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Abstract: In this paper, the E-DBM equation is studied. ThacRlund transformation for this equation is obtained by using the
homogeneous balance (HB) method. And some new solitary wave salutimiuding double peakon solitary wave solutions and
peakon singular solitary wave solutions, are given by the transformation
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1 Introduction the DBM equation (1) has the equivalent form

A large variety of physical, chemical, and biological Ul — Uyl + pu’ 49 =0, (3)
phenqmena are g_overned by nonlinear partial d'_ﬁerent'al/vhereu — u(xt).Here, equation (3) is called the E-DBM
equations equations (NPDEs). Exact solutions 0fgq aiion for short (the equivalent form DBM equation).
non:!near egua_ﬂo?srf)lay an important role in the study 01ECIearIy, if we know the solutions of E-DBM equation (3),
nontinear physical phenomena. _ then we can obtain the solutions of DBM equation (1) by
The Dodd-Bullough-Mikhailov (DBM) equation]- the transformation (2).Thus the focus of the present work
[2], which appears in fluid flow and quantum field theory, i< the E-DBM equation (3).
is given by v o In this paper, the homogeneous balance (HB) method
Vit 1 PE"+-ge = =0, (1) is used to obtain the &klund transformation for this
where v = v(x,t),p and q are real number and €quation and some new solitary wave solutions, including

p? + ¢ # 0.When p # 0,q = 0,equation (1) become peakon solitary wave solutions, peakon singular solitary
Liouville equation wave solutions, are given by theéBklund transformation.

Vi + pe’ =0,
2 Backlund transformation
Using the tanh method, Wazwad][considered some ) )
solitary and periodic wave solutions for the following As well known, there exist some techniques to seek

special DBM equation Backlund transformations of NPDEs . For example, Tian
and Gao 8] and Yan H] presented some &klund
Vi + €' +e =0, transformations of some nonlinear evolution equations by
truncating the Painleve expansion. Wang and Zhdjg [
Using the extended tanh method, Fah{uild some exact obtained Auto-Bcklund transformation of
explicit traveling wave solutions for the DBM equation.  (2+1)-dimensional Nizhnik-Novikov-Veselov Equation
By means of the transformation by Laurent series expansion.
The HB method is a powerful tool to finda@klund
v=Inu, (2) transformations of NPDEs6]-[11], which idea came
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from Frobenius’s idea to transform a nonlinear PDE into 4, (3 §” §’ 1 as follows :
solvable ODEs 12]. In this section, we will study the 1 1
Backlund transformation of the E-DBM equation (3) by (_a)awtgw)3(+ ﬁ)pawt?’\/\é) - £6)
using the HB method. According to the idea of the HB

method B]-[11], and in order to balance the derivatives 1 1

term uug — Uy and the nonlinear terna®,we suppose +(_Z1,awt2W§<W>¢ + 5 PaPwWEwEwy) - £
that the solution of the eq.(3) is as follows :

1 1
+(WwWPw2 — 5 PVAWPWE — o'W Wo WS, + 5 pa 2w wo Wz, ) - f (4
U= 00 f (W) +v=f"Wew + f'Wy +V, 4) (VRS — VWS -+ VWP + AVWEWye — SPVarWewig

—awd + % POr2WE; -+ VWEWx — %awtthxth
where’ denoted/ow, f = f(w),w = w(x,t) which will L L L
be determined later, and= v(x,t) is a given solution to 4L 4 _+ £03
Eq.(3). With the help of Mathematica, substituting (4) into +2aWtWXXWXtt * ZmNtW“WXXt Zawtzwm) f

3), we obtain the following equation:
© 9ed - (BPVAWZ - Vg2 — VoW Wioe — 2V WeWt — 2VWh Vg

+2VW2, — 3PVOIWE, + 2VWe W — Ve Wi W
f//f(4)_ f(3) 2+ ]c//3\,\,3\,\,3_,'_”.207 5
[ (F)7 4 p(F7) " wiewg (5) VW W - 2WiWigt -+ Wit Wit — Ve Wit - £
+(3pV2WX[ + Vit Wit — VWit — Vi Wit -I-WVXX['[) - f
Setting the coefficient ofidwd to zero, we can obtain an
ordinary differential equation fof +(Wex — Ve + PV 40)-1=0.  (9)
We can find that the coefficient df®, (5 {4 are just
zeros. Then setting the coefficientsféf), f”, /.1 to zero
7§04 — (£9)2 4 p(f")>® =0, (6)  Yields a set of PDEs fav = w(x,t) andv = v(x;t) :

—VEWE — VWP - WWPW + AWV — 3PVaVEWyg

. . . 1 1
Solving (6) , we can obtain a solution —awd + 5 PA WS, + VWP Wy — > AW Wi
+}aww W, +}a W —}avvzw =0
f— alnw, 7 5 AWeWaoWaat 2Wtthxxt 5 T Wi Woat =1,
BPVAWZ + Vi W2 — VW Wox — 2Ve W W — 2V Wy
wherea = %.According to (7) , we can easily obtain +2WV>2¢ - 3pVCYW>2<[ + 2VW Wt — Ve W Wi

+ VWit Wik + 2VWy Wit + O Wt Wit — O Wyt Wt = O,

3pV2Wxt —+ Vit Wit — VWit — Ve Wiext + VWit = O,

a a
()2 = —af" {7 = — D £O (24" =~ 1), W — W+ PV +q=0.  (10)
2 2 From (4) and (7), we can obtain the aélund
()2 _%f(‘% /()2 = %f(f’),(f”)?’ — %f@’ transformation of Eq.(3)
2 92
3 T4 (£3))2 a e 4 a5 = _
1§03 = —Z @ () __%f(>7f’f():_zf()’ u andtan+v (11)
5@ _ _ 9 ) (f,)(g):g 3) ®) wherew satisfies (10) and is given solution to Eq.(3).
120 ° 2

3 Exact solutions for the E-DBM equation

Substituting (8) into (5) and using (7) , then (5) can be|n this section we use the @klund transformation to
simplified to a linear polynomial of f(® f®  obtain some exact solutions for E-DBM equation (3). If

© 2014 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.8, No. 5, 2503-2507 (2014)www.naturalspublishing.com/Journals.asp NS 2 2505

From (11), (13) and (14), which demandls> 0, we can
obtain some exact solutions, specially a new peakon
solitary solution to Eq.(3) given by

qt/3 6¢3 exp—2|K(x+At)|]

T (ot crexpi— KO A )2
6c1 exp—|k(x+At)]]

" Co+ crexp— [K(X+At)]]

which has abundant solitary wave solutions as follows:
(). Whency = ¢1,¢oc1 > 0, (15) describes the Bell-
shaped solitary waves. It is shown in Fig 1(a) with=

u=

). (15)

ci=1p=qgq=1A =1.AndFig 1(b) shows the graph in
0. '
the plane witht = 0;
2 (ii). Whencg # c1,¢oc1 > 0, (15) describes the double
solitary waves with peakon [10]. It is shown in Fig 2(a)
-4 2 2 4 withcp=1,¢0=6,p=qg=1,A =0.5. And Fig 2(b) shows
0.2 the graph in the plane with= 0;
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Fig. 1: The Bell-shaped solitary waves with =c; = p=0= AN
A=1 A
-0. ~\\\\§§:
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we take the given solution= Constant which is a special
solution for eq.(3), then (10) will be reduced to

Fig 2(a)
4

1
VWPt + AVWEW: — 3PVaWAWy — WS, + > paws

1 1 o2
+WVt2Wxx — é O Wit Wy Wyt + = OF Wt Who Wit

2
-4 -2 / 2
1 1 -0.
+§aWtthWth — antzwxxtt =0, o2

~

-0.4
3PVAWE + VW5 — 3PVOIWE + 2WW Wt + VWit Wk 0.6
+2VWy Wit + O Wyt Wyt — O Wt Wit = O, 0.8
3PVAWy; -+ Vgt = O, F-i; 206)
p+q=0. (12) Fig. 2: The peakon solitary waves witlh = 1,c; =6,p=q=
Now we assume that the form ofx,t) is as follows: 1A=05
W = Cp + C1 expk(x— At), (13)

(iii).When |co| = |c1],coc1 < O, (15) describes the
Where ¢y # 0,c; # 0 and k,A are constants to be singular solitary waves. It is shown in Fig 3(a) with
determined later. Substituting (13) into (12), we find thatco = —1,¢c1 =1, p=q=1,A = 1.And Fig 3(b) shows the

(12) satisfies (13) in the following conditions: graph in the plane with= 0;
(iv).When |cg| # |c1],coc1 < O, (15) describes the
v q'/3 - V/3pt/3qt/e (14) double _singglar soIitayy waves with peakon [10]. It is
- - shown in Fig 4(a) withcp = —1,¢c;1 = 6,p=q =1,

KA i
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Fig. 3: The singular solitary waves witth = —1,c; =1, p=q= Fig. 4: The peakon singular solitary waves with= —1,¢c; =
1LA=1 6,p=g=1,A =05

A = 0.5. And Fig 4(b) shows the graph in the plane with ) _ .

t—0. equation are _d|fference and Eq.(15) includes more
In the paper ], the following exact solution of the E- @bundant solutions.

DBM equation (3) (wherp = q = 1) was obtained by the

tanh method

1 1 /3
U=2(1—tanfi2\/;(X+M)]), (16) 4 conclusions

In the paper 2], some following exact explicit

traveling wave solutions for the E-DBM equation (3) , , )
were build using the extended tanh method The HB method is a primary and concise method to seek

for exact solutions of NPDEG]-[11].In fact, there are

__ 2V/C2 other powerful approaches to construct exact solutions
U = —CaA sech’] 2 (x+At),c2>0, such as the transformed rational function methbd] nd
F-expansion methodLfl]. In this paper we used the HB
Uy = —CoA sed[ Y & (X+At)],c2 < 0, method to obtain Bcklund transformation of E-DBM
2 equation (3) and new exact solutions, including peakon
A solitary wave solutions and peakon singular solitary wave
uz = —m, solutions. These solutions may be helpful to explain
certain physical phenomena because a singular solitary
1 a solutions is a disjoint union of manifold4%,16,17,18,
Ug = D(? /—X(x—s-/\t),gg,gg) a7 19,20]. This method is algebraic rather than analytic. As

well known, the use of different solving solution methods
where [J be Weierstrass elliptic  function, may get different exact solutions. So, in our future work
g2 = 0,93 = 4cp/cy (see P] p42). we should consider other method to find more solutions

To compare solution expression Eq.(15) with Eq.(16)of E-DBM equation and its N-peakon solitary wave
and (17), we can find that these solutions of E-DBM solution if exists.
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