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Abstract: In this paper, majorization problem is studied for certaibdasses of meromorphic functions in the punctured usk di
having a pole of ordep at the origin. The subclasses under investigation is themerphic analogue of the operator defined by
Prajapat (2012) on thp-valent analytic function. Several corollaries and conseges of the main results are also considered.
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1 Introduction and Definition thatf (z) = g(w(2)) (z€ U). It follows from this definition
that

Let y , denote the class of meromorphic functions of the

form

1 f(z) < g(z) = f(0) = g(0) and f (U) c g(U).
Q=5+ kzlak_pzk*p (1)

In particular, if the functiorg is univalent inU, then we

which are analytic ang-valent in the punctured unit disk have the following equivalence (se&)).

U"={zeC:0< |7 <1} =U\{0}
. - _ f(z) <9(2) (zeU) < (0) =g(0) andf(U) c g(U).
having a pole of ordep at origin. In particular folp = 1,
we writey; =5

Let f(2) andg(z) be analytic in the open unit disK.  For f € 5, f(9 denoteqth order ordinary differential
Then we say that is majorized bygin U (see P]) andwe  operator g|ven by
write

f(z) <<9(z) (zeU),

1)!
if there exists a functionp(z) analytic in U such that @ (z) = (~1) (p(;ql z P 2 k o— q aypZ P

lp(z)] <1and
(peN, ge No=NU{0}, ze U*). (3)

f(2) = 0(29(2) (z€ D). (@)

The majorization Z) is closely related to the concept of Analogue to the operator defined by Prajapat (4B pn

quasi subordination between analytic functiondlifsee  the p-valent analytic function, we introduce a generalized

[1D). multiplier transformation operataﬂg"()\,l) as follows.
For two analytic functionsf and g, we sayf(z) is Forze U*,

subordinate tog(z), written asf(z) < g(z) (ze U), if

there exists a Schwarz functien which (by definition) is ol

analytic in U with w(0) = Oandw(z)] < 1 such .7;™A,f(2) = Bz P j2t’s +p-Lay ™D a 1)t (t)et,
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Z pil

f;z(m)f(z):pT“z*P*”T“/ou L LD (),

SN =P e [t
SIA N (2) =1(2),
FEN D) = mz1 P (25 Pt (2 ))'

p+|

fg(AJ)f(z):ﬁzl*P*p?'( PN ())l

SN (2) = A ppny

2 o).

Thus forf € 3, we have

IANF(2) = Z_lp+k§1 (%)makpzk—ﬂ (4)
(A>0,I>—p, peN, meZ={0,+1,+2,...}, ze U").
It is easily verified from4) that
AZ(IPANE(@) = (p+1)IHA N (2)
—(I+p+Ap) 25 A,NE(z2) (A >0). (5)
By using the operator/'(A,1) given by @), we now

introduce a new class of meromorphically-valent
analytic functions defined as follows.

Definition 1. A function f € ¥, is said to be in the class
Zp (A1, y;AB) (—1 < B < A< 1) of meromorphic
functions of complex ordey # 0 in U* if and only if

1(2(40D1(@) 1+ Az
1‘?( AN (2) +p+q> “1isz

(QeNp, ye C"=C\{0},peN, | > —p; zeU),
(6)

wheref IANF = f)<q) represents the

= (S
times derlvatlve of75(A )
an

In particular, forA 1andB= —1, we have

‘%qu()\alvya 17 _1) :%}gmq(/\vlay)
2 S (ADE@)

-o{i 3 (S o)}

We note that, by specializing the parametprm, g and

y, we obtain the following subclasses studied by various

authors.
(i) For m= 0 andq =0, ﬁg’o(A,I,y) is the class of
p-valent meromorphic starlike function of ordgm U*;
(i) for m=0 andq =1, Zy*(A,1,y) is the class of
p-valent meromorphic convex function of ordein U*;

(i) for m=0 g =0 and p = 1,
%f*o()\,l,y) =S(y) (ye C*), the class of meromorphic
starlike univalent function of orde,

vy for m=0 g =1 and p = 1,
MM ,1,y) =K(y) (y e C), the class of meromorphic
convex function of ordey;

(v)form=0,9=0, p=1andy=1-n (0<n<
1), ,@f’o()\,l,l— n) = y*(n), the class of meromorphic
starlike function of orden has been studied i8],

(vijform=0,g=1 p=landy=1-n (0<n<
1), Z%*(A,1,1—n) = 5(n), the class of meromorphic
convex function of orden has been studied ir8].

There are good amount of literature about
majorization problems for normalized univalent function
and p-valent analytic functions defined by various
researchers for different classes. For instance, a
majorization problem for the normalized classes of
starlike functions have been investigated by Altinas et al.
[2] and MacGregor 9]. Goswami and Wang3], Goyal
and Goswamif] generalized these results for the class of
multivalent functions using fractional derivatives. For
recent expository work on majorization problem se& ([
5,7)).

Motivated by the aforementioned works, in this paper
the author investigates the majorization problem for the
class of meromorphic functions using generalized
multiplier transformation operatorZ"(A,1) which is
analogue to the operator defined by Prajapat ($2@ on
the p-valent analytic function.

2 Majorization problem for the class
Z5 (A1, v,AB)

We state and prove the following results.
Theorem 1. Let the functionf € 3, and suppose that
g € % YAy, AB). If 75X, 1)f(2) is majorized by
()\ I)g( z) in U*, then
|75 A N ()] < |79 D) ()
for |7 < r1, wherery =ry(p,A,l,y;A B) is the smallest
positive root of the equation

|((A—B)Ay— (p+1)B|r3— (p+1+2A|B|)r?
—([(A=B)Ay—(p+1)B[+2A)r +(p+1)=0. (8)
Proof. Define
. 1(z(A (A.D)g@)’
"= v( 7009 +p+q>'(%

Sinceg € %p"%(A,1,y;A B), hence by Definitionl we
have

1+ Aw(2)
1+ Bw(2)

h(z) = (10)
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wherew(z) = c1z+ CZ2+ ... andw e Z, & denote the  Upon setting
well-known class of the bounded analytic functiondlin
and satisfies the condition (sek]) Iz =rand[p(2)|=p (0<p<1),
w(0) =0 and |w(2)| < |7 (ze D). leads to the inequality
m+1,q Y(p)
From @) and (L0) we have 7o ADEE) < AT A_BAy_(piDBI
2(390 N9@)"  pra+[(A-B)y+(p+a)Bw) 75 e,
252, Na(2) 1+ Bw(z) an " where
An application of principle of mathematical induction on (p) = —/\r(1+ |B|r)p2 +(1-r? [(p+1)—[(A=B)Ay
(5) gives +D)BIrlp+Ar(1+[BIr) (19)
AZ(SFHA D )) (P17 (A, 1)g(2) takes its maximum value atp = 1, with

—(I+p+A p+)\q)fl’)“*q()\,l)g(z).
Now using (L2) in (11), we get

(12)

m, 1
S D98 = G A Ay (b BWE
(p+ (11 BW@2) /P90 )] (13)
Since|w(z)| < |z] (ze U), the equation (13) gives
m 1
PN A By— (Bl
(p+ A+ Bl |70 2] (19)

Since .#5"9(A,1)f(2) is majorized by.#g*Y(A,1)g(2) in
the punctured unit disk’*, hence fromZ) we have

= 9(2)75"(A.N9(2).

Differentiating both sides of1f) with respect to z and
simplifying, we get

2(SP0N D) = 0(@z(SMA,)g(2)
+2¢/(z qu A,0g(2).
Using (12) and (5) in (16) yields

M (2) (15)

(16)

SN E(2) :—Z(p/ )72, 1)g(2)
+o( )fﬁlq(kl)g( 2).
Sinceg € 2, it follows that (see11])

1-|e()?
1-|2?

17)

¥ (2)] < (ze U). (18)

Making use of (14) andl@) in (17), we get
Ao

1-|2?

wmeMHMSQma+

4(1+[B[|2))
[(p+1) = [(A=B)Ay—(p+

m+1,9
) R e

ri =ri(p,A,l,y;A,B), wherer; is the smallest positive
root of the equation (8). Furthermore, if<0o < r1, then
the functiony (p) defined by

X(p)=-A0(1+Bl0)p*+ (1~ 0%)(p+!
—|[(A—B)Ay—(p+1)Blo)p+Ac(1+|B|o) (20)
is an increasing function on the intervakOp < 1, so that

X(p) < x(1)=(1-0%[p+!—|(A-B)Ay—(p+1)B|0]
(0<p<10<0<n).

Hence, upon setting = 1 in (20), we conclude that?)
of Theorem 1 holds true fdg| < |r1| =r1(p,A,l,y;AB)
wherer; is the smallest positive root of the equation (8).
This complete the proof of Theorem(I.

LettingA =1 andB = —1 in Theorem 1, we have

Corollary 1. Let the functionf € 3, and suppose that

SIS %mq()\,l,y) If 75"%A,1)f(2) is majorized by
I3 (A, 1)g(2) in U*, then

|7 f(2)] < |79 Dg(2)] for [z <z,

wherer, =ra(p,A,l
equation

,¥) is the smallest positive root of the

[2Ay+p+I1[r3— (p+1+24)r?
—([2Ay+p+I1|+2A)r+p+1=0

Puttingm= 0 in Corollary 1, we get
Corollary 2. Let the functionf € y , and suppose thate
39 ,),y). If £@(2) << g9 (z) in U*, then

A NT@I <179 Ng@)] for J2 <rs,

where

ki — \/kZ

DI2Ay+ p+1|
2|2)\y+ p+1|

3=
and

ki=|2Ay+p+I1|+p+1+22 (g€ Ng,yeC* A >0).
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Further setting = 0 andA = 1 in the above result yields
Corollary 3. Let the functionf € y , and suppose thate
Zp°(L,1,y). If £(2) << g(2) in U*, then

(@p+1)f(2)+2t'(2)] < |(2p+1)9(2) + 29

where
ko — \/kZ

(2)| for |z <r4

4(p+D)2y+ p+1]
22y+p+1]

M4 =

and
ko=12y+p+I1|+2+p+]I.
Takingy =1, p =0 andl = 0, the above corollary
reduces to the following.
Corollary 4. Let the functionf € 3 and suppose thate
22°(1,0,1). If f(2) << g(2) in U*, then

/ /
10+ 22| <|ow+ 22| torp<rs
where
r—3_\/é
5= —3

3 Majorization problem for the class Z(a,y)

LetZ(a,y) be the class of functiort¥z) of the form
h@=1-% aZ («=>0), (21)
k=1

that are analytic ifU satisfying the inequality

Ih(z)+az(2) -1 <|y] (zeU; O(a) >0, ye C").
(22)
Fory=1-8 (0< B <1),theclassl(a,y) =0(a,1—

) was considered by Altintas and OwH.[

We need the following lemma to prove our result:
Lemma 1. (see P)) If the functionh(z) defined by 21) is
in the classZ(a,y), then

vl vl
“Trhg P shel <1t il @ev)
(23)
Theorem 2.

Let the functionf(z) € ¥, andg(z) € #Z(a,y) be
analytic in U and suppose that the functia@iz) is so
normalized that it also satisfies the following inclusion
property

7592 )e(2)

A e <)

(24)

If 7p"4A,1)f(2) is majorized by.7p"%(A,1)g(2) in U,
then
|75 AN @) < [N De@)] (12 <re)
(25)

whererg =rg(p,l,a,A,y) is the smallest positive root of
the cubic equation

(p+DIYIr* = (p+ 1)1+ O(a))r?
+2A0(a)]r+[1+O(a)](p+1) =

—[2A +(p+1lyl
0. (26)

Proof.

For appropriately normalized analytic functigiz)
satisfying the inclusion property4), we find from 3)
of Lemma 1 that
S ANe@ |

I5 (A, )9(2) ~1+0(a)

(I =r,0<r<1),

(27)
which implies

< 1+0(a)
~ 1+ 0(a) = |vir
(7 =r,0<r<1). (28)

Since 75" 4(A,)f(2) < #"9(A,1)g(2) (z € U¥), there
exists an analytic functiow with |w(z)| < 1 such that

SPIANTR) =w@D PN NgD.  (29)

Therefore, in view of (28) and proceeding as in the proof
of Theorem 1, we have

1-[w(@)?

75" (A, De(2) 75" M9, )g(2)]

W(2)| < 1122 (ze ), (30)
and
|7 D f(2)] < [lw(z)|+ A
(p+1)
2
(1 oty 1P 0 e @
Taking|w(z)| = p in (31), we have
6
@ < (e B
|75 9L De(2)] (32)
where
8(p) = (p+1)(1—r?)(1+0(a) — yINp +Ar(1+0(a))—

Ar(14+0(a))p? (0<p<1),

takes on its maximum value atp = 1 with
re = re(p,l,a,A,y) given by (26). Moreover, if
0<n <rg(pl,a,A,y) whererg(p,l,a,A,y) is the root
of the cubic equation (26) such that
0 <rg(p,l,a,A,y) <1, then the functiorH (p) defined
by
H(p) = (p+1)(1—n?)(1+D(a) -

—An(1+0(a)p?* (0<p<1)

lYin)p+An(1+0(a))
(33)
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is seen to be an increasing function on the interval® < [8] S. P. Goyal and J. K. Prajapat, A new class of meromorphic

1 so that multivalent functions involving certain linear operator,
Tamsui Oxf. J. Math. Sci25, 167-176 (2009).

H(p) <H(1)=(p+1)(1- nz)(1+ O(a)—1|yln) [9] T. H. MacGregor, Majorization by univalent functionsuke
0<p<l10<n<r la. A . 34 Math. J.,34, 95-102 (1967).
(0<p=10<n<rs(pl.a.A.y) (34) [10] S. S. Miller and P. T. Mocanu, Differential Subordirats:

Therefore, upon setting = 1 in (32), we complete the Theory and Applications, in: Monographs and Textbooks in

Pure and Applied Mathematics, Vol. 225, Marcel Dekker,
New York, 2000.
[11]Z. Nehari, Conformal Mapping, McGraw-Hill Book
Company, New York, Torento, London, 1952.
4 Open Problem [12]J. K. Prajapat, Subordination and superordination
preserving  properties for generalized  multiplier
In the present paper, we have investigated the majorization transformation operator, Math. Comput. Modellings,
problems for the class gf-valent meromorphic function. 1456-1465 (2012).
If we define a clas$ < .« such that

proof of Theorem 2]
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() =2+ a2 (zeD),
k=1

then we need to modify the generalized operator
5" (A1) for the class ofp-valent analytic function.
Further using this modified operator we have to find the
new majorization conditions for the modified operator.
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