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Abstract: Relations between rough sets and algebraic structures have been already considered by many mathematicians. Motivated
by studying the properties of rough(m,n) bi-Γ -hyperideals inΓ -semihypergroups, we now introduced the notion of prime(m,n) bi-
Γ -hyperideals inΓ -semihypergroups and investigated several properties of these prime(m,n) bi-Γ -hyperideals. Also we applied the
rough set theory to these prime(m,n) bi-Γ -hyperideals and proved that the lower and upper approximation of a prime (m,n) bi-Γ -
hyperideal is a prime(m,n) bi-Γ -hyperideal in aΓ -semihypergroup. In the end we established some results on rough prime (m,n)
bi-Γ -hyperideals in the quotientΓ -semihypergroups.
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1 Introduction

Prime bi-ideals of groupoids was studied by Lee [1].
Further, many other authors studied the prime bi-ideals in
different structures. Shabir and Kanwal [2], studied prime
bi-ideals of semigroups and proved interesting results on
strongly prime, prime, semiprime, strongly irreducible
and irreducible bi-ideals of semigroups. The notion of
(m,n)-ideals of semigroups was introduced by Lajos [3,
4]. Further Ansari et al. [5,6] added some results on
(m,n)-ideals in semigroups andΓ -semigroups.

Hyperstructure theory was introduced in 1934, when
Marty [7] defined hypergroups, began to analyze their
properties and applied them to groups. Nowadays,
hyperstructures have a lot of applications to several
domains of mathematics and computer science and they
are studied in many countries of the world. In a classical
algebraic structure, the composition of two elements is an
element, while in an algebraic hyperstructure, the
composition of two elements is a set. A lot of papers and
several books have been written on hyperstructure theory,
see [8], [9], [10]. A recent book on hyperstructures [11]
points out on their applications in rough set theory,
cryptography, codes, automata, probability, geometry,
lattices, binary relations, graphs and hypergraphs.

Recently, Davvaz, Hila and et. al. [12], [13], [14],
[15], [16], [17], introduced the notion of
Γ -semihypergroup as a generalization of a semigroup, a

generalization of a semihypergroup and a generalization
of a Γ -semigroup. They presented many interesting
examples and obtained a several characterizations of
Γ -semihypergroups.

The notion of a rough set was proposed by Pawlak
[18] as a formal tool for modeling and processing
incomplete information in information systems. Some
authors have studied the algebraic properties of rough
sets, for instance Aslam et al. [19,20], Chinram [21],
Kuroki [22], Yaqoob et al. [23,24,25,26,27,28,29],
Ansari and Khan [30,31], Anvariyeh et al. [32] and
Davvaz [33,34,35].

In this paper we introduced the concept of prime
(m,n) bi-Γ -hyperideals inΓ -semihypergroup and apply
the rough set theory to prime(m,n) bi-Γ -hyperideals.

2 Some notions inΓ -semihypergroups

Here we recall the basic terms and definitions from the
theory of Γ -semihypergroups. Throughout the paperS
denote aΓ -semihypergroup.

Definition 1. [15] A map ◦ : S× S → P∗(S) is called a
hyperoperation or join operation on the set S, where S is a
non-empty set and P∗(S) denotes the set of all non-empty
subsets of S. A hypergroupoid is a set S with together a
(binary) hyperoperation. A hypergroupoid (S,◦), which is
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associative, that is x ◦ (y ◦ z) = (x ◦ y) ◦ z, ∀x,y,z ∈ S, is
called a semihypergroup.

Let A andB be two non-empty subsets ofS. Then, we
define

AΓ B =
⋃

γ∈Γ
AγB =

⋃
{aγb | a ∈ A, b ∈ B andγ ∈ Γ } .

Let (S,◦) be a semihypergroup and letΓ = {◦}. Then,
S is aΓ -semihypergroup. So, every semihypergroup isΓ -
semihypergroup.

Let S be aΓ -semihypergroup andγ ∈ Γ . A non-empty
subsetA of S is called a subΓ -semihypergroup ofS if
xγy ⊆ A for everyx,y ∈ A. A Γ -semihypergroupS is called
commutative if for all x,y ∈ S andγ ∈ Γ , we havexγy =
yγx.

Example 1. [15] Let S= [0,1] andΓ =N. For everyx,y∈ S

andγ ∈Γ , we defineγ : S×S −→℘∗ (S) by xγy =
[
0, xy

γ

]
.

Then,γ is a hyperoperation. For everyx,y,z∈ S andα,β ∈

Γ , we have(xαy)β z =
[
0, xyz

αβ

]
= xα(yβ z). This means

thatS is aΓ -semihypergroup.

Example 2. [15] Let (S,◦) be a semihypergroup andΓ be
a non-empty subset ofS. We definexγy = x ◦ y for every
x,y ∈ S andγ ∈ Γ . Then,S is aΓ -semihypergroup.

Definition 2. [15] A non-empty subset A of a
Γ -semihypergroup S is a right (left) Γ -hyperideal of S if
AΓ S ⊆ A (SΓ A ⊆ A), and is a Γ -hyperideal of S if it is
both a right and a left Γ -hyperideal.

Definition 3. [15] A sub Γ -semihypergroup B of a
Γ -semihypergroup S is called a bi-Γ -hyperideal of S if
BΓ SΓ B ⊆ B.

Definition 4. [23] A subset A of a Γ -semihypergroup S is
called an (m,0) Γ -hyperideal ((0,n) Γ -hyperideal) of S if
AmΓ S ⊆ A (SΓ An ⊆ A).

Definition 5. [23] A sub Γ -semihypergroup A of a
Γ -semihypergroup S is called an (m,n) bi-Γ -hyperideal
of S, if AmΓ SΓ An ⊆ A, where m, n are non-negative
integers (Am is suppressed if m = 0).

Here if m = n = 1 thenA is called bi-Γ -hyperideal of
S. By a proper(m,n) bi-Γ -hyperideal we mean an(m,n)
bi-Γ -hyperideal, which is a proper subset ofS.

Example 3. [23] Let S = [0,1] and Γ = N. Then, S

together with the hyperoperationxγy =
[
0, xy

γ

]
is a

Γ -semihypergroup. Lett ∈ [0,1] and setT = [0, t]. Then,
clearly it can be seen thatT is a subΓ -semihypergroup of
S. Since T mΓ S = [0, tm] ⊆ [0, t] = T
(SΓ T n = [0, tn] ⊆ [0, t] = T ), so T is an (m,0)
Γ -hyperideal ((0,n) Γ -hyperideal) of S. Since
T mΓ SΓ T n = [0, tm+n] ⊆ [0, t] = T, then T is an (m,n)
bi-Γ -hyperideal ofΓ -semihypergroupS.

Example 4. [23] Let S = [−1,0] and
Γ = {−1,−2,−3, · · ·}. Define the hyperoperation

xγy =
[

xy
γ ,0

]
for all x,y ∈ S andγ ∈ Γ . Then, clearlyS is

a Γ -semihypergroup. Letλ ∈ [−1,0] and the set
B = [λ ,0]. Then, clearlyB is a subΓ -semihypergroup of
S. Since BmΓ S = [λ 2m+1,0] ⊆ [λ ,0] = B
(SΓ Bn = [λ 2n+1,0] ⊆ [λ ,0] = B), so B is an (m,0)
Γ -hyperideal ((0,n) Γ -hyperideal) of S. Since
BmΓ SΓ Bn = [λ 2(m+n)+1,0] ⊆ [λ ,0] = B, then B is an
(m,n) bi-Γ -hyperideal ofΓ -semihypergroupS.

3 Prime (m,n) bi-Γ -hyperideals

In this section we will define prime (m,n)
bi-Γ -hyperideals of aΓ -semihypergroup and discuss
some related properties.

Definition 6. An (m,n) bi-Γ -hyperideal B of a
Γ -semihypergroup S is called prime if for x,y ∈ S,
xmαSβyn ⊆ B (or xmαzβyn ⊆ B, for all z ∈ S) implies
x ∈ B or y ∈ B, for all α,β ∈ Γ .

Definition 7. An (m,n) bi-Γ -hyperideal B of a
Γ -semihypergroup S is called semiprime if for x ∈ S,
xmαSβxn ⊆ B (or xmαzβxn ⊆ B, for all z ∈ S) implies
x ∈ B, for all α,β ∈ Γ .

Example 5. Let S = M2(Z) be the set of all 2×2 matrices,
thenS is a semigroup under usual multiplication. Let

T1 =

{(
a −b
−c d

)
: a,b,c,d ∈ Z

}
,

T2 =

{(
a b
−c d

)
: a,b,c,d ∈ Z

}
,

T3 =

{(
a b
0 d

)
: a,b,d ∈ Z

}
,

T4 =

{(
a 0
c d

)
: a,c,d ∈ Z

}
,

be non-empty subsets ofS. Let Γ = {β1,β2,β3,β4} . We
defineA1βiA2 = A1TiA2 for everyA1,A2 ∈ S, andβi ∈ Γ ,
1 ≤ i ≤ 4. Then S is a Γ -semihypergroup. Let

B =

{(
a b
c d

)
: a,b,c,d ∈ 2Z

}
. Since BmΓ SΓ Bn ⊆ B.

ThenB is a prime(m,n) bi-Γ -hyperideal ofS.

Example 6. Let S = {a,b,c,d,e, f} andΓ = {γ ,β} be the
sets of binary hyperoperations defined below:

γ a b c d e f
a a b a a a a
b b b b b b b
c a b {a,c} a a {a, f}
d a b {a,e} a a {a,d}
e a b {a,e} a a {a,d}
f a b {a,c} a a {a, f}
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β a b c d e f
a a b a a a a
b b b b b b b
c a b a a a a
d a b a {a,d} {a,e} a
e a b a a a a
f a b a {a, f} {a,c} a

ThenS is aΓ -semihypergroup. The(m,0) Γ -hyperideals
are {a,b}, {b}, {a,b,c, f}, {a,b,d,e} and S. The (0,n)
Γ -hyperideals are{a,b}, {b}, {a,b,c,e}, {a,b,d, f} and
S. The (m,n) bi-Γ -hyperideals are{a,b}, {b}, {a,b,c},
{a,b, f}, {a,b,d}, {a,b,c,e}, {a,b,d, f}, {a,b,c, f},
{a,b,d,e} andS.

The only prime(m,n) bi-Γ -hyperideals ofS are{b}
andS, and hence these are semiprime.

Furthermore {a,b}, {a,b,c}, {a,b, f}, {a,b,d},
{a,b,c,e}, {a,b,d, f}, {a,b,c, f}, {a,b,d,e} are not
prime(m,n) bi-Γ -hyperideals. Indeed

emΓ SΓ f n ⊆ {a,b}, but e, f /∈ {a,b},
emΓ SΓ f n ⊆ {a,b,c}, but e, f /∈ {a,b,c},
cmΓ SΓ dn ⊆ {a,b, f}, but c,d /∈ {a,b, f},
emΓ SΓ f n ⊆ {a,b,d}, but e, f /∈ {a,b,d},
dmΓ SΓ f n ⊆ {a,b,c,e}, but d, f /∈ {a,b,c,e},
cmΓ SΓ en ⊆ {a,b,d, f}, but c,e /∈ {a,b,d, f},
dmΓ SΓ en ⊆ {a,b,c, f}, but d,e /∈ {a,b,c, f},
cmΓ SΓ f n ⊆ {a,b,d,e}, but c, f /∈ {a,b,d,e}.

Theorem 1. If an (m,n) bi-Γ -hyperideal B of a
Γ -semihypergroup S is prime, then for an (m,0)
Γ -hyperideal R and a (0,n) Γ -hyperideal L of S,
RΓ L ⊆ B implies R ⊆ B or L ⊆ B.

Proof. Suppose thatRΓ L ⊆ B for an (m,0) Γ -hyperideal
R and a(0,n) Γ -hyperidealL of S andR * B. Then there
existsx ∈ R\B. Let y ∈ L. Then

xmΓ SΓ yn ⊆ RmΓ SΓ Ln ⊆ RΓ L ⊆ B.

SinceB is a prime(m,n) bi-Γ -hyperideal andx /∈ B, we
havey ∈ B. ThusL ⊆ B. �

Proposition 1. If an (m,n) bi-Γ -hyperideal B of a
Γ -semihypergroup S is prime, then B is a (0,n)
Γ -hyperideal or an (m,0) Γ -hyperideal of S.

Proof. Since BmΓ S is an (m,0) Γ -hyperideal ofS and
SΓ Bn a (0,n) Γ -hyperideal ofS such that

(BmΓ S)Γ (SΓ Bn)⊆ BmΓ SΓ Bn ⊆ B,

we getBmΓ S ⊆ B or SΓ Bn ⊆ B by Theorem1. HenceB is
a (0,n) Γ -hyperideal or an(m,0) Γ -hyperideal ofS. �

Definition 8. An (m,n) bi-Γ -hyperideal B of a
Γ -semihypergroup S is called a strongly prime (m,n)
bi-Γ -hyperideal if B1Γ B2∩B2Γ B1 ⊆ B implies B1 ⊆ B or
B2 ⊆ B for any (m,n) bi-Γ -hyperideals B1 and B2 of S.

Every strongly prime(m,n) bi-Γ -hyperideal of a
Γ -semihypergroupS is a prime (m,n) bi-Γ -hyperideal
and every prime(m,n) bi-Γ -hyperideal is a semiprime
(m,n) bi-Γ -hyperideal. A prime(m,n) bi-Γ -hyperideal is
not necessarily strongly prime.

Example 7. Let S = {e,a,b,c,d} andΓ = {γ ,β} be the
sets of binary hyperoperations defined below:

γ e a b c d
e e e e e e
a e {a,b} b b b
b e b b b b
c e c c c c
d e d d d d

β e a b c d
e e e e e e
a e a a a a
b e a {a,b} a a
c e c c c c
d e d d d d

Then S is a Γ -semihypergroup. The (m,n)
bi-Γ -hyperideals ofS are {e}, {e,c}, {e,d}, {e,a,b},
{e,c,d} andS. Here all (m,n) bi-Γ -hyperideals ofS are
prime and hence semiprime. However, the prime(m,n)
bi-Γ -hyperideal {e} is not strongly prime (m,n)
bi-Γ -hyperideal ofS because

{e,c}Γ {e,d}∩{e,d}Γ {e,c}= {e} ⊆ {e},

but neither{e,c} nor{e,d} is contained in{e}.

Definition 9. An (m,n) bi-Γ -hyperideal B of a
Γ -semihypergroup S is called an irreducible (resp.
strongly irreducible) (m,n) bi-Γ -hyperideal if
B1∩B2 = B (resp. B1∩B2 ⊆ B) implies B1 = B or B2 = B
(resp. B1 ⊆ B or B2 ⊆ B).

In Example7, the irreducible(m,n) bi-Γ -hyperideals
of S are {e,c}, {e,d}, {e,a,b}, {e,c,d} and S. But the
(m,n) bi-Γ -hyperideal {e} is not irreducible, because
{e,c} ∩ {e,d} = {e} but neither {e,c} = {e} nor
{e,d}= {e}.

Lemma 1. The intersection of any family of prime (m,n)
bi-Γ -hyperideals of a Γ -semihypergroup is a semiprime
(m,n) bi-Γ -hyperideal.

Proof. The proof is straightforward.�

Theorem 2.Every strongly irreducible, semiprime (m,n)
bi-Γ -hyperideal of a Γ -semihypergroup S is a strongly
prime (m,n) bi-Γ -hyperideal.

Proof. Let B be a strongly irreducible semiprime(m,n)
bi-Γ -hyperideal of S. Let B1,B2 be any (m,n)
bi-Γ -hyperideals ofS such thatB1Γ B2 ∩ B2Γ B1 ⊆ B.
Since

(B1∩B2)
2 ⊆ B1Γ B2 and (B1∩B2)

2 ⊆ B2Γ B1,

(B1∩B2)
2 ⊆ B1Γ B2∩B2Γ B1 ⊆ B.

Since B is a semiprime (m,n) bi-Γ -hyperideal,
B1 ∩ B2 ⊆ B. BecauseB is a strongly irreducible(m,n)
bi-Γ -hyperideal ofS, so eitherB1 ⊆ B or B2 ⊆ B. ThusB
is a strongly prime(m,n) bi-Γ -hyperideal ofS. �
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Theorem 3. Let B be an (m,n) bi-Γ -hyperideal of a
Γ -semihypergroup S and a ∈ S such that a /∈ B for a
positive integer m. Then there exists an irreducible (m,n)
bi-Γ -hyperideal I of S such that B ⊆ I and a /∈ I.

Proof. Let A be the collection of all (m,n)
bi-Γ -hyperideals ofS which containB and do not contain
a. ThenA is nonempty, becauseB ∈ A . The collection
A is a partially ordered set under inclusion. IfC is any
totally ordered subset ofA then ∪C is an (m,n)
bi-Γ -hyperideal of S containing B. Hence by Zorn’s
Lemma, there exists a maximal elementI in A . We show
that I is an irreducible(m,n) bi-Γ -hyperideal. LetC and
D be two (m,n) bi-Γ -hyperideals of S such that
I = C∩D. If both C andD properly containI thena ∈ C
anda ∈ D. Hencea ∈C∩D = I. This contradicts the fact
thata /∈ I. ThusI =C or I = D. �

Definition 10. An element x ∈ S is called regular if there
exist a in S and α,β ∈ Γ such that x ∈ xαaβx. If every
element of a Γ -semihypergroup S is regular then S called
regular Γ -semihypergroup.

Definition 11. An element a of a Γ -semihypergroup S is
called intra-regular if there exist x,y ∈ S such that
a ∈ xαa2βy, for all α,β ∈ Γ and S is called intra-regular,
if every element of S is intra-regular.

Theorem 4. Let S be a regular and intra-regular
Γ -semihypergroup. Then the following assertions, for an
(m,n) bi-Γ -hyperideal B of S, are equivalent:

(i) B is strongly irreducible.
(ii) B is strongly prime.

Proof. The proof is straightforward.�

Theorem 5. For a Γ -semihypergroup S the following
assertions are equivalent:

(i) The set of (m,n) bi-Γ -hyperideals of S is totally
ordered under inclusion,

(ii) Each (m,n) bi-Γ -hyperideal of S is strongly
irreducible,

(iii) Each (m,n) bi-Γ -hyperideal of S is irreducible.

Proof. (i) =⇒ (ii) Let B be an arbitrary (m,n)
bi-Γ -hyperideal of S and B1, B2 be two (m,n)
bi-Γ -hyperideals ofS such thatB1∩B2 ⊆ B. Since the set
of (m,n) bi-Γ -hyperideals is totally ordered, either
B1 ⊆ B2 or B2 ⊆ B1. Thus eitherB1 ∩ B2 = B1 or
B1∩B2 = B2. HenceB1∩B2 ⊆ B implies eitherB1 ⊆ B or
B2 ⊆ B. This shows thatB is a strongly irreducible(m,n)
bi-Γ -hyperideal.

(ii) =⇒ (iii) Let B be an arbitrary (m,n)
bi-Γ -hyperideal of S and B1, B2 be two (m,n)
bi-Γ -hyperideals ofS such thatB1∩B2 = B. ThenB ⊆ B1
and B ⊆ B2. By hypothesis, eitherB1 ⊆ B or B2 ⊆ B.
Hence eitherB1 = B or B2 = B. That is, B is an
irreducible(m,n) bi-Γ -hyperideal.

(iii) =⇒ (i) Let B1 and B2 be any two(m,n) bi-Γ -
hyperideals ofS. ThenB1∩B2 is an(m,n) bi-Γ -hyperideal

of S. So by hypothesis, eitherB1 =B1∩B2 or B2 =B1∩B2,
that is, eitherB1 ⊆ B2 or B2 ⊆ B1. �

Proposition 2. If every (m,n) bi-Γ -hyperideal of S is
semiprime then S is regular.

Proof. Suppose that every(m,n) bi-Γ -hyperideal ofS is
semiprime. LetB = xmΓ SΓ xn for x ∈ S. Then using [23,
Lemma 2.1], we have

BmΓ SΓ Bn = (xmΓ SΓ xn)mΓ SΓ (xmΓ SΓ xn)n

⊆ xmΓ SΓ xn = B,

thusB is an(m,n) bi-Γ -hyperideal ofS. AsB is semiprime
for all x ∈ S. SinceB = xmΓ SΓ xn, we getx ∈ xmΓ SΓ xn =
B. Now for anyx ∈ S,

x ∈ xmΓ SΓ xn ⊆ xΓ SΓ x.

Hence for allx ∈ S, there existsa ∈ S such thatx ∈ xαaβx,
for all α,β ∈ Γ . ThereforeS is regular.�

Lemma 2.A Γ -semihypergroup S is completely regular if
and only if

A ⊆ (AΓ A)Γ SΓ (AΓ A)

for every A ⊆ S. Equivalently, if x ∈ xΓ xΓ SΓ xΓ x for all
x ∈ S.

Theorem 6. If every (m,n) bi-Γ -hyperideal of S is
semiprime then S is completely regular.

Proof. Let x ∈ S. Let

B = (xΓ x)mΓ SΓ (xΓ x)n = xmΓ xmΓ SΓ xnΓ xn.

Then using [23, Lemma 2.1], we have

BmΓ SΓ Bn

= (xmΓ xmΓ SΓ xnΓ xn)mΓ SΓ (xmΓ xmΓ SΓ xnΓ xn)n

⊆ xmΓ xmΓ SΓ xnΓ xn = (xΓ x)mΓ SΓ (xΓ x)n = B,

thus B is an (m,n) bi-Γ -hyperideal of S. As B is
semiprime for allx ∈ S. SinceB = (xΓ x)mΓ SΓ (xΓ x)n,
we getx ∈ (xΓ x)mΓ SΓ (xΓ x)n = B. Now for anyx ∈ S,
x ∈ (xΓ x)mΓ SΓ (xΓ x)n ⊆ xΓ xΓ SΓ xΓ x. Hence for all
x ∈ S, there existsa ∈ S such thatx ∈ xαxγaδxβx, for all
α,β ,γ ,δ ∈ Γ . ThereforeS is completely regular.�

4 Rough prime (m,n) bi-Γ -hyperideals

In this section we will study rough prime(m,n)
bi-Γ -hyperideals.

Definition 12. Let S be a Γ -semihypergroup. An
equivalence relation ρ on S is called regular on S if

(a,b) ∈ ρ implies (aγx,bγx) ∈ ρ and (xγa,xγb) ∈ ρ ,

for all x ∈ S and γ ∈ Γ .
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If ρ is a regular relation onS, then, for everyx ∈ S, [x]ρ
stands for the class ofx with the representρ . A regular
relation ρ on S is called complete if[a]ρ γ [b]ρ = [aγb]ρ
for all a,b ∈ S and γ ∈ Γ . In addition,ρ on S is called
congruence if, for every(a,b) ∈ S and γ ∈ Γ , we have
c ∈ [a]ρ γ [b]ρ =⇒ [c]ρ ⊆ [a]ρ γ [b]ρ .

Let A be a non-empty subset of aΓ -semihypergroupS
andρ be a regular relation onS. Then, the sets

Aprρ(A) =
{

x ∈ S : [x]ρ ⊆ A
}

and Aprρ(A) =
{

x ∈ S : [x]ρ ∩A 6= /0
}

are calledρ-lower and ρ-upper approximations ofA,
respectively. For a non-empty subsetA of S,
Aprρ(A) = (Aprρ(A),Aprρ(A)) is called a rough set with

respect toρ if Aprρ(A) 6= Aprρ(A).

Theorem 7. [32] Let ρ be a regular relation on a
Γ -semihypergroup S and let A and B be non-empty
subsets of S. Then,

(1) Aprρ (A)Γ Aprρ (B) ⊆ Aprρ (AΓ B) ;
(2) If ρ is complete, then

Aprρ (A)Γ Aprρ (B)⊆ Aprρ (AΓ B).

A subsetA of a Γ -semihypergroupS is called aρ-
upper (resp.ρ-lower) rough(m,n) bi-Γ -hyperideal ofS if
Aprρ (A) (resp.Aprρ (A)) is an(m,n) bi-Γ -hyperideal of
S.

Theorem 8. [23] Let ρ be a regular relation on a
Γ -semihypergroup S. If A is an (m,n) bi-Γ -hyperideal of
S, then it is a ρ-upper rough (m,n) bi-Γ -hyperideal of S.

Theorem 9.[23] Let ρ be a complete regular relation on
a Γ -semihypergroup S. If A is an (m,n) bi-Γ -hyperideal
of S, then Aprρ (A) is, if it is nonempty, an (m,n) bi-Γ -

hyperideal of S.

Let ρ be a regular relation on aΓ -semihypergroupS.
Then a subsetA of S is called aρ-lower rough prime
(m,n) bi-Γ -hyperideal ofS if Aprρ (A) is a prime(m,n)

bi-Γ -hyperideal of S. A ρ-upper rough prime(m,n)
bi-Γ -hyperideal ofS is defined analogously. A is called a
rough prime(m,n) bi-Γ -hyperideal ofS if A is aρ-lower
and aρ-upper rough prime(m,n) bi-Γ -hyperideal ofS.

Theorem 10.Let ρ be a complete regular relation on a
Γ -semihypergroup S. If A is a prime (m,n)
bi-Γ -hyperideal of S, then A is a ρ-upper rough prime
(m,n) bi-Γ -hyperideal of S.

Proof. SinceA is an(m,n) bi-Γ -hyperideal ofS, then by
Theorem8, Aprρ (A) is an(m,n) bi-Γ -hyperideal ofS. Let
w be any element ofS. Let x,y ∈ S andβ ,γ ∈ Γ such that
xmβwγyn ⊆ Aprρ (A) . Thus

[xmβwγyn]ρ ∩A = [xm]ρ β [w]ρ γ [yn]ρ ∩A 6= φ .

Thus there existam ⊆ [xm]ρ = [x]mρ , w′ ∈ [w]ρ and bn ⊆

[yn]ρ = [y]nρ such thatamβw′γbn ⊆ A. SinceA is a prime
(m,n) bi-Γ -hyperideal, we havea ∈ A or b ∈ A. Now

am ⊆ [x]mρ =⇒ a ∈ [x]ρ also bn ⊆ [y]nρ =⇒ b ∈ [y]ρ .

Thusa ∈ [x]ρ ∩A or b ∈ [y]ρ ∩A. So[x]ρ ∩A 6= φ or [y]ρ ∩
A 6= φ , and sox ∈ Aprρ (A) or y ∈ Aprρ (A) . Therefore
Aprρ (A) is a prime(m,n) bi-Γ -hyperideal ofS. �

Theorem 11.Let ρ be a complete regular relation on a Γ -
semihypergroup S and A is a prime (m,n) bi-Γ -hyperideal
of S. Then Aprρ (A) is, if it is nonempty, a prime (m,n)

bi-Γ -hyperideal of S.

Proof. Since A is an (m,n) bi-Γ -hyperideal of S, by
Theorem 9, we know that Aprρ (A) is an (m,n)

bi-Γ -hyperideal ofS. We suppose thatAprρ (A) is not a

prime (m,n) bi-Γ -hyperideal, then forβ ,γ ∈ Γ there
exists x,y ∈ S and any elementw ∈ S, such that
xmβwγyn ⊆ Aprρ (A) , but x /∈ Aprρ (A) andy /∈ Aprρ (A).

Thus[x]ρ * A and[y]ρ * A. Then there exist

a ∈ [x]ρ but a /∈ A and b ∈ [y]ρ but b /∈ A.

We have for allw ∈ S andβ ,γ ∈ Γ ,

amβwγbn ⊆ [x]mρ β [w]ρ γ [y]nρ = [xm]ρ β [w]ρ γ [yn]ρ

= [xmβwγyn]ρ ⊆ A.

This implies thatamβwγbn ⊆ A. SinceA is a prime(m,n)
bi-Γ -hyperideal, we havea ∈ A or b ∈ A. It contradicts the
supposition. This means thatAprρ (A) is, if it is nonempty,

a prime(m,n) bi-Γ -hyperideal ofS. �

The following example shows that the converse of
Theorem10and Theorem11does not hold.

Example 8. Let S = {a,b,c,d,e} andΓ = {γ ,β} be the
sets of binary hyperoperations defined below:

γ a b c d e
a {a,b} {b,c} c {d,e} e
b {b,c} c c {d,e} e
c c c c {d,e} e
d {d,e} {d,e} {d,e} d e
e e e e e e

β a b c d e
a {b,c} c c {d,e} e
b c c c {d,e} e
c c c c {d,e} e
d {d,e} {d,e} {d,e} d e
e e e e e e

Then S is a Γ -semihypergroup. Letρ be a complete
regular relation onS such thatρ-regular classes are the
subsets{a,b,c}, {d,e}. Then for A = {c,d,e} ⊆ S,
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Aprρ (A) = {a,b,c,d,e}, and Aprρ (A) = {d,e}. It is

clear that Aprρ (A) , Aprρ (A) are prime (m,n)

bi-Γ -hyperideals ofS. The(m,n) bi-Γ -hyperidealA is not
a prime(m,n) bi-Γ -hyperideal forbmΓ cΓ an = c ∈ A but
b /∈ A anda /∈ A.

5 Rough prime (m,n) bi-Γ -hyperideals in the
quotient Γ -semihypergroups

Let ρ be a regular relation on aΓ -semihypergroupS. We
putΓ̂ = {γ̂ : γ ∈Γ }. For every[a]ρ , [b]ρ ∈ S/ρ , we define
[a]ρ γ̂ [b]ρ = {[z]ρ : z ∈ aγb}.

Theorem 12. [32, Theorem 4.1] If S is a
Γ -semihypergroup, then S/ρ is a Γ̂ -semihypergroup.

Definition 13. Let ρ be a regular relation on a
Γ -semihypergroup S. The ρ-lower approximation and
ρ-upper approximation of a non-empty subset A of S can
be presented in an equivalent form as shown below:

Apr
ρ
(A) =

{
[x]ρ ∈ S/ρ : [x]ρ ⊆ A

}

and Aprρ(A) =
{
[x]ρ ∈ S/ρ : [x]ρ ∩A 6= /0

}
,

respectively.

Theorem 13. [23] Let ρ be a regular relation on a
Γ -semihypergroup S. If A is an (m,n) bi-Γ -hyperideal of
S. Then,

(1) Aprρ(A) is an (m,n) bi-Γ̂ -hyperideal of S/ρ .
(2) Apr

ρ
(A) is, if it is non-empty, an (m,n)

bi-Γ̂ -hyperideal of S/ρ .

Theorem 14.Let ρ be a complete regular relation on a
Γ -semihypergroup S. If A is a ρ-upper rough prime (m,n)

bi-Γ -hyperideal of S, then Aprρ(A) is a prime (m,n) bi-

Γ̂ -hyperideal of S/ρ .

Proof. Let A be a ρ-upper rough prime (m,n)
bi-Γ -hyperideal ofS, by Theorem13(1), we know that
Aprρ(A) is an(m,n) bi-Γ -hyperideal ofS/ρ . Suppose for
anyw ∈ S, β ,γ ∈ Γ and[x]ρ , [y]ρ ∈ S/ρ , such that

[x]mρ β̂wγ̂ [y]nρ = [xm]ρ β̂wγ̂ [yn]ρ

= [xmβwγyn]ρ ⊆ Aprρ(A),

for β̂ , γ̂ ∈ Γ̂ . Thus[xmβwγyn]ρ ∩A 6= φ . Now there existt,
such thatt ∈ xmβwγyn ⊆ Aprρ (A) . SinceA is a ρ-upper
rough prime(m,n) bi-Γ -hyperideal ofS, that isAprρ (A)

is a prime(m,n) bi-Γ -hyperideal, we havex ∈ Aprρ (A)

or y ∈ Aprρ (A) . Now ast ∈ xmβwγyn, we obtain[t]ρ ∈

[x]mρ β̂wγ̂ [y]nρ . On the other hand, sincet ∈ Aprρ (A) , we

have[t]ρ ∩A 6= φ . So [x]ρ ∩A 6= φ or [y]ρ ∩A 6= φ . Hence

[x]ρ ∈ Aprρ(A) or [y]ρ ∈ Aprρ(A). ThereforeAprρ(A) is a

prime(m,n) bi-Γ̂ -hyperideal ofS/ρ . �

Theorem 15.Let ρ be a complete regular relation on a
Γ -semihypergroup S. If A is a ρ-lower rough prime (m,n)
bi-Γ -hyperideal of S, then Apr

ρ
(A) is a prime (m,n) bi-

Γ̂ -hyperideal of S/ρ .

Proof. Let A be a ρ-lower rough prime (m,n)
bi-Γ -hyperideal ofS, by Theorem13(2), we know that
Apr

ρ
(A) is an(m,n) bi-Γ̂ -hyperideal ofS/ρ . Suppose for

anyw ∈ S, β ,γ ∈ Γ and[x]ρ , [y]ρ ∈ S/ρ , such that

[x]mρ β̂wγ̂ [y]nρ = [xm]ρ β̂wγ̂ [yn]ρ

= [xmβwγyn]ρ ⊆ Apr
ρ
(A).

for β̂ , γ̂ ∈ Γ̂ . Thus [xmβwγyn]ρ ⊆ A. Now there existt,
such thatt ∈ xmβwγyn ⊆ Aprρ (A) . SinceA is a ρ-lower

rough prime(m,n) bi-Γ -hyperideal ofS, that isAprρ (A)

is a prime(m,n) bi-Γ -hyperideal, we havex ∈ Aprρ (A)

or y ∈ Aprρ (A) . Now as t ∈ xmβwγyn, we obtain

[t]ρ ∈ [x]mρ β̂wγ̂ [y]nρ . On the other hand, since
t ∈ Aprρ (A) , we have[t]ρ ⊆ A. So [x]ρ ⊆ A or [y]ρ ⊆ A.

Hence [x]ρ ∈ Apr
ρ
(A) or [y]ρ ∈ Apr

ρ
(A). Therefore

Apr
ρ
(A) is a prime(m,n) bi-Γ̂ -hyperideal ofS/ρ . �

6 Conclusion

In this paper, we investigated some properties of prime
(m,n) bi-Γ -hyperideals inΓ -semihypergroups. Also we
applied the rough set theory to these prime(m,n)
bi-Γ -hyperideals.

In our future study, the following topics may be
considered:

(i) Study on rough fuzzy Γ -hyperideals in
Γ -semihypergroups.

(ii) Study on rough fuzzy primeΓ -hyperideals inΓ -
semihypergroups.
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