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Abstract: In this research article, we give analytic approximate solution to the Sheassa Olver (STO) equation and exact solutions
to both the Schrodinger equation and the Telegraph equation. Also, thexappte analytical and exact solutions we present in this
paper are calculated in the form of power series with easily computablparents. The obtained results are in a good agreement with
the exact solutions. We present an algorithm called the Reduced Diftdréransform Method (RDTM) to find approximate solution
and we compare the results with the exact solutions. This method redgn#igantly the numerical computations compare with the
existing methods such as the perturbation technique, differential tramsfethod (DTM) and the Adomian decomposition method
(ADM).

Keywords: Reduced Differential Transform Method (RDTM), Sharma Tasso Id8&0) equation, Schrodinger equation, Telegraph
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1 Introduction solutions with high accuracy. In addition, M. Rawashdeh
[14] used the RDTM to find exact and approximate

: . . . solution for Gardner equation, Variant Nonlinear Water
There are many wave equations which are quite useful iRy,e equation (VNWW), and the Fifth-Order

physics and engineering. These equations are represent rteweg-de Vries (FKdV) equation. Finally, Abazari. R,

usually by linear and nonlinear PDEs and solving suchgianajizadeni6] used the RDTM to find approximate
equations is very important and sometime it is difficult to ¢ tions for the Kawahara Equations.

handle the nonlinear part of these PDEs. Many authors

appligd numerical methods to find solutions of these|, his paper, we apply the RDTM to the Sharma Tasso
equations and to name few of these methods: Theyyer (STO) equation which is a good example to show
Dlﬁergntlal Transform Method (DTM) 1,12, the  fisqion and fusion of the soliton solutions. The SOT was
Adomian Decomposition Method (ADM) 5[€], the  gy,gieq by many authors using different methods such as
V_arlatlonz_il Iteration Method (VIM) $'.11] _and the " hirota's direct method 17] and extended tanh method
sine—cosine metho®]. The RDTM was first introduced [10]. Also, A. M. Wazwaz [L0] found solitons and kinks

by Y. Keskin in his Ph.D.4]. This method based on the <. tions to the Sharma Tasso Olver equation.

use of the tr_aditiqnal DTM techniques. _Usually, a féW The standard form of the Sharma Tasso Olver equation
numbers of iteration needed of the series solution for[lo 17]is given by

numerical purposes with high accuracy.

3 3 2
The RDTM has been used by many authors to obtain U+ a (u), + 50 (U + Ao =0, 1)
analytical approximate and in some cases exact solutions
to nonlinear wave equations. Keskin and Oturah@,[3] wherea is a constant.
used the RDTM to solve linear and nonlinear wave
equations and they showed the effectiveness, and thi this paper, we present analytic approximate solution to
accuracy of the proposed method. Moreover, they showedtq.(1) and exact solutions for both Eq.(4) and Eq.(6).
that it takes only few iterations to get an approximate
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First, the Sharma Tasso Olver equation of the form:

3
Za(U?)yx+ QUgex = 0,

3
W+a (u’), + 5 2)
subject to the initial condition
1 1
=4/ —=tanh| 4/ =x|.
u(x,0) \/;tan (, / p x) 3
Second, the Schrodinger equation of the form:
U = iU, (4)
subject to the initial condition
u(x,0) = sinh(x), (5)
Third, the homogeneous Telegraph equation of the form:
Uk = Uyt — 20 — U, (6)
subject to the initial condition
u(x,0) =coshx) —1;  w(x,0) =1 7

In this work, the lowercase (x,t) represent the original
function while the uppercasdJy(x) stand for the
transformed function. Note that from the above
discussion, one can realize that the RDTM is derived
from the power series expansion.

Some basic operations of the reduced differential
transformation obtained from equatior® @nd @) are
given in the table below:

Table 1. Basic operations of the RDTM [1, 2, 3, 4]

Transformed form

U= 5 [ith u(x.t)} -

W (x) = aUy (x) £ BV (x), @ and are constants.
W) = 3K 0 Ui (Vi (9

Fk() = 510 3oV} (Vi 00 (9

Functional Form

u(x.t)
w(x.t)=au(x.t) + Bv(x,t)

w(x.t)
(xt)
w(xt) = %:Tu(x t) W (x) = @E"f)' Ukn(X)
w(xt) = %;Tu(x t) W (x) = %;'Uk(x)
w(x.t) = xTtMu(x,t) W () =xT0y (X
wixt) W09k, whered(en)={ - 1K
w(x.t):%mmu(x N Wk(x):%nrr {%:!L)!Uk-mw}

Remark. It is worth mentioning here that table 1 was
derived by Y. Keskin in his Ph.D4]. The proofs of theses
theorems are also available [

The rest of this paper is organized as follows: In Section

2, the reduced differential transform method

is
introduced. Section 3 is devoted to apply the RDTM to

Now, we illustrate the RDTM by using Eq.(1) in standard
form

three test problems to show the effectiveness of the

RDTM. In section 4, we present a table to show the

comparison between the approximate and exact solutions
using the RDTM. Section 5 discussion and conclusion ofwith initial conditions

this paper.

2 Analysis of the Method

In this section, we will give the methodology of the
RDTM. So let’s start with a function of two variables
u(x,t) which is analytic andk—times continuously
differentiable with respect to time and spacex in the

L (u(x,t)) +R(u(x,t)) + N (u(xt)) =0 (11)
U(X7 0) = f(X), UT(X’ O) = g(X), (12)
where L = <2 is a linear operator,

ot
N (u(x,t)) = o (u®)  + 3a(u?)x is the nonlinear term and
R(u(x,t)) is the remaining linear term.

Using the RDTM formulas in Table 1, we can derive the
following recursive relation:

domain of our interest. Assume we can represent this

function as a product of two single-variable functions

u(x, t) = f(x).g(t). From the definitions of the DTM, the
function can be represented as follows:

uxt) = (_iF(i)xi> (ioemti) :kfouux)tk ®)
i= = =

whereUy(x) is the transformed function af(x,t) which
can be defined as:

1ok
wwzmbwmﬂw. ©)
From equations8) and @) one can deduce
u(xt) = i = {ik u(x t)] t g Utk (10)
Lotk ot T &

(k+1)Uk(x) = R(Uk(x)) — N (Uk(x)) +Uk(x)  (13)

where, R(Uk(x)), Ux(x) and N(Uk(x)) are the
transformations of R(u(x,t)), u(x,t) and N (u(xt))
respectively.
Now from equation 12), we can write the initial
condition as:

Uo(x)

f(x); Ui(x) =g(x) (14)

To find all other iterations, we first substitute equatitb#) (
into equation £3) and then we find the values k(x).
Finally, we apply the inverse transformation to all values
{Uk(X) }r_, to obtain the approximate solution:

u(x,t) = kiuk(x)tk. (15)
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We continue in this manner and after a few iterations, the
wheren is the number of iterations we need to find the differential inverse transform ofUx(x) },_, Will provide

intended approximate solution. us with the following approximate solution:
Hence, the exact solution of our problem is given by o
u(x,t) = lim U (xt). u(xt) = zuk(x)tk

n—-co

= Uo(3) +U1(x)t +Ua () P + Uz ()3
3 Numerical Examples }tanh(z) f}sech2(2> %tz

2 4 4(1+ cosh(x))?
In this section, we apply the RDTM to three numerical _ i(cosh(x)—Z)sech“ (5) 3+
examples and then compare our approximate solutions to 48 2

the exact solutions to show the efficiency of the RDTM.
Hence, the approximate solution converges rapidly to the
exact solution and the exact solution of the problem is

3.1 Sharma Tasso Olver (STO) equation given byu(x,t) = lim Un (x.t).

First, consider the Sharma Tasso Olver (STO) equation: From figure 1 below one can observe that the values of
the approximate solution at different grid points obtained

by RDTM are very close to the values of the exact

3 2 _
U+ o (U7), + 50 (U + Olboc =0, (18)  solution with high accuracy with only five iterations and
) the accuracy increases as the order of approximation
whereaq is a constant. increases.

In the case whenr = 4, the STO becomes
Ut +4 (), + B6(U%)xx + Alhoo = 0, (17)

subject to the initial conditions

1 X -1 /X
u(x,0) = Etanh<§>; U (x,0) = Tsech <§>, (18)
F| g 1 The approximate, exact solutions and absolute error, ctisply for example 3.1 wher5 < x <5
and 0<t <0.01

where the exact solution is

1 X—t
u(x,t) = Stanh () (19)  Also figure 2 below shows the exact solution,
approximate solution ofu(x,t) for the values of
Applying the RDTM to (18) and (17), we obtain the x= -5 —3,3,5 andt = 0.02,0.04,0.06,08,0.1.
recursive relation

1 [, 03U

- ki
U1 = 77 (4 23 +4% (iZOz Ui,j(x)UJ(x)Ukii(x)>)
-6
(B o)

where the Uk(x), is the transform function of the
t—dimensional spectrum. Note that

Uo(x) = %tanh (g) D Ui(x) = 7flsech2 (g) . (21)

F| g 2: The approximate and exact solutions for example 3.1 wher: x < 5and 0<t < 0.1

Now, substitute Eq. (21) into Eqg. (20) to obtain the
following:

_ sinh(x)
U209 = greosni? 3.2 Schrodinger equation

- _1 _ 4 (X
Us(X) = — g (cosh(x) — 2)sectt (3) Consider the Schrodinger equation of the form:

(cosh(x)—5)tanh( % .
Ua(x) = —ngéz)~ U = 1Uxx, (22)
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subject to the initial condition

u(x,0) = sinh(x), (23)
where the exact solution is
u(x,t) = €'sinh(x). (24)

Applying the RDTM to (22) and (23), we obtain the
recursive relation

[ 92
Vst = (117 ) (2 U) . @9)
where thdJy(x), is the transform function of the
t—dimensional spectrum.
Uo(X) = sinh(x). (26)

Now, substitute Eq. (26) into Eq. (25) to obtain the
following:

U1(x) = isinh(x)

Uz (x) = 3sinh(x)

Us(x) = & sinh(x).

We continue in this manner and after a few iterations, th
differential inverse transform ofUx(x)},_, will provide
us with the following approximate solution:

u(xt) = kiuk(x)tk

= Up(X) + U1 ()t + U (x)t2 +- ...

2 i+3

= sinh(x) 4 itsinh(x) — %sinh(x) — % sinh(x) + ...
= (1+it - g - g +) sinh(x)

= é'sinh(x).
This is the exact solution of Eq. (22).

3.3 Telegraph equation

where thdJy(x), is the transform function of the
t—dimensional spectrum. Note that

Uo(x) =coshx) —1; Ui(x)=1. (31)

Now, substitute Eq. (30) into Eqg. (31) to obtain the
following:

= (32)

So after a few iterations, the differential inverse transfo
of {Uk(X)}o Will give the following approximate
solution:

u(x,t) = kiuk(x)tk

= Up(X) + U1 (X)t +Ua(X)t? + Ug(x)t3 + ...

2 3t
= cosh(x) — 1+t 54—%—1—24—
2 3
:cos}*(x)—(l—t+2 6+24+"'>
= coshix) —e .

This is an exact solution of Eq. (27).

€4 Tables of Numerical Calculations

In this section, we shall illustrate the accuracy and
efficiency of the RDTM. For this purpose, we can
evaluate the approximate solution using the 5th-order
approximation. Table 2 shows the exact solution, the
approximate solution and the absolute error obtained by
the RDTM. We must emphasize here only five iterations
was used for different values of andt, specifically,
x= —5,-3,3,5 andt = 0.002 0.004,0.006,0.01.

Table 2: Comparison of the absolute error of the solutions of the STO equagion b
RDTM
X

t
.002
.004
.006
.01
.002
004
.006
.01

RDTM Solution

—0.4933204320
—0.4933336888
—0.4933469195
—0.4933733027
—0.4526643984
—0.4527545066
—0.4528444519
—0.4530238543

Exact Solution

—0.4933204320
—0.4933336888
—0.4933469195
—0.4933733027
—0.4526643984
—0.4527545066
—0.4528444519
—0.4530238543

Abs-error-RDTM, n=5
55511151E 17
0

-5

0
55511151E 1/
0
55511151E 1/
55511151E 17
55511151E 1/

We consider the homogeneous Telegraph equation of th
form:

Uk = Ut — 2 — U, (27)
subject to the initial condition
u(x,0) = coshx) — 1;ut(x,0) = 1, (28)
where the exact solution

u(x,t) = coshx) —e™". (29)

Now, we apply the RDTM to Eq. (27) and Eqg. (28) we get

(

1

22Uy (%)
%20 g

Y @0

~2(k+ DUy (%) —Ukm)

.002 0.4524836916 0.4524836916 55511151E 1/

004 | 04523930926 04523930926 0
006 | 04523023296 04523023296 55511151E 1/
01 04521203101 04521203101 55511161E 17
5 002 | 04932938398 04932938398 0
004 | 04932805043 04932805043 0
.006 0.4932671424 0.4932671424 0
01 049324033948 049324033948 55511161E 17
5 Conclusion

In this paper, we applied the Reduced Differential
Transform Method (RDTM) to all three physical models,
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namely, the Sharma Tasso Olver (STO) equation, thdg11] A. M. Wazwaz, Partial Differential Equations: Methods and
Schrodinger equation and the Telegraph equation. We  Applications, Balkema, Leiden, (2002).

successfully found approximate solution for the STO and[12] B.  Soltanalizadeh,  Application  of  Differential
the results we obtained in example (3.1) were in excellent ~ Transformation Method for Numerical Analysis of
agreement with the exact solution. Also, we found exact ~ Kawahara Equation, Australian Journal of Basic and
solutions to the Schrodinger equation and the Telegraph _ Applied Sciences]2, 490-495 (2011).

equation. The RDTM introduces a significant [131B. bi. M. Bayram, Approximate Solutions for Some
improvement in the fields over existing techniques Nonlinear Evolutions Equations By Using The Reduced
because it takes less calculations and the number of lefe_rentlal Transf.orm Method, International Journal of
. o . Applied Mathematical ResearcB,, 288-302 (2012).
'theraftlon |s.Iess CorT:paLedé)g_lpl\tﬂher rfnethOdS'I My ?Oal In[14] M. Rawashdeh, Improved Approximate Solutions for
}DSE?#:; :':ri?esaﬁ]pgt;eref’:lreas oft;)Cié?]?:teIO:L?chng: g}ﬁﬁ)rgy, Nonlinear Evolutions Equations in Mathematical Physics

> . ; ) 2% ; Using the RDTM, Journal of Applied Mathematics and
Medicine and Engineering. There is no existing method in Bionorfomatics3, 1-14 (2013).

the literature that can give exact solution to fractional [15] M. Rawashdeh, Using the Reduced Differential Transform
PDEs, so finding approximate solutions is very important.  Method to Solve Nonlinear PDEs Arises in Biology and
Computations of this paper have been carried out using  Physics, World Applied Sciences Journ8l, 1037-1043
the computer package of Mathematica 7. (2013).
[16] R. Abazari, B. Soltanalizadeh, Reduced Differential
Transform Method and Its Application on Kawahara
6 Acknowledgement Equations, Thai Journal of Mathematicl, 199-216
(2013).
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