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Abstract: In this study, we derive the general expression for the entries of theqth integer powers for one type of complex skew circulant
matrices scircn(0,a,0,...,-b).

Keywords: Matrix power, skew-circulant matrix, chebyshev polynomial

1 Introduction

Pentadiagonal and skew circulant matrices as well as
tridiagonal and circulant matrices have a wide number of
applications in various fields of science such as
mechanics, image processing, mathematical chemistry,
etc.. In [1], there is an example about how we use
pentadiagonal and tridiagonal matrices in fluid
mechanics. The author says, ”For example, in fluid
mechanics which is a commonly used subject, the number
of meshes necessary to obtain reasonably good results is
at times expressible in millions. Powerful techniques were
developed to solve such systems. In the most common of
these methods, inverses of tridiagonal and pentadiagonal
matrices are encountered”. Circulant and skew circulant
matrices also arise in applications involving the discrete
Fourier transform and the study of cyclic codes for error
correction [2]. Solving some difference, differential and
delay differential equations, authors need to compute the
arbitrary positive integer powers of some special square
matrix. In [4-8], some authors have studied positive
integer powers for some types of circulant and skew
circulant matrices.

In this study, we derive the general expression ofqth

(q∈ Z
+) power for one type of complex skew circulant

matricesSn wheren∈ N andSn having the form

Sn = scircn(0,a,0, ...0,−b), (1)

=
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... b
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for any complex numbersa andb.
For the solution of this problem, we will use eigenvalue

decomposition;
Sn = GnDnG∗

n,

where ∗ denotes conjugate transpose,Gn are n × n
matrices which have entries

[Gn]k j =
1√
n

e
π(2 j−1)(k−1)

n i
, 1≤ k, j ≤ n,

and Dn are n× n matrices that can be written byDn =
diag(µ1 µ2 ... µn) where

µ j =
n

∑
k=1

cke
π(2 j−1)(k−1)

n i
, j = 1,2, ..., n.

In this formula, the constantsck (k= 1, ..., n) are
elements of skew circulant matricesSn [1]. Also, in [3]
thehth degree Chebyshev polynomials of the second kind
and the first kind{Uh(x)}h≥−1 and{Th(x)}h≥0 are given
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as follows, respectively:

Uh(x) =
sin((h+1)arccosx)

sin(arccosx)
, (2)

Th(x) = cos(h(arccosx)). (3)

2 General expression for the entries ofSq
n

In this part we give the general expression for entries ofSq
n

and we say that it is based on the eigenvalue decomposition
of Sn for all n∈ N. Theorem 2.1 and Theorem 2.2 provide
the general expression ofqth power(q∈ Z

+) for one type
of even and odd ordern×n the skew circulant matrices in
(1), in terms of the Chebyshev polynomials. Finally, two
numerical examples are given in section 3 for odd and even
n.

Theorem 2.1.Let Sn be ann×n complex skew circulant
matrix having the formscircn(0,a,0, ...,0,−b), n≥ 4 (n=
2t, t ∈ N). Fix q∈ N and 1≤ j,k ≤ n, then

[Sq
n]k j =

(1+(−1)q+k− j)
n

n
2

∑
m=1

[((a+b)λm+ i(a−b)β )q

×
(

T|k− j |(λm)+sign(k− j)iβU|k− j |−1(λm)
)]

,

whereλm=cosπ(2m−1)
n , βm =

√

1−λ 2
m 1 ≤ m≤ n

2 and
sign(x) denotes the signum function

sign(x) =







1 i f x > 0,
0 i f x = 0,
−1 i f x < 0,

.

Proof. By using theeigenvalue decomposition of Sn, the
entries of Sqn are written by

[Sq
n]k j = [GnDq

nG∗
n]k j =

n

∑
m=1

[Gn]kmµq
m

[

Gn
]

jm

=
1
n

n

∑
m=1

µq
me

π(2m−1)(k− j)
n i

, (4)

with

µm = (a+b)cosπ(2m−1)
n +(a−b)i sinπ(2m−1)

n . (5)

Also, it is seen that the eigenvalues of the skew circulant
matrix Sn provide µm = −µ n

2+m, m = 1,2,3, ..., n
2

equations. Therefore, the diagonal matricesDn are

Dn = diag
(

µ1,µ2, ...,µ n
2
,−µ1,−µ2, ...,−µ n

2

)

.

Furthermore,e
π(2( n

2+m)−1)(k− j)
n i = (−1)k− je

π(2m−1)(k− j)
n i for

all 1≤ m≤ n
2. Consequently,

[

Sq
n
]

k j can be expressed as

[Sq
n]k j =

1
n

n
2

∑
m=1

µq
me

π(2m−1)(k− j)
n i

+
1
n

n
2

∑
m=1

µq
n
2+me

π(2( n
2+m)−1)(k− j)

n i

=
1
n

n
2

∑
m=1

µq
me

π(2m−1)(k− j)
n i

+
1
n

n
2

∑
m=1

(−µm)
slq(−1)k− je

π(2m−1)(k− j)
n i

=
(1+(−1)q+k− j)

n

n
2

∑
m=1

(

(a+b)cosπ(2m−1)
n +

(a−b)i sinπ(2m−1)
n

)q
e

π(2m−1)(k− j)
n i

.

If λm = cosπ(2m−1)
n , so

λ n
2+m = cos

(2( n
2+m)−1)π

n = −cos(2m−1)π
n = −λm,

substituting these formulas at the last equation, the entries
of Sq

n are given as follows

[Sq
n]k j =

(1+(−1)q+k− j)
n

×
n
2

∑
m=1

(

(a+b)λm+ i(a−b)
√

1−λ 2
m

)q

×
(

cosπ(2m−1)(k− j)
n +i sin π(2m−1)(k− j)

n

)

. (6)

Taking into λm account from the equations (2) and (3),
following equations are obtained

T|k− j |(λm) = T|k− j |(cosπ(2m−1)
n )

= cosπ(2m−1)|k− j |
n = cosπ(2m−1)(k− j)

n ,

U|k− j |−1 (λm) =
sin π(2m−1)|k− j |

n

sin π(2m−1)
n

= sign(k− j)
sinπ(2m−1)(k− j)

n

sin π(2m−1)
n

.

If we sayβm=
√

1−λ 2
m for convenience and replace these

last values into (6), we devise

[Sq
n]k j =

(1+(−1)q+k− j)
n

n
2

∑
m=1

[((a+b)λm+ i(a−b)βm)
q

(

T|k− j |(λm)+sign(k− j)iβmU|k− j |−1(λm)
)]

.

This is desired.�

Theorem 2.2.Let Sn = scircn(0,a,0, ...,0,−b) be ann×
n (n= 2t +1, t ∈ N) the complex skew circulant matrix,
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λs=cos(2s−1)π
n and 1≤ s≤ n−1

2 . Then, for allq∈ N, and
1≤ j,k≤ n

[Sq
n]k j =

(−1)q+k− j (a+b)q

n + 1
n

n−1
2

∑
m=1

[((a+b)λ + iβ (a−b))q

×T|k− j |(λ )+iβsign(k− j)U|k− j |−1(λ )
+((a+b)λ − iβ (a−b))q

×
(

T|k− j |(λ )−iβsign(k− j)U|k− j |−1(λ )
)]

whereλ = λn+1−m andβ =
√

1−λ 2, sign(x) denotes the
signum function

sign(x) =







1 i f x > 0,
0 i f x = 0,
−1 i f x < 0.

Proof. It is performed similarly to proof of Theorem 2.1
by using the eigenvalue decomposition ofSn

[Sq
n]k j =

1
n

n

∑
m=1

µq
me

π(2m−1)(k− j)
n i (7)

with µm = (a + b)cosπ(2m−1)
n + (a − b)i sin π(2m−1)

n ,

m= 1,2, ...,n. But, we have used a different symmetry for
eigenvalues of the skew circulant matrices in (1). They
can be noted that

µm = µn+1−m, m= 1,2, . . . ,
n−1

2

and µ n+1
2

= −(a+ b) for all odd numbersn. Thus, the
diagonal matricesDn can be defined by

Dn = diag(µ1, . . . ,µ n−1
2
,µ n+1

2
,µ n−1

2
, . . . ,µ1).

Furthermore,e
π(2(n+1−m)−1)(k− j)

n i = e
−π(2m−1)(k− j)

n i for all m=
1,2, . . . , n−1

2 . Consequently,
[

Sq
n
]

k j can be expressed as

[Sq
n]k j =

1
n

n−1
2

∑
m=1

µq
me

π(2m−1)(k− j)
n i+

1
nµq

n+1
2

e
π(2( n+1

2 )−1)(k− j)
n i

+1
n

n

∑
m= n+3

2

µq
me

π(2m−1)(k− j)
n i

= 1
n

n−1
2

∑
m=1

µq
me

π(2m−1)(k− j)
n i

+1
n

n−1
2

∑
m=1

µq
me

−π(2m−1)(k− j)
n i

+1
n(−1)q+k− j(a+b)q

= (−1)q+k− j (a+b)q

n +L1+L2 (8)

where

L1 =
1
n

n−1
2

∑
m=1

µq
me

π(2m−1)(k− j)
n i

,

L2 =
1
n

n−1
2

∑
m=1

µq
me−

π(2m−1)(k− j)
n i

.

Since λs = cos(2s−1)π
n that is

λn+1−m = cos(2(n+1−m)−1)π
n = cos(2m−1)π

n = λm, by
substituting these formulas at the last two equations

L1 =
1
n

n−1
2

∑
m=1

((a+b)λ+i(a−b)β )q

×
(

cosπ(2m−1)(k− j)
n + i sin π(2m−1)(k− j)

n

)

,

L2 =
1
n

n−1
2

∑
m=1

((a+b)λ−i(a−b)β )q

×
(

cosπ(2m−1)(k− j)
n − i sin π(2m−1)(k− j)

n

)

where λ is used instead ofλm, and β =
√

1−λ 2 for
simplicity. Taking intoλm account from the equations (2)
and (3), they are as follows

T|k− j | (λm) = cosπ(2m−1)(k− j)
n ,

U|k− j |−1 (λm) = sign(k− j)
sinπ(2m−1)(k− j)

n

sin π(2m−1)
n

.

Taking these expressions into account, they

L1 =
1
n

n−1
2

∑
m=1

((a+b)λ+i(a−b)β )q

×
(

T|k− j |(λ )+iβsign(k− j)U|k− j |−1(λ )
)

,

L2 =
1
n

n−1
2

∑
m=1

((a+b)λ − i(a−b)β )q

×
(

T|k− j |(λ )−iβsign(k− j)U|k− j |−1(λ )
)

,

whereλ = λn+1−m= cos(2m−1)π
n andβ =

√
1−λ 2. If they

are written in equation (8), the result which we are looking
for are obtained.�

3 Numerical example

Let Sn be ann×n complex skew circulant matrix and soSq
n

is also skew circulant withq∈N (see [2]). As an example,
we can find anyqth positive integer power ofSn with n∈N.

In Theorem 2.1, if we taken= 4 then we attain
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18 F. KÖKEN: Positive Integer Powers for One Type of Skew...

Sq
4 = (scirc4(0,a,0,−b))q

= scirc4(γ1,γ2,γ3,γ4),

=







γ1 γ2 γ3 γ4
−γ4 γ1 γ2 γ3
−γ3 −γ4 γ1 γ2
−γ2 −γ3 −γ4 γ1







with

γ1 =
1+(−1)q

4 [vq+(−1)qvq] ,

γ2 =
1+(−1)q−1

4

[√
2

2 (1− i)vq+(−1)q+1
√

2
2 (1+ i)vq

]

,

γ3 =
1+(−1)q

4 [−i.vq+(−1)qi.vq] ,

γ4 =
1+(−1)q−1

4

[

−
√

2
2 (1+ i)vq+(−1)q

√
2

2 (1− i)vq
]

,

wherev=
√

2
2 ((a+b)+ i(a−b)) .

In Theorem 2.2, if we taken= 3 then we obtain

Sq
3 = (scirc3(0,a,−b))q

= scirc3(γ1,γ2,γ3),

=





γ1 γ2 γ3
−γ2 γ1 γ2
−γ3 −γ2 γ1





with

γ1 =
1
3 [(−1)q (a+b)+wq+wq] ,

γ2 =
1
3

[

(−1)q+1 (a+b)+ 1
2 (w

q+wq)− i
√

3
2 (wq−wq)

]

,

γ3 =
1
3

[

(−1)q (a+b)− 1
2 (w

q+wq)− i
√

3
2 (wq−wq)

]

,

wherew= (a+b)
2 +

√
3i(a−b)

2 .
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