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Abstract: In this paper, robust nonlinear control design to an ionic polymer metal composite (IPMC) with uncertainties and input
constraints is studied. The IPMC is a novel smart polymer material, and many potential applications for low mass high displacement
actuators in biomedical and robotic systems have been shown. In general, the IPMC has highly nonlinear property, and the control
input is subject to some constraints to ensure safety and longer service life of IPMC. Moreover, there exist uncertainties caused by
identifying some physical parameters and approximate calculation in dynamic model. As a result, considering measurement error of
parameters and model error, a practical nonlinear model is obtained,and a nonlinear robust control design with uncertainties and input
constraints using operator-based robust right coprime factorization isproposed. The effectiveness of the proposed control method based
on obtained nonlinear model is confirmed by simulation and experimental results.

Keywords: Ionic polymer metal composite, uncertainties, input constraints, robustnonlinear control, robust right coprime
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1 Introduction

The ionic polymer metal composite (IPMC) belongs to
the category electroactive polymers (EAP), which is one
of the most promising EAP actuators for applications,
also called artificial muscle, is being developed to enable
effective, miniature, light and low power actuators.
Because IPMCs have the following characteristics: large
strain and stress induced electrically, light in weight,
small and simple mechanisms, small electric
consumption, and low drive voltage etc., which have been
shown to have many potential applications for
developments of miniature robots and biomedical devices
[1,2].

The IPMC is usually broken up into three categories
of different model types: black-box, gray-box, and
white-box [3]. The black-box models have no prior
knowledge of the system at all. The gray-box models
have some knowledge of system or structure. The
white-box models are obtained by physical system
derivation and have a comprehensive knowledge of

physics system. It can be said that most black-box and
gray-box models were developed to study certain
response characteristics or phenomena in the material,
which are mainly linear models. The white-box models,
on the other hand, attempt to model physical processes
taking place within the actuator, which are usually
nonlinear models. For linear models, linear quadratic
regulator (LQR), proportional integral and derivative
(PID), adaptive fuzzy algorithm and impedance control
scheme have been designed in precise position control
[4]. Moreover, the IPMC shows mainly nonlinear
behaviors in characteristics of large strain and stress, and
a practical mathematical model and an effective control
method are desirable in precise position control.

Precision position control is critical in ensuring
precise and safe operation of IPMC actuators.
Considering an application as a robotic manipulator,
IPMC has to move arbitrarily from one specified position
to another. It needs a skilful operator to control manually
based on his or her experiences to stop the swing
immediately at the right position. It is well known that
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right coprime factorization has been a promising
approach for analysis, design, stabilization and control of
nonlinear system [5]. Especially, robust right coprime
factorization has attracted much attention due to its
convenient in researching input-output stability problems
of nonlinear system [6,7,8,9]. On the whole, this
approach has been proved effective in theoretical studies
and practical applications on nonlinear systems. However,
for nonlinear system with uncertainties and input
constraints, how to realize output tracking performance is
still a challenging issue. As a result, in this paper, robust
nonlinear precision position control design to an IPMC
with uncertainties and input constraints is studied. That is,
first, considering measurement error of parameters and
model error of IPMC, an improved practical nonlinear
model with uncertainties of IPMC is obtained. Second, an
operator-based robust nonlinear control design to IPMC
with uncertainties and input constraints is presented.
Finally, some simulation and experimental results are
shown to confirm the effectiveness of the proposed
control method based on obtained nonlinear model.

The outline of the paper is organized as follows. In
Section2, an nonlinear model with uncertainties of IPMC
and problem statement are described. Operator theorem
are introduced, and robust stable control design using
operator based approach is proposed in Section3. The
simulation and experimental results are shown in Section
4, and Section5 is the conclusions.

2 Nonlinear model and problem statement

2.1 Nonlinear model of IPMC

The dynamic models of IPMCs fall into two general
categories: linear models, and nonlinear models. Linear
models have no prior knowledge or some knowledge of
the system. Nonlinear models have a comprehensive
knowledge of the physics system derivation. A nonlinear
dynamic model of IPMC can be modeled by the
following equations [3]:










v̇ = − v+Y (v)(Ra+Rc)−u
(C1(v)+Ca(v))(Ra+Rc)

y =
3α0κe(

√
2Γ (v)−v)

YeH2

(1)

where, v is the state variable,u is the control input
voltage, y is the curvature output,Ra is the electrodes
resistance,Rc is the ion diffusion resistance,α0 is the
coupling constant,Ye is the equivalent Young’s modulus
of IPMC, andκe is the effective dielectric constant of the
polymer.Γ (v), C1(v) andCa(v) are functions of the state
variable and some parameters,

Γ (v) =
b
a2 (

ave−av

1− e−av − ln(
ave−av

1− e−av )−1) (2)

where,










a = F(1−C−∆V )
RT

b = F2C−(1−C−∆V )
RT κe

(3)

F is Faraday’s constant,C− is the anion concentrations,
∆V is the volumetric change,R is the gas constant, andT
is the absolute temperature.

C1(v) = Sκe
Γ̇ (v)

√

2Γ (v)
(4)

S = WL is the surface area of the IPMC,L, W and H
donote the length, the width and the thickness of the
IPMC respectively.

Ca(v) =
q1SF
RT

K1CH+
e−

vF
RT

(K1CH+
+ e−

vF
RT )2

(5)

K1 = k1
k−1

, k1 andk−1 are the chemical rate constants for
forward and reverse directions of electrochemical surface
process,q1 is some constant, andCH+ is the concentration
of the hydrionH+.

Y (v) = Y1v+Y2v2+Y3v3 (6)

Y1, Y2 andY3 are the coefficients of polynomial.

2.2 Problem Statement

The above dynamic model has a comprehensive
knowledge of the physics system derivation, and is an
accurate mathematical model. However, it is difficult to
be adopted absolutely in practice because it is still
difficult to identify accurately some physical parameters.
Moreover, some physical parameters are small enough for
influence of dynamic model. As a result, in this paper, a
practical nonlinear model is obtained. In the following
part of this subsection, how to obtain the practical
nonlinear model based above dynamic model will be
explained.

In general,∆V is little enough in (3), andC− is a
bound constant, then|C−∆V | → 0, the parametersa and
b in (3) can be calculated approximately by the following
equations,

a ≈ F
RT

, b ≈ F2C−

RT κe
(7)

The IPMC can operate in a humid environment or a dry
environment, in this paper, the IPMC setup is investigated
in a dry environment, thenCH+ → 0, so

Ca(v)≈ 0 (8)

In (6), Y1, Y2 andY3 are little enough, and|Y(v)| ≪
|v|. So, in (1), becauseRa andRc are bounded,Y (v) can
be ignored and considered as model error. In addition to
some physical constants, such asT , L, W , H, Ra, andRc
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must be measured or identified by experiments, which will
also create error. Therefore, in this paper, a now nonlinear
model is obtained,










v̇ = − v−u
C1(v)(Ra+Rc)

y =
3α0κe

√
2Γ (v)

YeH2 +∆P
(9)

where,∆P is uncertainties consisting of identifying error
of parameters and model error of the IPMC.

Substituting (2), (4) and (7) into (9), the following
nonlinear dynamic model of IPMC is obtained,






















v̇ = −
(v−u)

√

2b( ave−av

1−e−av −ln( ave−av

1−e−av )−1)

Sκeb(Ra+Rc)(1− 1−e−av

ave−av )
e−av(1−e−av−av)

(1−e−av)2

y =
3α0κe

√

2b( ave−av

1−e−av −ln( ave−av

1−e−av )−1)

aYeH2 +∆P

(10)

Defining a new state variablex = av, the above
nonlinear dynamic model can also be described by the
following equations,






















ẋ = −
(x−au)

√

2b( xe−x

1−e−x −ln( xe−x

1−e−x )−1)

Sκeb(Ra+Rc)(1− 1−e−x

xe−x )
e−x(1−e−x−x)

(1−e−x)2

y =
3α0κe

√

2b( xe−x

1−e−x −ln( xe−x

1−e−x )−1)

aYeH2 +∆P

(11)

For the IPMC actuators, to ensure safety and longer
service life of IPMC, and the process input is subject to a
constraint on its magnitude. Considering uncertainties
and input constraints, a nonlinear robust control design
using operator-based robust right coprime factorization is
studied, so that the validity of the obtained nonlinear
model and the effectiveness of the proposed control
method can be confirmed.

3 Robust stable control design using operator
based approach

3.1 Operator theorem and robust right coprime
factorization

Let X and Y be linear spaces over the field of real
numbers, and letXs andYs be normed linear subspaces,
called the stable subspaces ofX and Y , respectively,
defined suitably by two normed linear spaces under
certain norm Xs = {x ∈ X : ‖x‖ < ∞} and
Ys = {y ∈ Y : ‖y‖< ∞}. Generally, an operatorQ : X → Y
is said to be bounded input bounded output (BIBO) stable
or simply stable ifQ(Xs)⊆ Ys.
Definition 1. Let S(X ,Y ) be the set of stable operators
from X to Y . ThenS(X ,Y ) contains a subset defined by

u(X ,Y ) = {M : M ∈ S(X ,Y )} (12)

where,M is invertible with M−1 ∈ S(Y,X). Elements of
u(X ,Y ) are called unimodular operators.

Next, generalized Lipschitz operator is introduced,
which is defined on extended linear space. Thus, extended
normed linear space, or simply, extended linear space is
noted firstly.

Let Z be the family of real-valued measurable
functions defined on[0,∞), which is a linear space. For
each constantT ∈ [0,∞), let PT be the Projection operator
mapping from Z to another linear space,ZT , of
measurable functions such that

fT (t) := PT ( f )(t) =

{

f (t), t ≤ T

0, t > T
(13)

where, fT (t) ∈ ZT is called the truncation off (t) with
respect toT . Then, for any given Banach spaceX of
measurable functions, set

Xe = { f ∈ Z : ‖ fT‖X < ∞, for all T < ∞} (14)

Obviously, Xe is a linear subspace ofZ. The space so
defined is called the extended linear space associated with
the Banach spaceX .

We note that the extended linear space is not complete
in norm in general, and hence not a Banach space
(complete normed vector space), but it is determined by a
relative Banach space. The reason of using extended
linear space is that all the control signals are finite
time-duration in practice, and many useful techniques and
results can be carried over from the standard Banach
spaceX to the extended spaceXe if the norm is suitably
defined.
Definition 2. Let Xe and Y e be extended linear spaces
associating respectively with two given Banach spacesX
and Y of measurable functions defined on the time
domain [0,∞), and letD be a subset ofXe. A nonlinear
operatorQ : D → Y e is called a generalized Lipschitz
operator onD if there exists a constantL such that
∥

∥[Q(x)]T − [Q(x̃)]T
∥

∥

Y ≤ L‖xT − x̃T‖X (15)

for all x, x̃ ∈ D and for allT ∈ [0,∞). Note that the least
such constantL is given by the norm ofQ with

‖Q‖Lip := ‖Q(x0)‖Y +‖Q‖

=‖Q(x0)‖Y + sup
T∈[0,∞)

sup
x, x̃ ∈ D
xT 6= x̃T

∥

∥[Q(x)]T − [Q(x̃)]T
∥

∥

Y

‖xT − x̃T‖X
(16)

for any fixedx0 ∈ D.
We remark that the family of standard Lipschitz

operator and generalized Lipschitz operator are not
comparable since they have different domains and ranges.
The definition of generalized Lipschitz operator has been
proved more useful than standard Lipschitz operator for
nonlinear system control and engineering in the
considerations of stability, robustness, uniqueness of
internal control signals. For any operators defined
throughout the paper, they are always assumed to be
generalized Lipschitz operators. For simplicity, Lipschitz
operator is always mean the one defined in generalized
case in this paper.
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Based on the concept of Lipschitz operator, an
operator-based nonlinear feedback control system with
uncertainty shown was considered in [5,6]. The nominal
plant and uncertainty areP and∆P, respectively, and the
real plant P̃ = P + ∆P. The right factorization of the
nominal plantP and the real plantP̃ are P = ND−1,
P+∆P = (N +∆N)D−1, whereN, ∆N, andD are stable
operators,D is invertible,∆N is unknown but the upper
and lower bounds are known. Moreover, the factorization
is said to be coprime, orP is said to have a right coprime
factorization, if there exist two stable operatorsA and B
satisfying the Bezout identity,

AN +BD = M (17)

where, B is invertible, M ∈ u(W,U) is unimodular
operator. Under the condition of (17), if
{

A(N +∆N)+BD = M̃ ∈ u(W,U)
‖(A(N +∆N)−AN)M−1‖< 1

(18)

the BIBO stability of the nonlinear feedback control
system with uncertainty can be guaranteed, that is, the
system has the robust stability property, where,
M̃ ∈ u(W,U) is unimodular operator, and‖ · ‖ is Lipschitz
operator norm.

It’s worth to mention that the initial state should also
be considered, that is,AN(w0, t0)+BD(w0, t0) =M(w0, t0)
should be satisfied. In this paper,t0 = 0 andw0 = 0 are
selected.

3.2 Operator-based controllers design

Considering the nonlinear system with bounded
uncertainties, the robust control problem by using robust
right coprime factorization approach has been researched.
Assume that the uncertainties are given as∆P, where∆P
is unknown but bounded. The right factorization of the
nonlinear system is the following form

P̃ = P+∆P = (N +∆N)D−1 (19)

From [11], we can see that if the following conditions are
satisfied,






AN +BD = L
A(N +∆N)+BD = L̃
‖(A(N +∆N)−AN)L−1‖< 1

(20)

then the stability of the uncertain system̃P is guaranteed,
where L and L̃ are unimodular operators and‖ · ‖ is
Lipschitz operator norm, and shown in Fig. 1.

Then, we consider the mentioned nonlinear IPMC
control model by using robust right coprime factorization.
For the model described by equation (11), there exist
some uncertainties∆P in the IPMC model. The
uncertainties are unknown but bounded. In Fig. 1, the
uncertainties can be transformed into uncertain operator
∆N. That is, uncertain operator∆N denotes the
uncertainties caused by approximate calculation.

Fig. 1: A nonlinear system with uncertainties based on robust
right coprime factorization

DenoteN, D and∆N as the following forms,






















































D(ω)(t) =
Sκeb(Ra+Rc)ω̇(t)(1− 1−e−ω(t)

ω(t)e−ω(t) )
e−ω(t)(1−e−ω(t)−ω(t))

(1−e−ω(t))2

a

√

2b(ω(t)e−ω(t)

1−e−ω(t) −ln(ω(t)e−ω(t)

1−e−ω(t) )−1)

+ ω(t)
a

N(ω)(t) =
3α0κe

√

2b(ω(t)e−ω(t)

1−e−ω(t) −ln(ω(t)e−ω(t)

1−e−ω(t) )−1)

aYeH2

∆N(ω)(t)=∆
√

2b(ω(t)e−ω(t)

1−e−ω(t) − ln(ω(t)e−ω(t)

1−e−ω(t) )−1)

(21)

To ensure safety and longer service life of IPMC, and
the process inputud(t) is subject to the following
constraint on its magnitude,

ud(t) = σ(u1(t))

σ(v) =







umax, v > umax
v, umin ≤ v ≤ umax

umin, v < umin

(22)

whereu1(t) is the control input before the constraint.umax
= 3V andumin = -3V are maximum voltage and minimum
voltage to ensure safe operation of the IPMC,
respectively. When the input is limited in (22), the limited
part can be equivalent to uncertainty of the system. Then,
the entire uncertainty of the system is expressed as the
following form

∆ Ñ : W → Y

Then, we can design operatorsA and B to satisfy the
following Bezout equations. If−umax ≤ u1 ≤ umax,
{

A1N +BD = I
‖A1(N +∆N)−A1N)‖< 1 (23)

else
{

A2N +BD = I
‖(A2(N +∆ Ñ)−A2N)‖< 1 (24)

Where operatorA1 and A2 is stable andB is invertible.
Therefore, for the case of the IPMC control system with
constraint inputs, we suppose that

B(ud)(t)=aud(t) (25)
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According to the robust stable conditions, if−umax ≤ u1 ≤
umax,

A1(y)(t)=−
aSYeH2(Ra +Rc)

3α0
ẏ(t) (26)

else

A2(y)(t)=−
aSYeH2(Ra +Rc)

3α0
ẏ(t)φ(σ(u1)) (27)

whereφ(·) is constraint function related toσ(u1).

3.3 Tracking performance

Besides the robust stability of the IPMC system is
guaranteed, the tracking performance of the system needs
also to be considered. Here, the tracking condition is
difficult to obtain for the operatorN is a complex
nonlinear function, such that we design a tracking system
given in Fig. 2, where the stabilizing system regarded as
the plant is equal to the system in Fig. 1. Here, the
controllerC is shown as the following form.

u(t) = Kpe(t)+Ki

∫

e(τ)dτ (28)

Fig. 2: The tracking control system

From Fig. 2, the error signal ˜e can be described in the
following equation:

ẽ = (I + P̃C)−1(r∗) (29)

where,I is the identity operator. Because the spaces of the
nonlinear plant outputY and reference inputU are the
same, it is obvious that the operator(I + P̃C)−1 is
mapping Y to Y from Fig. 2. Hence, the relationship in
the reference signalr∗ and the error signal ˜e is in linear
space. Then, one of conditions of the exponential iteration
theorem is also satisfied, namely, the spaces of ˜e andy are
the same. The designed controllerC and the stabilizing
systemP̃ satisfy the following conditions.

1) For allt in [0, T ], C is stable, and̃P(r∗)≥ K1 > 0 as
T ≥ t ≥ t1 ≥ 0, r∗ > 0.

2) P̃C(0) = 0.
3) ‖P̃C(x)− P̃C(y)‖ ≤ h

∫ t
0 ‖x− y, t1‖dt1 for all x, y in

the subspaceYs of Y and for allt in [0, T ], h is any constant

and is the gain of̃P in the first norm, where the norm ofx
restricted to any interval[0, T ] will be denoted by‖x, t‖.

In this paper, the gain of̃P is the generalized Lipschitz
operator norm defined inDe f inition 2. Since C and̃P are
stable, the existence ofh is ensured. Defining an operator
from r∗ to y as Ĝ, we haveĜ = P̃C ∗ (I − Ĝ) as the
feedback equation, where the cascadeP̃C ∗ (I − Ĝ) means
the operatorP̂C following the operatorI − Ĝ. Then, we
summarized the exponential iteration theorem in
Lemma 1.
Lemma 1. (Exponential Iteration T heorem). The
feedback equationĜ = P̃C ∗ (I − Ĝ), in which all
operators map the Banach spaceYB into itself, has a
unique solution forĜ, which converges uniformly on
[0, T ], provided that conditions 2) and 3) are satisfied.
The plant output is bounded [6].

Lemma 1 means sinceYs is complete the sequence is
uniformly convergent on[0, T ]. It may be established that
Ĝ− P̃C∗(I−Ĝ) = 0 and it is unique. Then the plant output
is bounded. Further,(I + P̃C)−1(r∗)(t) exists.
Lemma 2. The error signal ˜e with the controllerC can be
made arbitrarily small. That is,y(t)− r∗(t) can be made
arbitrarily small byt ≤ T large enough.
Proof. From Figs. 1 and 2, we have

y(t) = r∗(t)− ê(t) (30)

From (29) and (30), we have

y(t) = r∗(t)− (I+ P̃C)−1(r∗)(t) (31)

SinceI is the identity operator, namely,I(r∗) = r∗[1] [6],
then

y(t) = r∗(t)− (r∗(t)+ P̃C(r∗(t)))−1

= r∗(t)− (r∗(t)+KpP̃(r∗)(t)

+ Ki

∫ t

0
P̃(r∗(τ))dτ)−1 (32)

Considering Condition 1) of the controller design, namely,
P̃(r∗)≥ K1 > 0 asT ≥ t ≥ t1 ≥ 0, we obtain

KpP̃(r∗)(t) + Ki

∫ t

0
P̃(r∗(τ))dτ ≥ KpK1+Ki

∫ t

0
P̃(r∗(τ))dτ)−1

≥ KpK1+Ki

∫ t1

0
P̃(r∗(τ1))dτ1+KiK1

∫ t

t1
dτ2 (33)

KiK1
∫ t

t1
dτ2 can be made arbitrarily large by makingt < T

large enough. Then,
(r∗(t) + KpP̃(r∗)(t) + Ki

∫ t
0 P̃(r∗(τ))dτ)−1 becomes

arbitrarily small. From (32),y(t)− r∗(t) can be made
arbitrarily small, andy(t) tracksr∗(t). This fact leads to
the desired result, and the proof is completed.

From the analysis we can see that based on the
proposed design scheme, the BIBO stability can be
guaranteed by the designed operator controllersA andB.
The output tracking performance can be realized by
designed tracking controllerC.
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Table 1: Parameters in the IPMC

T F κe

290 K 96487 Cmol−1 1.12×10−6Fm−1

Ra R Ye

18 Ω 8.3143 Jmol−1K−1 0.56 GPa
Rc C− α0

60 Ω 980 mol 0.12 JC−1

L W H
50 mm 10 mm 200µm

4 Simulation and experimental results

4.1 Experimental system

Fig. 3 shows photograph of experimental setup. In this
experimental setup, an IPMC sample of dimensions 50
mm * 10 mm * 0.2 mm is clamped at one end, and is
subject to voltage excitation generated from the computer
and board (PCI-3521). A laser displacement sensor
(ZX-LD40: 40±10mm) is used to measure the bending
displacementd.

4.2 Simulation Results

Some identified physical parameters are shown in Table 1.
In the simulation, the uncertain factor in (21) is modeled

as∆ = 3α0κe
√

2b
aYeh2 ×5%. In fact, the uncertainties of model

is smaller than∆N, so robust stability of the system can
be guaranteed. The curvature control simulation results of
the IPMC based on right coprime factorization with
uncertainties and without uncertainties are shown in Fig.
4, respectively. From Fig. 4, we can see the nonlinear
IPMC with uncertainties system using right coprime
factorization is robust stable. Fig. 5 shows the simulation
result of system with tracking controller, the reference
input of the curvature isr f = 1[1/m], where the tracking
controller is given as follows.

u(t) = 50e(t)+0.000015
∫

e(τ)dτ (34)

From Fig. 5, we can find that the IPMC control output
can track the reference input using the tracking controller.

4.3 Experimental result

Fig. 6 shows the displacement response, where the
desired outputs of displacementd are 4 [mm], 8 [mm], 12
[mm], respectively. The results show that the robust
stability of the IPMC displacement control system is
guaranteed and tracking performance is satisfied by using
the proposed method.

Fig. 3: Photograph of experimental setup
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Fig. 4: The curvature control simulation results based on the
proposed method
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Fig. 5: The simulation result with tracking controller

c© 2014 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.8, No. 5, 2471-2477 (2014) /www.naturalspublishing.com/Journals.asp 2477

0 5 10 15 20 25 30 35 40 45 50
0

2

4

6

8

10

12

14

D
i
s
p
l
a
c
e
m
e
n
t
 
[
m
m
]
 

Time [sec]

Fig. 6: Experimental result on output response

5 CONCLUSIONS

In this paper, we investigate robust nonlinear control for
the IPMC with uncertainties and input constraints. The
nonlinear model of the IPMC with uncertainties and input
constraints is described. To avoid the influence of the
uncertainties and input constraints, robust right coprime
factorization approach for the IPMC displacement control
system is proposed. Finally, simulation and experimental
results are presented to show the effectiveness of the
proposed method.
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