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Abstract: In this paper we introduce some definitions which are the natural combination of the definition of asymptotic equivalence,
statistical convergence,φ -statistical convergence of fuzzy real numbers and ideal. In addition, we introduce asymptotically ideal
equivalent sequences of fuzzy real numbers and establishedsome relations related to this concept. Finally we introduce the notion
of Cesàro Orlicz asymptotically equivalent sequences of fuzzy real numbers and establish their relationship with other classes.
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1 Introduction

Pobyvancts [33] introduced the concepts of
asymptotically regular matrices, which preserve the
asymptotic equivalence of two nonnegative numbers
sequences. Marouf [26] peresented definitions for
asymptotically equivalent and asymptotic regular
matrices. Patterson [31] extend these concepts by
presenting an asymptotically statistical equivalent analog
of these definitions and natural regularity conditions for
nonnegative summability matrices. Patterson and Savaş
[32] introduced the concepts of an asymptotically
lacunary statistical equivalent sequences of real numbers.
Braha [1] extend the definitions presented in [32] to
∆m-lacunary statistical equivalent real sequences. Savaş
[38] introduced the concepts of asymptotically
generalized statistical equivalent sequences of fuzzy
numbers. Kumar and Sharma [25] was introduced the
generalized equivalent sequences of real numbers using
ideals and studied some basic properties of this notion.

Actually the idea of statistical convergence was
formerly given under the name ”almost convergence” by
Zygmund in the first edition of his celebrated monograph
published in Warsaw in 1935 [53]. The concept was
formally introduced by Fast [10], Steinhaus [41] and later
was reintroduced by Schoenberg [40] and also
independently by Buck [2]. A lot of developments have

been made in this areas after the works ofS̆alát [35] and
Fridy [12]. Over the years and under different names
statistical convergence has been discussed in the theory of
Fourier analysis, ergodic theory and number theory.

Kostyrko et. al [21] introduced the notion of
I -convergence with the help of an admissible idealI
denotes the ideal of subsets ofN, which is a
generalization of statistical convergence. Quite recently,
Das et al.[6], unified these two approaches to indroduce
new concepts I -statistical convergence,I -lacunary
statistical convergence and investigated some of its
consequences. More applications of ideals we refer to [3,
7,9,13,14,16,17,18,19,20,23,36,37,43,44,45,46].

A family of setsI ⊂ P(N) (power sets ofN) is called
an ideal if and only if for eachA,B∈ I , we haveA∪B∈ I
and for eachA ∈ I and eachB ⊂ A, we haveB ∈ I . A
non-empty family of setsF ⊂ P(N) is afilter onN if and
only if φ /∈ F , for eachA,B ∈ F , we haveA∩B ∈ F

and eachA ∈ F and eachB ⊃ A, we haveB ∈ F . An
ideal I is called non-trivial ideal ifI 6= φ and N /∈ I .
Clearly I ⊂ P(N) is a non-trivial ideal if and only if
F = F (I) = {N − A : A ∈ I} is a filter on N. A
non-trivial idealI ⊂ P(N) is calledadmissibleif and only
if {{x} : x ∈ N} ⊂ I . A non-trivial ideal I is maximal if
there cannot exists any non-trivial idealJ 6= I containingI
as a subset. Further details on ideals ofP(N) can be found
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in Kostyrko, et.al [21]. Recall that a sequencex= (xk) of
points inR is said to beI -convergent to a real numberℓ if
{k ∈ N : |xk − ℓ| ≥ ε} ∈ I for everyε > 0 ([21]). In this
case we write I − lim xk = ℓ. If we take
I = I f = {A ⊆ N : A is a finite subset}. Then I f is a
non-trivial admissible ideal ofN and the corresponding
convergence coincides with the usual convergence. If we
takeI = Iδ = {A⊆ N : δ (A) = 0} whereδ (A) denote the
asyptotic density of the setA. Then Iδ is a non-trivial
admissible ideal ofN and the corresponding convergence
coincides with the statistical convergence.

The concepts of fuzzy sets and fuzzy set operations
were first introduced by Zadeh [52] and subsequently
several authors have discussed various aspects of the
theory and applications of fuzzy sets such as fuzzy
topological spaces, similarity relations and fuzzy
orderings, fuzzy measures of fuzzy events, fuzzy
mathematical programming. Matloka [27] introduced
bounded and convergent sequences of fuzzy numbers and
studied their some properties. Later on sequences of fuzzy
numbers have been discussed by Diamond and Kloeden
[5], Mursaleen and Basarir [29], Mursaleen [28], Nanda
[30], Çanak [4], Savas [39], Roy and Sen [34], Tripathy
and Dutta [48,49], Tripathy and Baruah [50], Tripathy et
al [47], Tripathy and Sen [51] and many others.

Let C(Rn) = {A⊂ R
n : A is compact and convex set}.

The spaceC(Rn) has a linear structure induced by the
operations

A+B= {a+b : a∈ A,b∈ B}

and

γA= {γa : a∈ A} for A,B∈C(Rn) andγ ∈R.

The Hausdorff distance betweenA andB in C(Rn) is
defined by

δ∞(A,B) = max

{

sup
a∈A

inf
b∈B

||a−b||,sup
b∈B

inf
a∈A

||a−b||

}

.

It is well-known that(C(Rn),δ∞) is a complete metric
space.

A fuzzy number is a functionX from R
n to [0,1]

which is normal, fuzzy convex, upper semicontinuous and
the closure of{X ∈ R

n : X(x) > 0} is compact. These
properties imply that for each 0< α ≤ 1, theα-level set

Xα = {X ∈R
n : X(x)> α}

is a non-empty compact, convex subset ofR
n with

supportX0.

If Rn is replaced byR , then obviously the setC(Rn) is
reduced to the set of all closed bounded intervalsA= [A,A]
onR, and also

δ∞(A,B) = max(|A−B|, |A−B|).

Let L(R) denote the set of all fuzzy numbers. The
linear structure ofL(R) induces the additionX +Y and
the scalar multiplicationλX in terms ofα-level sets, by

[X+Y]α = [X]α +[Y]α

and
[λX]α = λ [X]α for each 0≤ α ≤ 1.

The setR of real numbers can be embedded inL(R) if
we definer ∈ L(R) by

r(t) =

{

1, if t = r;
0, if t 6= r

The additive identity and multiplicative identity of
L(R) are denoted by0 and1, respectively.

For r in R andX in L(R), the productrX is defined as
follows:

rX(t) =

{

X(r−1t), if r 6= 0;
0, if r = 0

Define a mapd : L(R)×L(R)→ R by

d(X,Y) = sup
0≤α≤1

δ∞(X
α ,Yα).

For X,Y ∈ L(R) defineX ≤Y if and only if Xα ≤Yα

for any α ∈ [0,1]. It is known that(L(R),d) is complete
metric space (see [27]).

A sequenceu= (uk) of fuzzy numbers is a functionX
from the setN of natural numbers intoL(R). The fuzzy
numberuk denotes the value of the function atk ∈ N (see
[27]). We denote bywF the set of all sequencesu = (uk)
of fuzzy numbers.

Definition 1.[27] A sequence u= (uk) of fuzzy numbers is
said to be bounded if the set{uk : k∈N} of fuzzy numbers
is bounded.

We denote byℓF
∞ the set of all bounded sequencesu=

(uk) of fuzzy numbers.

Definition 2.[27] A sequence u= (uk) of fuzzy numbers
is said to be convergent to a fuzzy number u0 if for every
ε > 0 there is a positive integer k0 such that d(uk,u0)< ε
for k> k0.

We denote bycF the set of all convergent sequences
u = (uk) of fuzzy numbers. It is straightforward to see
thatcF ⊂ ℓF

∞ ⊂ wF .

Throughout the paper, we denoteI is an admissible
ideal of subsets ofN, unless otherwise stated.

Now we recall the following difinitions.
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Definition 3.A real or complex number sequence x= (xk)
is said to be statistically convergent to L if for everyε > 0

lim
n

1
n
|{k≤ n : |xk−L| ≥ ε}|= 0.

In this case, we write S− lim x = L or xk → L(S) and S
denotes the set of all statistically convergent sequences.

Definition 4.[26] Two non-negative sequences x= (xk)
and y= (yk) are said to be asymptotically equivalent if

lim
k

xk

yk
= 1,

denoted by x∼ y.

Definition 5.[31] Two non-negative sequences x= (xk)
and y= (yk) are said to be asymptotically statistical
equivalent of multiple L provided that for everyε > 0

lim
n

1
n

∣

∣

∣

∣

{

k≤ n :

∣

∣

∣

∣

xk

yk
−L

∣

∣

∣

∣

≥ ε
}∣

∣

∣

∣

= 0,

denoted by x
SL

∼ y and simply asymptotically statistical
equivalent if L= 1.

Definition 6.[25] Two non-negative sequences x= (xk)
and y = (yk) are said to be strongly asymptotically
I-equivalent of multiple L provided that for eachε > 0

{

n∈ N :
1
n

n

∑
k=1

∣

∣

∣

∣

xk

yk
−L

∣

∣

∣

∣

≥ ε

}

∈ I

denoted by x
I−[C1]

L

∼ y and simply strongly asymptotically
I-equivalent if L= 1.

Definition 7.[24] A sequence u= (uk) of fuzzy numbers is
said to be I-convergent to a fuzzy number u0 if for each
ε > 0 the set

A= {k∈ N : d(uk,u0)≥ ε} ∈ I .

In this paper we define asymptoticallyI -statistical
equivalent, asymptotically I -φ -statistical equivalent
sequences of fuzzy real numbers and establish some basic
results regarding the notions. In last section we introduce
the concepts of Cesaro Orlicz asymptotically
I -equivalent,Orlicz asymptoticallyφ -statistical equivalent
sequences of fuzzy real numbers and establish some
relationships with other classes.

2 Asymptotically statistical equivalent
sequences using ideals

In this section, we defineI -statistical convergence,
asymptotically I -equivalent and asymptotically
I -statistical equivalent sequences of fuzzy real numbers
and obtain some analogous results from these new
definitions point of views.

Definition 8.[38] Two non-negative sequences u= (uk)
and v = (vk) of fuzzy real numbers are said to be
asymptotically statistical equivalent of multiple L
provided that for everyε > 0

lim
n

1
n

∣

∣

∣

∣

{

k≤ n : d

(

xk

yk
,L

)

≥ ε
}∣

∣

∣

∣

= 0,

denoted by x
S L

∼ y and simply asymptotically statistical
equivalent if L= 1.

Definition 9.A sequence(uk) of fuzzy real numbers is said
to be I-statistically convergent to a fuzzy real number u0
for eachε > 0 andδ > 0,

{

n∈ N :
1
n
|{k≤ n : d(uk,u0)≥ ε}| ≥ δ

}

∈ I .

In this case we write I(S )− lim uk = u0.

Definition 10.Two non-negative sequences(uk) and (vk)
of fuzzy real numbers are said to be asymptotically
I-equivalent of multiple L provided that for everyε > 0

{

k∈ N : d

(

uk

vk
,L

)

≥ ε
}

∈ I ,

denoted by (uk)
IL

∼ (vk) and simply asymptotically
I-equivalent if L= 1.

Lemma 1.Let I ⊂ P(N) be an admissible ideal. Let
(uk),(vk) ∈ ℓF

∞ with I − limk uk = 0̄= I − limk vk such that

(uk)
IL

∼ (vk). Then there exists a sequence(wk) ∈ ℓF
∞ with

I − limk wk = 0̄ such that(uk)
IL

∼ (wk)
IL

∼ (vk).

Definition 11.Two non-negative sequences(uk) and (vk)
of fuzzy numbers are said to be asymptotically I-statistical
equivalent of multiple L provided that for everyε > 0 and
for everyδ > 0,

{

n∈ N :
1
n

∣

∣

∣

∣

{

k≤ n : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

≥ δ
}

∈ I ,

denoted by(uk)
I(S )L

∼ (vk) and simply asymptotically
I-statistical equivalent if L= 1.

Definition 12.Two non-negative sequences(uk) and (vk)
of fuzzy real numbers are said to be strongly
asymptotically Cesaro I-equivalent (or
I − [C1]-equivalent) of multiple L provided that for every
δ > 0,

{

n∈ N :
1
n

n

∑
k=1

d

(

uk

vk
,L

)

≥ δ

}

∈ I

denoted by (uk)
I−[C1]

L

∼ (vk) and simply strongly
asymptotically Ces̀aro I-equivalent if L= 1.
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Theorem 1.Let (uk),(vk) be two non-negative sequences

of fuzzy real numbers. If(uk) ∈ ℓF
∞ and (uk)

I(S )L

∼ (vk).

Then(uk)
I−[C1]

L

∼ (vk).

Proof.Suppsoe that(uk) ∈ ℓF
∞ and(uk)

I(S )L

∼ (vk). Then we
can assume that

sup
k

d

(

uk

vk
,L

)

≤ K for all k.

Let ε > 0. Then we have
∣

∣

∣

∣

∣

1
n

n

∑
k=1

d

(

uk

vk
,L

)

∣

∣

∣

∣

∣

≤
1
n

n

∑
k=1

d

(

uk

vk
,L

)

≤
1
n

n

∑
k=1

d
(

uk
vk
,L
)

≥ε

d

(

uk

vk
,L

)

+
1
n

n

∑
k=1

d
(

uk
vk
,L
)

<ε

d

(

uk

vk
,L

)

≤ K.
1
n

∣

∣

∣

∣

{

k≤ n : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

+
1
n
.n.ε.

Consequently for anyδ > ε > 0, δ andε are independent,
we have

{

n∈ N :
1
n

n

∑
k=1

d

(

uk

vk
,L

)

≥ δ

}

⊆

{

n∈ N :
1
n

∣

∣

∣

∣

{

k≤ n : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

≥
δ1

K

}

∈ I

whereδ1 = δ − ε > 0. This shows that(uk)
I−[C1]

L

∼ (vk).

Theorem 2.Let I be a non-trivial admissible ideal.
Suppose for givenδ > 0 and everyε > 0
{

n∈ N :
1
n

∣

∣

∣

∣

{

0≤ k≤ n−1 : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

< δ
}

∈F

then(uk)
I(S )L

∼ (vk).

Proof.Let δ > 0 be given. For everyε > 0, choosen1 such
that

1
n

∣

∣

∣

∣

{

0≤ k≤ n−1 : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

<
δ
2
, for all n≥ n1.

(1)
It is sufficient to show that there existsn2 such that for
n≥ n2

1
n

∣

∣

∣

∣

{

0≤ k≤ n−1 : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

<
δ
2
.

Let n0 = max{n1,n2}. The the relation (1) will be true for
n> n0. If m0 chosen fixed, then we get

∣

∣

∣

∣

{

0≤ k≤ m0−1 : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

= M.

Now for n> m0 we have

1
n

∣

∣

∣

∣

{

0≤ k≤ n−1 : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

≤
1
n

∣

∣

∣

∣

{

0≤ k≤ m0−1 : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

+
1
n

∣

∣

∣

∣

{

m0 ≤ k≤ n−1 : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

≤
M
n
+

1
n

∣

∣

∣

∣

{

m0 ≤ k≤ n−1 : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

≤
M
n
+

δ
2
.

Thus for sufficiently largen

1
n

∣

∣

∣

∣

{

m0 ≤ k≤ n−1 : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

≤
M
n
+

δ
2
< δ .

This established the result.

3 Ces̀aro Orlicz asymptotically ideal
φ -statistical equivalent sequences

In this section we define the notion of Cesàro Orlicz
asymptotically φ -statistical equivalent and Orlicz
asymptotically idealφ -statistical equivalent sequences of
fuzzy real numbers and established some interesting
relationship between these notions.

Let P denote the space whose elements are finite sets
of distinct positive integers. Given any elementσ of P, we
denote byp(σ) the sequence{pn(σ)} such thatpn(σ) = 1
for n∈ σ andpn(σ) = 0 otherwise. Further

Ps =

{

σ ∈ P :
∞

∑
n=1

pn(σ)≤ s

}

,

i.e. Ps is the set of thoseσ whose support has cardinality
at mosts, and we get

Φ = {φ = (φn) : 0< φ1 ≤ φn ≤ φn+1 andnφn+1 ≤ (n+1)φn} .

We define

τs =
1
φs

∑
k∈σ ,σ∈Ps

uk.

Now we give the following definitions.

Definition 13.A sequence u= (uk) of fuzzy real numbers
is said to beφ -summable toℓ if limsτs = ℓ.

Definition 14.A sequence u= (uk) of fuzzy real numbers
is said to be stronglyφ -summable toℓ if

lim
s→∞

1
φs

∑
k∈σ ,σ∈Ps

d(uk, ℓ) = 0.

In this case we write uk
[φ ]
→ ℓ and [φ ] denote the set of all

stronglyφ -summable sequences.
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Definition 15.Let E⊆ N. The number

δφ (E) = lim
s→∞

1
φs
|{k∈ σ ,σ ∈ Ps : k∈ E}|

is said to be theφ -density of E. It is clear thatδφ (E) ≤
δ (E).

Definition 16.A sequence u= (uk) of fuzzy real numbers
is said to beφ -statistical convergent toℓ ∈ R if for each
ε > 0

lim
s→∞

1
φs
|{k∈ σ ,σ ∈ Ps : d(uk, ℓ)≥ ε}|= 0.

In this case we writeSφ − limk uk = ℓ or uk
Sφ
→ ℓ andSφ

denote the set of allφ -statisticallly convergent sequences.

An Orlicz function is a functionM : [0,∞) → [0,∞)
which is continuous, nondecreasing and convex with
M (0) = 0, M (x) > 0 for x > 0 andM (x)→ ∞ asx→ ∞.
An Orlicz functionM is said to satisfy the∆2− condition
for all values ofu, if there exists a constantK > 0 such
thatM(2u)≤ KM(u), u≥ 0. Note that, if 0< λ < 1,then
M (λx)≤ λM (x) , for all x≥ 0(see [22]).

Now we define the following asymptoticφ -statistical
equivalence sequences of fuzzy real numbers.

Definition 17.Two sequences(uk) and (vk) of fuzzy real
numbers are said to be Cesàro Orlicz asymptotically
equivalent of multiple L provided that

lim
n

1
n

n

∑
k=1

M

(

d

(

uk

vk
,L

))

= 0

denoted by(uk)
[C1]

L(M)
∼ (vk) and simply Ces̀aro Orlicz

asymptotically equivalent if L= 1.

Definition 18.Two non-negative sequences(uk) and (vk)
of fuzzy real numbers are said to be Cesàro Orlicz
asymptotically I-equivalent of multiple L provided that
for everyδ > 0

{

n∈N :
1
n

n

∑
k=1

M

(

d

(

uk

vk
,L

))

≥ δ

}

∈ I

denoted by(uk)
I−[C1]

L(M)
∼ (vk) and simply Ces̀aro Orlicz

asymptotically I-equivalent if L= 1.

Definition 19.Two non-negative sequences(uk) and (vk)
of fuzzy real numbers are said to be Orlicz asymptotically
φ -equivalent of multiple L provided that

lim
s

1
φs

∑
k∈σ ,σ∈Ps

M

(

d

(

uk

vk
,L

))

= 0

denoted by (uk)
[φ ]L(M)
∼ (vk) and simply Orlicz

asymptoticallyφ -equivalent if L= 1.

Definition 20.Two non-negative sequences(uk) and (vk)
of fuzzy real numbers are said to be Orlicz asymptotically
ideal φ -equivalent (or I− [φ ]-equivalent) of multiple L
provided that for everyδ > 0

{

s∈ N :
1
φs

∑
k∈σ ,σ∈Ps

M

(

d

(

uk

vk
,L

))

≥ δ

}

∈ I

denoted by (uk)
I−[φ ]L(M)

∼ (vk) and simply Orlicz
asymptotically I-[φ ]-equivalent if L= 1.

Definition 21.Two non-negative sequences(uk) and (vk)
of fuzzy real numbers are said to be asymptotically
φ -statistical equivalent of multiple L provided that for
everyε > 0

lim
s

1
φs

∣

∣

∣

∣

{

k∈ σ ,σ ∈ Ps : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

= 0

denoted by (uk)
S L

φ
∼ (vk) and simply asymptotically

φ -statistical equivalent if L= 1.

Definition 22.Two non-negative sequences(uk) and (vk)
of fuzzy real numbers are said to be asymptotically I-φ -
statistical equivalent of multiple L provided that for every
ε > 0 and for everyδ > 0
{

s∈ N :
1
φs

∣

∣

∣

∣

{

k∈ σ ,σ ∈ Ps : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

≥ δ
}

∈ I

denoted by(uk)
I−S L

φ
∼ (vk) and simply asymptotically I-φ -

statistical equivalent if L= 1.

Definition 23.Two non-negative sequences(uk) and (vk)
of fuzzy real numbers are said to be Orlicz asymptotically
φ -statistical equivalent of multiple L provided that for
everyε > 0

lim
s

1
φs

∣

∣

∣

∣

{

k∈ σ ,σ ∈ Ps : M

(

d

(

uk

vk
,L

))

≥ ε
}∣

∣

∣

∣

= 0

denoted by (uk)
S L

φ (M)
∼ (vk) and simply Orlicz

asymptoticallyφ -statistical equivalent if L= 1.

Definition 24.Two non-negative sequences(uk) and (vk)
of fuzzy real numbers are said to be Orlicz asymptotically
I-φ -statistical equivalent of multiple L provided that for
everyε > 0 and for everyδ > 0
{

s∈ N :
1
φs

∣

∣

∣

∣

{

k∈ σ ,σ ∈ Ps : M

(

d

(

uk

vk
,L

))

≥ ε
}∣

∣

∣

∣

≥ δ
}

∈ I

denoted by (uk)
I−S L

φ (M)
∼ (vk) and simply Orlicz

asymptotically I-φ -statistical equivalent if L= 1.
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Theorem 3.Let (uk),(vk) be two non-negative sequences
of fuzzy real numbers and M be an Orlicz function. Then

(a)(uk)
I−[C1]

L(M)
∼ (vk)⇒ (uk)

I(S )L

∼ (vk).

(b)(uk)
I(S )L

∼ (vk) implies(uk)
I−[C1]

L(M)
∼ (vk), if M is finite.

Proof.(a) Suppose that(uk)
I−[C1]

L(M)
∼ (vk) and letε > 0 be

given, then we can write

1
n

n

∑
k=1

M

(

d

(

uk

vk
,L

))

≥
1
n

n

∑
k=1

d
(

uk
vk
,L
)

≥ε

M

(

d

(

uk

vk
,L

))

≥
M(ε)

n

∣

∣

∣

∣

{

k≤ n : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

.

Consequently for anyη > 0, we have

{

n∈ N :
1
n

∣

∣

∣

∣

{

k≤ n : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

≥
η

M(ε)

}

⊆

{

n∈N :
1
n

n

∑
k=1

M

(

d

(

uk

vk
,L

))

≥ η

}

∈ I .

Hence(uk)
I(S )L

∼ (vk).

(b) Suppose thatM is finite and(uk)
I(S )L

∼ (vk). Since
M is finite then there exists a real numberK > 0 such that
supt M(t)≤ K. Moreover for anyε > 0 we can write

1
n

n

∑
k=1

M

(

d

(

uk

vk
,L

))

=
1
n
[

n

∑
k=1

d
(

uk
vk
,L
)

≥ε

M

(

d

(

uk

vk
,L

))

+
n

∑
k=1

d
(

uk
vk
,L
)

<ε

M

(

d

(

uk

vk
,L

))

]

≤
K
n

∣

∣

∣

∣

{

k≤ n : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

+M(ε).

Now applyingε → 0, then the result follows.

Theorem 4.Let (uk),(vk) be two non-negative sequences
of fuzzy real numbers and(φs) be a nondecreasing
sequence of positive real numbers such thatφs → ∞ as
s→ ∞ andφs ≤ s for every s∈ N. Then

(uk)
S L

∼ (vk)⇒ (uk)
S L

φ
∼ (vk).

Proof.By the definition of the sequencesφs it follows that
infs s

s−φs
≥ 1. Then there exists aa> 0 such that

s
φs

≤
1+a

a
.

Suppose that(uk)
S L

∼ (vk), then for everyε > 0 and
sufficiently largeswe have

1
φs

∣

∣

∣

∣

{

k∈ σ ,σ ∈ Ps : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

=
1
s
.

s
φs

∣

∣

∣

∣

{

k≤ s : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

−
1
φs

∣

∣

∣

∣

{

k∈ {1,2, ...s}−σ ,σ ∈ Ps : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

≤
1+a

a
1
s

∣

∣

∣

∣

{

k≤ s : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

−
1
φs

∣

∣

∣

∣

{

k0 ∈ {1,2, ...s}−σ ,σ ∈ Ps : d

(

uk0

vk0

,L

)

≥ ε
}∣

∣

∣

∣

.

This completes the proof of the theorem.

Theorem 5.Let (uk),(vk) be two non-negative sequences
of fuzzy real numbers and let M be an Orlicz function
satifies the ∆2-conditions. Then

(uk)
S L

∼ (vk)⇒ (uk)
S L

φ (M)
∼ (vk).

Proof.By the definition of the sequencesφs it follows that
infs s

s−φs
≥ 1. Then there exists aa> 0 such that

s
φs

≤
1+a

a
.

Suppose that(uk)
S L

∼ (vk), then for everyε > 0 and
sufficiently largeswe have

1
φs

∣

∣

∣

∣

{

k∈ σ ,σ ∈ Ps : M

(

d

(

uk

vk
,L

))

≥ ε
}∣

∣

∣

∣

=
1
s
.

s
φs

∣

∣

∣

∣

{

k≤ s : M

(

d

(

uk

vk
,L

))

≥ ε
}∣

∣

∣

∣

−
1
φs

∣

∣

∣

∣

{

k∈ {1,2, ...s}−σ ,σ ∈ Ps : M

(

d

(

uk

vk
,L

))

≥ ε
}∣

∣

∣

∣

≤
1+a

a
1
s

∣

∣

∣

∣

{

k≤ s : M

(

d

(

uk

vk
,L

))

≥ ε
}∣

∣

∣

∣

−
1
φs

∣

∣

∣

∣

{

k0 ∈ {1,2, ...s}−σ ,σ ∈ Ps : M

(

d

(

uk0

vk0

,L

))

≥ ε
}∣

∣

∣

∣

.

(2)
SinceM satisfies the∆2-conditions, it follows that

M

(

d

(

uk

vk
,L

))

≤ K.d

(

uk

vk
,L

)

for some constantK > 0 in both the cases where
d
(

uk
vk
,L
)

≤ 1 andd
(

uk
vk
,L
)

≥ 1.
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In first case it follows from the definition of Orlicz
function and for the second case we have

d

(

uk

vk
,L

)

= 2.L(1) = 22.L(2) = ...= 2s.L(s)

such thatL(s) ≤ 1. Using the ∆2-conditions of Orlicz
functions we get the following estimation

M

(

d

(

uk

vk
,L

))

≤ T.L(s).M(1) = K.d

(

uk

vk
,L

)

, (3)

whereK andT are constants. The proof of the theorem
follows from the relations (2) and (3).

Theorem 6.Let (uk),(vk) be two non-negative sequences
of fuzzy real numbers. Let M be an Orlicz function and k∈

Z such thatφs≤ [φs]+k, sups
[φs]+k
φs−1

<∞. Then(uk)
S L

φ (M)
∼

(vk)⇒ (uk)
S L

∼ (vk).

Proof.If sups
[φs]+k
φs−1

< ∞, then there existsK > 0 such that
[φs]+k
φs−1

<K for all s≥1. Letnbe an integer such thatφs−1 <

n≤ φs. Then for everyε > 0, we have

1
n

∣

∣

∣

∣

{

k≤ n : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

≤
1
n

∣

∣

∣

∣

{

k≤ n : M

(

d

(

uk

vk
,L

))

≥ M(ε)
}∣

∣

∣

∣

≤
1

[φs]+ k
.
[φs]+ k

φs−1

∣

∣

∣

∣

{

k≤ φs : M

(

d

(

uk

vk
,L

))

≥ M(ε)
}∣

∣

∣

∣

≤
1

[φs]+k
.
[φs]+k

φs−1

∣

∣

∣

∣

{

k∈ σ ,σ ∈ P[φs]+k : M

(

d

(

uk

vk
,L

))

≥ M(ε)
}∣

∣

∣

∣

≤
K

[φs]+k

∣

∣

∣

∣

{

k∈ σ ,σ ∈ P[φs]+k : M

(

d

(

uk

vk
,L

))

≥ M(ε)
}∣

∣

∣

∣

.

This established the result.

Theorem 7.Let (uk),(vk) be two non-negative sequences
of fuzzy real numbers. Let M be an Orlicz function. Then

(a)(uk)
[C1]

L(M)
∼ (vk)⇒ (uk)

[φ ]L(M)
∼ (vk).

(b)sups
φs

φs−1
< ∞ for every s∈ N, then(uk)

[φ ]L(M)
∼ (vk)⇒

(uk)
[C1]

L(M)
∼ (vk).

Proof.(a) From definition of the sequence(φs) it follows
that infs s

s−φs
≥ 1. Then there existsa> 0 such that

s
φs

≤
1+a

a
.

Then we get the following relation

1
φs

∑
k∈σ ,σ∈Ps

M

(

d

(

uk

vk
,L

))

=
s
φs
.
1
s

n

∑
k=1

M

(

d

(

uk

vk
,L

))

−
1
φs

∑
k∈{1,2,...s}−σ ,σ∈Ps

M

(

d

(

uk

vk
,L

))

≤
1+a

a
1
s

s

∑
k=1

M

(

d

(

uk

vk
,L

))

−
1
φs

∑
k0∈{1,2,...s}−σ ,σ∈Ps

M

(

d

(

uk0

vk0

,L

))

.

Since(uk)
[C1]

L(M)
∼ (vk) andM is continuous, lettings→ ∞

on the last relation we get

1
φs

∑
k∈σ ,σ∈Ps

M

(

d

(

uk

vk
,L

))

→ 0.

Hence(uk)
[φ ]L(M)
∼ (vk).

(b) Suppose that sups
φs

φs−1
< ∞ then there existsA> 0

such that φs
φs−1

< A for all s≥ 1. Suppose(uk)
[φ ]L(M)
∼ (vk).

Then for everyε > 0 there existsR> 0 such that for every
s≥ R

1
φs

∑
k∈σ ,σ∈Ps

M

(

d

(

uk

vk
,L

))

< ε.

We can also find a constantK > 0 such that

1
φs

∑
k∈σ ,σ∈Ps

M

(

d

(

uk

vk
,L

))

< K for all s∈ N.

Let n be any integer withφs−1 < n≤ [φs] for everys> R.
Then we have

1
n

n

∑
k=1

M

(

d

(

uk

vk
,L

))

≤
1

φs−1

[φs]

∑
k=1

M

(

d

(

uk

vk
,L

))

=
1

φs−1

(

[φ1]

∑
k=1

M

(

d

(

uk

vk
,L

))

)

+
[φ2]

∑
[φ1]

M

(

d

(

uk

vk
,L

))

+...+
[φs]

∑
[φs−1]

M

(

d

(

uk

vk
,L

))

≤
φ1

φs−1





1
φ1

∑
k∈σ ,σ∈P(1)

M

(

d

(

uk

vk
,L

))





+
φ2

φs−1





1
φ2

∑
k∈σ ,σ∈P(2)

M

(

d

(

uk

vk
,L

))



+

...+
φR

φs−1





1
φR

∑
k∈σ ,σ∈P(R)

M

(

d

(

uk

vk
,L

))
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+...+
φs

φs−1





1
φs

∑
k∈σ ,σ∈P(s)

M

(

d

(

uk

vk
,L

))



 ,

whereP(t) are sets of integer which have more than[φt ]
elements fort ∈ {1,2, ...s}. By taking limit asn → ∞ on
the last relation we get

1
n

n

∑
k=1

M

(

d

(

uk

vk
,L

))

→ 0.

It follows that(uk)
[C1]

L(M)
∼ (vk).

Theorem 8.Let (uk),(vk) be two non-negative sequences
of fuzzy real numbers. Let M be an Orlicz function. Then

(a)(uk)
[C1]

L(M)
∼ (vk)⇒ (uk)

S L

∼ (vk).
(b)If M satisfies the∆2-condition and(uk) ∈ ℓF

∞(M) such

that (uk)
S L

∼ (vk) then(uk)
[C1]

L(M)
∼ (vk).

(c)If M satisfies the ∆2-condition, then
[C1]

L(M) ∩ ℓF
∞(M) = S L ∩ ℓF

∞(M), where
ℓF

∞(M) = {(uk) ∈ wF : M(uk) ∈ ℓF
∞}.

Proof.(a) Suppose that(uk)
[C1]

L(M)
∼ (vk). Then for every

ε > 0 we have

1
n

∣

∣

∣

∣

{

k≤ n : d

(

uk

vk
,L

)

≥ ε
}∣

∣

∣

∣

1
n

∣

∣

∣

∣

{

k≤ n : M

(

d

(

uk

vk
,L

))

≥ M(ε)
}∣

∣

∣

∣

≤
1
n

n

∑
k=1

M
(

d
(

uk
vk
,L
))

≥M(ε)

M

(

d

(

uk

vk
,L

))

≤
1
n

n

∑
k=1

M

(

d

(

uk

vk
,L

))

.

This established the result.
(b) Proof of this part follows from the same techniques
used in the Theorem 3 and Theorem 7.

(c) It follows from (a) and (b).

Theorem 9.Let (uk),(vk) be two non-negative sequences
of fuzzy real numbers. Let M be an Orlicz function. Then

(a)(uk)
[φ ]L(M)
∼ (vk)⇒ (uk)

S L
φ
∼ (vk).

(b)If M satisfies the∆2-condition and(uk) ∈ ℓF
∞(M) such

that (uk)
S L

φ
∼ (vk) then(uk)

[φ ]L(M)
∼ (vk).

(c)If M satisfies the ∆2-condition, then
[φ ]L(M)∩ ℓF

∞(M) = S L
φ ∩ ℓF

∞(M).

Proof.Proof of this theorem follows from the same
techniques used in the Theorem 3 and Theorem 8.
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[4] Ibrahim Çanak, On the Riesz mean of sequences of fuzzy
real numbers, Jour. Intel. Fuzzy Systems, 26(6)(2014), DOI
10.3233/IFS-130938

[5] P. Diamond, P. Kloeden, Metric spaces of fuzzy sets, Fuzzy
Sets and Systems, 35(1990), 241-249.

[6] P. Das, E. Savas, S. Ghosal, On generalization of certain
summability methods using ideal, Appl. Math. Letters,
24(2011), 1509-1514.

[7] A. J. Dutta, B. C. Tripathy, OnI -acceleration convergence
of sequences of fuzzy real numbers, Math. Modell. Anal.,
17(4)(2012), 549-557.

[8] A. Esi, B. Hazarika, Lacunary Summable Sequence Spaces
of Fuzzy Numbers Defined By Ideal Convergence and an
Orlicz Function, Afrika Matematika, DOI: 10.1007/s13370-
012-0117-3.

[9] A. Esi, B. Hazarika,λ -ideal convergence in intuitionistic
fuzzy 2-normed linear space, Journal of Intelligent and
Fuzzy Systems, 24(4)(2013), 725-732, DOI: 10.3233/IFS-
2012-0592

[10] H. Fast, Sur la convergence statistique, Colloq. Math.
2(1951) 241-244.

[11] A. R. Freedman, J. J. Sember, M. Raphael, Some
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