional calulug-ract. Calc. Appl.
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