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Abstract: Very recently, Jleli and Sameb3] and Samet et. al52] reported that some fixed point result in G-metric spaces can be
derived from the fixed point theorems in the setting of usual metric spratieis paper, we prove the existence and uniqueness of fixed
points of certain cyclic mappings in the context@imetric spaces that can not be obtained by usual fixed point resultchiaidees
used in p3,52]. We also give an example to illustrate our statements.
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1 Introduction usual metric spaces. In this paper, we prove the existence
and uniqueness of fixed points of certain cyclic mappings

The wide application potential of fixed point theory is the in the context of G-metric spaces which cannot be
main motivation of research activities in this field. The obtained from usual fixed point results via the techniques
theoretical studies are advancing in two main directionsiused in p3,52. We also improve some existing
one of them is related with the attempts to generalize thestatements regarding these two topics. For the sake of
contractive conditions on the maps and thus, weakercompleteness, we will state the basic definitions and
them; the other with the attempts to generalize the spacerucial results that we need throughout the paper.
on which these contractions are defined. Among the Cyclic maps have been first introduced by
results in the first direction one can mention cyclic Kirk-Srinavasan-Veeramani2g] in 2003 together with
contractions, almost contractions, non-expansive andhe concept of best proximity points. The main advantage
expansive maps 3[4,28,29,30,31,32,33,34,37,50]. In of cyclic maps is that they do not need be continuous.
the second direction some of the most extensively studiedifter this first article, best proximity theorems and, in
fields are the cone metric spaces, partial metric spaceparticular, the fixed point theorems in the context of
and G-metric spaced,2,6,7,8,9,10,12,15,16,17,20,21, cyclic mapping have been studied extensively (see, e.g.,
39,40]. There is also a rapidly growing interest in studies [30,31,32,33,34,35,36,37,38,41,42,43,44,45|.
combining the two directionslfl,13,18,19,22,23 24,25,
26,27,36,51]. Definition 1.Let X be a nonempty set and IeHUEn:lAj

The concepts of G-metric spaces and cyclic where{Aj}rj“:1 is a family of nonempty subsets of X. A map
contractions, more specifically, various types of cyclic T:Y — Y is called cyclic map if
contractions on G-metric spaces have been investigated in
the past few years?p,36]. On the other hand, recently, T(A) CAj+1, j=1,..m where Avp1=A1. (1)
Jleli and Sametq3] and Samet et. al.52] proved that
some fixed point result in G-metric spaces can be easily The conceptG-metric spaces introduced by Mustafa
deduced from their analogs in usual metric spacesand Sims §] is actually an improvement of the concept
However, this is not possible in general, that is, not all theof D-metric spaces defined i89)],[40]. G-metrics ands-
results in G-metric spaces can be derived from those irmetric spaces have been thoroughly studied so far. Basic
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notions including the definition and properties®imetric ~ Proposition 2(See f]). Let (X,G) be a G-metric space.
are listed below. The following statements are equivalent:

(1) the sequencéx,} is G-Cauchy,

(2) for any € > 0, there exists Ne N such that
G(Xn, Xm, Xm) < &, for allm,n> N.

Definition 2.(See B]). Let X be a non-empty set,
G: X xXxX — Rt be a function satisfying the
following properties :

(G1)G(x,y,2) =0ifx =y =z, Definition 5.(See B]). A G-metric spacéX,G) is called
(G2) 0< G(x,x,y) for all x,y € X with x#£'y, G-complete if every G-Cauchy sequence is G-convergent
(G3)G(x,x,y) < G(x,y,2) for all x,y,z€ X with y#£ z, in (X,G).

(G4) G(x.Y,2) = G(x.2y) = G(y,ZX) =+ (symmetry in - _ _

all three variables), Definition 6.Let (X_, G) l_Je a G-metr_|c space. A mapping
(G5) G(xy.z2) < G(xaa) + G(ayz (rectangle F : X x X x X — X is said to be continuous if for any Fhree
inequality) for all xy,z,a € X. G-convergent sequencgs,}, {yn} and{zn} converging

Then the function G is called a generalized metric, or 0 X, y and z respectivelyF (xn, ¥n, Zn)} is G-convergent
a G-metric on X, and the paitX,G) is called a G-metric 10 F(xy.2).

space. Every G-metric onX generates a topologss on X with

It can be easily shown that eve@-metric on X  base a family of oper-balls {Bs(x,€),x € X,& > 0},

induces a metridg on X defined by wherch;\(x, g)={ye X7G&<, y,y))(<_ €}Gf0f ?” Xs X anhd
€ > 0. A non-empty setA C X is G- closed in the
do(xy) = G(x.y,y) +G(y,x.x), forall x,y € X. (@) G-metric spacéX,G) if A= Awhere
The following trivial examples give a better idea about _
the notion ofG-metrics: X€ A<= Bs(x,€)NAF#D,
Example 1Let (X,d) be a metric space. The function forall € > 0.

G XXX x X [0, +e0), defined by Proposition 3(See e.g. 36]) Let (X,G) be a G-metric

G(x,Y,2) = max{d(x,y),d(y,z),d(z,X)}, space and A be a nonempty subset of X. The set A is
G-closed if for any G-convergent sequeregg} in A with
for all x,y,z € X, is aG-metric onX. limit x, we have x A.
Example 2See e.g.§]) Let X = [0, ). The function The celebrated Banach Contraction Principle (&e [
G: X x X x X — [0,4), defined by in the context ofG-metric spaces has been stateddhds
follows:

G(x,y,z)z|x—y|+\y—z\+|z—x|, .
. ] Theorem 1(See P]) Let (X,G) be a complete G-metric
for all x,y,z€ X, is aG-metric onX. space and T X — X be a mapping satisfying the following

The following basic topological concepts @metric condition for all xy,z€ X:

spaces have also been defined by Mustafa and &mns [ G(Tx Ty, T2) < kG(x,y,2) 3)

Definition 3.(See p]). Let(X,G) be a G-metric space, and
let {x,} be a sequence of points of X. The sequehgaé
is said to be G-convergent toxX if

where ke [0,1). Then T has a unique fixed point.

A particular case of Theorethis given below.

(X, %n, Xm) = 0, Theorem 2(See P]) Let (X,G) be a complete G-metric
space and T X — X be a mapping satisfying the following

that is, if for anye > 0, there exists Nc N such that condition for all xy € X:

G(X,Xn, Xm) < €, for all n,m> N. We call x the limit of the

sequence and writg,x— x or nirﬂmxn =X. G(Tx Ty, Ty) <KG(x,y,y), 4)

Iim G
n,m-— o0

Proposition 1(See B]). Let (X,G) be a G-metric space. where ke [0,1). Then T has a unique fixed point.

The following statements are equivalent: RemarkObserve that the condition3) implies the
(1) {Xn} is G-convergent to x, condition @). However, the converse is not true unless
(2) G(Xn,Xn,X) — 0 a@s n— +oo, ke [0,3) (see 10] for details).

(3) G(%n,%,X) — 0 as n— +oo,

(4) G(Xn, Xm,X) — 0as nm— +oo, Lemma 1[9] For a G-metric G defined on a set X, the

I ) following inequality holds
Definition 4.(See p]). Let (X,G) be a G-metric space. A

sequenceXx,} is called a G-Cauchy sequence if, for any G(x,y,y) = G(Y,Y,X) < G(Y,X,X) + G(X,Y,X) = 2G(Y, X, X),

€ > 0, there exists Nt N such that Gxn, Xm, X ) < € for all (5)
m,n,| > N, that is, GXy,Xm,% ) — 0as nm,| — +co. forall x,y € X.
@© 2014 NSP
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One of the attempts to improve the contractive Theorem 5Let (X,G) be a G-complete G-metric spaces

condition on a map is the so-called weak contraction
introduced by Alber and Guerre-DelabriedT].
AmapT : X — X on a metric spacéX,d) is called

a weakg-contraction if there exists a strictly increasing

function @ : [0,0) — [0, ) with ¢(0) = 0 such that

d(Tx Ty) <d(x,y) — @(d(x,y)),

for all x,y € X. It is worth to mention that these types of

and{A;}., be a family of nonempty G-closed subsets of
m

XwithY= | JAj. Let T:Y =Y be a map satisfying
j=1
T(A) €A1, j=1,2,...,m where Ay.1 =A. (11)
Suppose that there exist functiopand y satisfying

wa(p:[07°°]—>[0’°°]a W(t):¢(t):0<:>t:07

contractions have also been a subject of considerablgj is continuous and nondecreasingp is lower

interest(see e.g4[.,48,49,50)).

semi-continuous for which the map T satisfies the

Some very recent results regarding cyclic maps ONinequality

G-metric spaces are given i86,54]. In [36], the authors

discussed two types cyclic contractions: cyclic type W(G(TxTy,Ty)) <@(M(Xy,y)) —@(M(X.y,y))

Banach contractions and cyclic weag-contractions.
Their main results are listed below.

Denote the set of continuous
@ : [0,00) — [0,) with @(0) =0 and¢(t) >0 fort >0
by &.

Theorem 3Let (X,G) be a G-complete G-metric space
and {A| }’j“:l be a family of nonempty G-closed subsets of

XwithY = UT:lAj' LetT:Y — Y be a map satisfying

T(Aj) CAj41, j=1,...m where A1 =A1.  (6)

Suppose that there exists a functipre ¥ such that the
map T satisfies the inequality

G(TX,Ty,TZ) < M(vaaz)i(p(M(vavz)) (7)
forallx e Ajandyze Aj 1, j=1,...mwhere
M(x.y,2)
=max{G(x,y,2),G(x, Tx Tx),G(y, Ty, Ty),G(z Tz T2)}.

(8)

Then T has a unique fixed pointifL,A;.

As a particular case of Theore® authors presented
the following result B6].

Theorem 4(See B6]) Let (X,G) be a G-complete
G-metric space anc{Aj}E“:1 be a family of nonempty
G-closed subsets of X. Letélu?‘zlAj and T:Y —Y be
a map satisfying

T(A) CAj41, j=1,...m where App1=A1.  (9)
If there exists ke (0, 1) such that
G(Tx Ty, T2 <kG(xy,2) (10)

holds for all xe Ajandyz€ Aj;1, j=1,...mthen, T has
a unique fixed point im{_,A;.

[36]. We next give their result.

functions

(12)

forall x € Aj and ye Ajy1,j =1,2,...,m where

M(X,y,y) = maX{G(X,y,y),G(x,TxTX),G(y,Ty,Ty),
G(X,Y,TX), [2G(x, Ty, Ty) + G(y, TX TX)],
1[G(x, Ty, Ty) +2G(y,Tx,TX)]}.

(13)
Then T has a unique fixed pointifL A;.

The aim of this paper is to generalize the results
regarding cyclic contractions da-metric spaces reported
so far.

2 Main Results

In our discussion we will need some sets of auxiliary
functions which are defined below.

Let.# denote all functiong : [0,c) — [0, ) such that
f(t) =0if and only ift = 0. Let¥ and @ be the subsets
of % such that

Y ={y € Z : yis continuous and nondecreasjng
® ={pc .7 : @islower semi-continuoys

The following results are needed in the proof of the main
theorem.

Lemma 2Let (X,G) be a G-complete G-metric spaces
and{x,} be a sequence in X such thatg, Xn+1,Xn+1) IS
nonincreasing and

lim G(Xq, X X =0.
Nesoo ( n, Xn+1, n+l)

(14)

If {xn} is not a Cauchy sequence, then there existsO
and two sequencdsy } and{¢x} of positive integers such
that the following sequences have the same linais k—

w:
k) %n(k)) > LG Xk Xe(k)» X)) 3

1+1) 1> LG (Xn(k)+1> Xe(k)» Xek) ) }
)5 %n(k) }> LG (X Xe(k)—1- Xe () —1)
K)+1 Xn(k)+1) LG Xn(k)+1» Xe(0 -1 Xe(ko—1) 1
) ( (

(15)
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ProofSince {x,} is not G-Cauchy then, according to On the other hand, the inequalities

Proposition2 there existg > 0 and subsequencéa(k) }
and{¢(k)} of N such than(k) > ¢(k) > k for which

(k) > &,

G(Xe(k) s Xn(l) s X i

(k) = € andG(Xn k), Xe (K), X¢

where n(k) > ¢(k) are chosen as the smallest integers

satisfying (L6), that is,

G(Xe(k)» Xn(k)—1 Xn(k) 1) < € and an
G(Xn(k)» Xe(k)—15 Xe(k)—1) <

From the rectangle inequalitys5) and (L6),(17) we have

€ < G(Xe(i) s Xn(k)» Xn(k)) < G(Xe(i)» Xk — 1, Xn(k)—1)
+G(Xn(k)—15 Xn(k)» Xn(k))
< €+ G(Xn(k)—15 Xn(k) s Xn(k) )+
(18)
and

€ < G(Xn(k)» Xe(k) Xei)) < G(Xn(io)» Xe(k)—15 Xe(k)—1)
+G(Xe(k)—1> Xe(k) » Xe(k))
< &+ G(Xe(k) -1, Xe(k) s Xe(k)) -
(19)
Lettingk — o in (18) ,(19) and making use ofld) we
get

1im G(Xu(, Xn() s Xn(k) = €- (20)
and
lim G0, Xeqhy X)) = €. (21)
We next notice that
G(Xg(k)» Xn(k)> X)) < G(Xe(ie) s Xn(k)+1> Xn(k)+1) 22)
+ G(Xn(k)+15 Xn(k)» Xn(k) )
and
G(Xg(k)» Xn(k)+1 Xn(k)+1) < G(Xe(k)» Xn(k) s Xn(k))
+ G(%n(k)» Xn(k)+1axn(k)+1)-
(23)
Taking limit ask — o and using 14) and Q0), we obtain
Nim G(Xw) Xn(k+1: Xk +1) = €- (24)
By similar arguments we have
G(Xn(i) s Xe(k)» Xe(k)) < G(Xncio)s Xn(k)+1axn(k)+1) (25)
+ G(Xn(k)+1> Xe(k)> Xe(k) ) »
and
G(Xn(k)+1> Xe(k) Xe(k)) < G(Xn(k)+1, Xn(k) » Xn(k)) (26)

+ G(Xn(k)» Xe(k) s Xe(k))-

Taking limit ask — o and using 14) and 1), we deduce

im G(Xn(k)+1, Xe(k)» Xe()) = €- (27)

k—ro0

G(Xg(k)—1>Xn(k) s Xn(k)) < G(Xe(k)—15 Xe(ky» Xe(k)) (28)
+ G(Xe(i) s Xn(k) s Xn(k) )
and
G(X¢(k)» Xn(k)> X)) < G(Xe(ie) Xé(k) 17Xz<k)—1) (29)
+ G(Xg(k)—15 Xn(k)> Xn(k) )
will give
lim G012, Xa(k Xn(ky) = €- (30)

upon lettingk — « and using 1{4) and @0). By using
rectangle inequality again we observe that

G(Xn(k)s Xe(k)— 15 Xe(k) 1) < GXn(ky» Xe(ky Xe(k))
+ G(Xe() Xe(k)—15Xe(k)~1)

(31)
and
G(Xn(k) s Xe(k)» Xe(ky) < GXn()» Xe(k)—15 Xe(k)—1) (32)
+ G(Xe(o -1, Xe(k) s Xe(k))-
Therefore
| =
lim G X -1:Xe-1) = € (33)

follows from (14) and @1). Repeated application ¢G5)
results in

G(Xg(k=1)> Xn(k)+1- ¥n(k)+1) < G(Xe(k—1), Xe(k)» Xe(k))
+ G(Xy(k)» Xn(k)» Xn(k))
+ G(Xn(k)» Xn(k)+15 Xn(k) + 1)

(34)
and
G(Xy(k)» Xn(k)» Xn(k)) < G(Xe(ro)» Xe(k—1)> Xe(k—1))
+ G(X(k-1)»%n k+1axn(k)+l) (35)
+ G(Xn(k)+1>xn k)» )
As k — o we have
Nim G(X) -1, Xn(k+1: % +1) = € (36)

due to (L4) and @0). Next, observe that

G(Xn(k)+1) Xe(k)— 15 Xe(k)—1) < G(Xn(k)+1)s Xn(k) s Xn(k))

(37)
and
G(Xn(k)» Xe(k) s Xe(ky) < G(Xn(k) s Xn(k)+1)» Xn(k)+1))
+ G(Xn(k)+1)» Xe(k)+1- Xe(ky+1)  (38)
+ G(Xg(k) 1, Xe(k)» Xe(k) ) -
Lettingk — o and using 14) and 1), we obtain
lim G(Xn(k)+1, Xe(k) -1 Xe(k)—1) = €. (39)

k—co

© 2014 NSP
Natural Sciences Publishing Cor.

: Cyclic Contractions and Related Fixed Point Theorems...



Appl. Math. Inf. Sci.8, No. 4, 1541-1551 (2014)www.naturalspublishing.com/Journals.asp

1545

N SS ¥

Now we consider the inequalities

G(Xn(k)+1)s Xe(k) -1 Xe(k)-1) < GXn(k)+1)» Xe(k)+2> Xe(k)+2)
+ G(Xe(k)+25 Xe(k)+1 Xe(k)+1
+ G(Xe(k)+1 Xe(k)» Xe(k))
+ G(Xe(k)» Xe(k)—15 Xe(k)—1

(40)
and
G(Xn(k)+1)> Xe(k)+25 X (k) +2) < G(Xn(i)+1)5 Xe (-1 X(k)—1)
+ G(Xek—1), Xe(k) Xe(k))
+ G(X¢(k)» X +1,Xz<k)
G(Xe(k) +17Xz

K)+1 Xe(k)+2)-
(41

which together with 14) and 0) imply that

lim GO +1)» Xe(ky+2: X +2) = €- (42)
Finally, from
G(Xe(k)—1)> Xn(k)+1> ¥n(k)+1) < G(X/(k) 1) Xe(k)» Xe(k))
+ (Xe(k)7X +1»X€(k)+1)
+ G(Xg(k) 1, Xe(k) +2: Xe(k)+2)
+ G(Xé(k)+Za K)+1> Xn(l)+1)
(43
and
G(Xg(k)+2)» Xn(k)+1 Xn(k)+1) < G(Xe(k)+2)» Xe(k)+1> Xe(k)+1)
+ G(Xe(k)+1 Xe(k) s Xe(k))
4 G(Xe(i) s Xe(k)—15 Xe(k) -1
+ G(Xe(k)—1, Xn(k)

K)+1> Xn(k)+1)
(44
we conclude by usingld) and @1) that
Jim G(Xu()+2: Xn(+1): Xn(k+2)) = €- (45)

This comlpetes the proof of the Lemma.

The main result is stated next.

m
Then T has a unique fixed point ﬂ Aj.
j=1

Proof First we consider the existence part. To show the

existence of a fixed point of the map we pick an
arbitrary Xo € A1 and construct the sequende,} as
follows:

:Txnfl7 n:172537"' . (49)

SinceT is cyclic, we havexy € A1, X1 = TXg € Ap, X2 =
Tx1 € Az, If Xny+1 = Xn, fOr someng € N, then clearly
Xn, 1S the fixed point ofT. Assume thak, 1 # X, for all
n € N. Setx = X, andy = xn41 in the inequality 47) to
obtain

W(G(T)ﬁmTZXnaT)‘iwl)) = Y(G(Xnt1,Xn+2,%Xn42))
< P(M(Xn, Xn+1,%n+1))
- (P(M(menJrlaXnJrl))’

(50)

where

M (Xn, Xn+1,Xn+1) = maX{G(Xn7Xn+1,Xn+l) G(xn,TXn TX),
G(Xn+17TXn+1-,TXn+1)7G(XmTXn XI’H—l)a ZG(XnaT Xn, T Xnt1),
?G(an,Tan,wa), 3G (X1, T2, TXos1),
%[G Xn7TXn+17T>h+l)+G(Xn+17TXn Tx)]

3G (%, T2, TXar1) + G(Xn+1, TXn, TX0)]}

= max{G(Xn, Xn+1,%n+1), G(%n. Xn+17Xn+l)
G(Xn+l7xn+27xn+2)-,G(Xn Xt 1 Xn41) s 3G (Xns X2, Xn2),
lG(Xn+1,Xn+2>)(n+1)7 QG(Xn+1,Xn+2,Xn+2)

5[G(%n, Xn 12, %n+2) + G(Xn 11, %11, X1 1)],

3[G(%n, X2, Xn4-2) + G(Xn+1, X1, Xn v 1))}

= max{G(Xn, Xn+1,Xn+1), G(Xn+1, Xn+2,Xn42) }- (51)
51
If M(Xn, Xn+1,%011) = G(Xn+1,%ni2,%n12), then 60)

becomes

Y(G(Xnr1:Xnr2:Xn+2)) < W(G(Xns1,Xn42,%n+2)) (52)

Theorem 6Let (X,G) be a G-complete G-metric space
= Q(G(Xnt1, Xn+2, Xn+2))-

and {Aj}]" =1k be a family of nonempty G-closed subsets of

X withY = U Aj.LetT:Y —Y be a map satisfying This yields @(G(Xn11,%n12,%n+2)) = 0 and we conclude
j=1 that

G(Xn+1,%n42,%n42) = 0,

T(A) CA41, j=1,2,...,m where Ay.1 =A1. (46)

which contradicts the assumptien = x,.1 forall n € N.

Suppose that there exist functiops @ and ¢ € W such Hence, we should have

that the map T satisfies the inequality

WG(TXT2TY) < WM(x,y,) — (M M0 X041, %011) = GO X1 X0e). (53)

(x.y,y)) (47)

forallx € Ajand ye Aj1,] =1,2,...,m where In this case the inequalitp() turns into
M(X,Y,y) = max{G(x,y,y),G(x,Tx,Tx),G(y,Ty,Ty), W(G(Xn+1,Xn+2,Xn+2)) < ¢((§((Xn7xn+1vxn+1)))) 54
— O(G(%n, Xn+1,%n+1 54
G(XvTX7y)a %G(Xaszv Ty)7 %G(yv Ty7TX)7 < W(G(Xn,xn+1,xn+1)).

3G, T2, Ty), 3[G(x Ty, Ty) + G(y, TX TX)],
1 2 Sincey € ¥, then {G(xn,Xn+1,%n+1)} iS @ nonnegative,
2[COCTXTY) + Gy, TX TX)] non-increasing sequence that converges to dom®. To

(48) show thatL = 0 we assume the contrary, that is;> 0.
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Taking limsup,_, | ,, in (54) we obtain

n—+00

< limsup (G(Xn, Xn4+1, Xn+1))

oo
—liminf @(G(xn, Xnt1,%11))

<I|msuleJ( (X0, Xn11,%n+1))-

N——+o0

lim supy (G (Xn+1, Xn+2,%12))
)

(55)

Taking into account the continuity o and the lower
semi-continuity ofgp we deduce

YL) <L) —o(L). (56)
which impliesg(L) = 0, and hencd, = 0. Thus,
rllmoG(Xn7Xn+1axn+1) =0. (57)

Regarding Lemma with X = X, andy = x,_1 we note that

G(Xn, Xn—1,%n-1) < 2G(Xn—1,%n, %n), (58)

which gives

lim G(Xn,%n—1,%1-1) = 0. (59)
n—oo

Next, we shall show thafx,} is a G-Cauchy sequence in
(X,G). Assume that{x,} is not G-Cauchy. Then, by the
Proposition 2 there existse > 0 and corresponding
subsequences{n(k)} and {/(k)} of N satisfying
n(k) > £(k) > k for which

G(Xg(k)» Xn(k)> Xn(k)) = &, (60)

where n(k) is chosen as the smallest integer satisfying

(60), that is,
G(X¢(k)» Xn(k) -1 Xn(k)—1) < E- (61)

By (60),(61) and the rectangle inequalitys5), it is easy
to see that

€ < G(Xg(ky» Xn(k)» Xn(k))
< G(Xg(k)» Xn(k)— 1 Xn(k)—1) + G(Xn(k)—15 Xn(k) s Xn(k) )
< &+ G(Xn(k)—1> Xn(k) s Xn(k))
(62)
Lettingk — o0 in (62) and using %7) we get
1im G0k Xn(k) Xn(k)) = €- (63)

Observe that for everlt € N we can finds(k) satisfying
0 < s(k) < msuch that

n(k) — ¢(k) +s(k) = 1(m). (64)

Then, for large enough values bfve haver (k)

s(k) > 0 andx; (k) andxy)

= /(k) —
lie in the adjacent set&; and

Aj+1 respectively for some & j < m. If we setx = x;
andy = Xy in (47), we obtain

W(G(T Xk, T (1> THaig)) < WM (% Xn(k)axn(k)))
- @

(M (Xr() n(k)>%n (k)
(65)
where
M (X (k) » Xn(k) ) {G(Xr s Xn(k)s Xn(k) )
G(Xr(k)aTXr % (k) )7 (Xn( K T X(k)
G(Xr (k) T%( )),% (X ( T Xr s TXa(k))s
3G (Xn(k)» TXn k))a% ( T Xr() Txn( )5
5[G(% (k) TXn Xa(k)) + ( TXr )],
3G (% (), T (g Xnk)) G(Xn ( )}
= max{ G(X k) Xn )s%n(k))» G (Xr( K X ()1 X (K)+1) 5
G(Xn(k)» Xn(k)+1a 1) G(Xr (k) » X (k)15 Xn(k) )

%G(Xr(k)7xr(k)+2a +1), i
5G(Xn(k)> Xn(k) +1»Xr +1)5 3G (Xn(k) s X (k) +2: Xn(k)+1)
’[G(Xr(k)axn( K)-+15 Xn l)+ ( aXr +17Xr l)]

)

3G (% () X () +2>Xn +1) F G%n(k)» Xr (k)10 Xr (k)+2)] -
(66)

Repeated application of the rectangle inequaliG5)
results in

NN

1im G (k) Xn(k) Xn(k)) = €- (67)
On the other hand,
lk![gog(xr(k),Xr(k)+17Xr(k>+1) i 8, ©8)
Jm (Xn(k)» Xn(k)+1> Xn(k)+1) =
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In addition, from the rectangle inequalitg5s) it follows
that

G(Xr (k) » X () +1> Xn(k))

+IA
nJa)e)

[G(X (k) Xr (K)+1 X (K)+1)
K)+1> Xr (K)+2> Xr (k)+2)
K)+2> Xr (K)+-25 Xn(k) 1) ]

3G (X (k) X (k)20 Xn(k) +1)

+ + IA
o QONI
o)
L~ XX

£ (K)+ 1> Xn(k)+1> Xn(k))
K)+1> X (k) Xr (k))
Xn(k)+15 Xn(k)+1
+15 Xn(K)+ 1> Xn(k) )]

5G(Xn(k)» Xn(k)+1- X (k) +1)

NN
Q)

Kk
Kk

+ +IA
faJo)
XX

[)

(Xn
k) <+
K)+15 Xr (k
k)25 Xr (

X (k)
17Xr(k)+l)
K)+2> % (K)+2)
K)+2> Xn(k)+1)]»

$G(Xn(k)» X (k) +2: Xn(k) +1)

+ 4 +IA
XXX
b xZ=
X=X

X

k) X (k)10 X (k) +1)]

(k) Xn(k)+ 1> Xn(k)+1)
k) Xr (K)> X (k)

K X (K)+10 Xr (k) +1) s

3 (G (X (ky Xn(k) + 1> Xn(k) 1)

@
0

+ 4 IA +
G)G)N\HO OG)OI\)H—‘
XX

X XXz

(K)+1oXr (k) +1)]

s X ()41 X (K)+1)
X

X

x

3G (X (k) X (k)25 Xn(k)+1) )

k

o
Es

K r(K)+25> Xr (K)+2

X (k)+25 Xn(k)+1)

K% (k)

)+ % (k)+1)]-
(69)

Passing to the limit ak — o in (69) and using Lemma,

as well as 67) and @8, we end up with

de(X“k)’Xn(k)’Xn(k)) = &. Thus we have

+
=

)

=
faRan
N

+

+ 4+ IA A+
Q0O ONQ

EF
=
5%

Y(e) < Y(e)—o(e), (70)
which implies @(¢) = 0. We conclude thate = 0.
However, this contradicts the assumption theat} is not
G-Cauchy. Hence, the sequenpe } is G-Cauchy. Since

(X,G) is G-complete, it isG-convergent to a limit, say
m

w € X. It easy to see that € () Aj. Indeed, ifxo € Ay,
j=1
then the subsequen¢g,_1)};_; € A1, the subsequence
{Xmn-1)+1}n-1 € A2 and continuing in this way, the
subsequence {Xmn-1)th-1 € Am. All the above
subsequences a@-convergent in theG-closed setsh|
m

and hence, they all converge to the same lim# ﬂ Aj.
j=1

We next show that the limitv is the fixed point ofT, that

is, w=Tw. We employ again47) with X = xn,y = w.

This results in

W(G(T X, T2Xn, TW)) < (M (X0, W, W)) — (p(M(Xn’W’\é%
where
M (Xn, W, W) =
max{ G(Xn, W, w) G(%n, TXn, TXn), G(W, Tw, Tw),
G(%n, T %0, W), 3G (Xn, T2, TW), 72)

%G(W TWTXn) 2G(W, T2%,, Tw),
%[G(xn,Tw L TW) + G(W, TXq, TX)],
5(G(%n, T2, TW) + G(W, Txn, Txn)] }

Using Lemmal and taking limsup as — o, we get

YGWTwTw)) < P(G(w, Tw Tw)) — (G(w, Tw, Tw)).
(73)
Theng((G(w, Tw, Tw))) =0 and hencez(w, Tw, Tw) =0,

that is,w=Tw

We prove next the uniqueness part of the theorem. Let

v € X be another fixed point of such thatv # w. Then,
m

bothv andw belong toﬂ Aj. Settingx = v andy =w in
j=1
(47) results in

YG(TUTA,TW)) <YMV, ww)) — @M (v, w,w)),
(74)
where
M (v, w, w) =

max{ G(v,w,w),G(v, TV, TV),G(w, Tw, Tw),G(v, Tv,w),
%G(V,TZV, Tw), 3G(W, Tw TV), 3G(w, T2y, Tw),

3GV, TwTw) +G(w, TV TV)],

LG T2u Tw) + G Tu TV}

(75)
On the other hand, setting=w andy = vin (47) gives
YGTWTAWTV)) < P(MWV,V)) — @(M(W V),
(76
where
M(w,V,v) =

max{G(w, v, v), G(w, Tw, Tw), G(v, TV, Tv), G(w, Tw, V),

G, T2w, Tv), 3G(v, TV Tw), 1G(v, T2, Tv),

LG TV TY) + G TwTw),

L[Gw T2WTY) + Gy Tw Tw)]}

(77)

Now, if G(v,w,w) = G(w,v,V) thenv = w. Note that the
Definition 2 of the induced metric implieslg(v,w) = 0
and hencey = w. If G(v,w,w) > G(w,V,v) then by {5)
M(v,w,w) = G(v,w,w) and regardingq4) we get

Y(G(v,ww)) < P(G(v,w,w)) — @((G(v,w,w))), (78)
so thatG(v,w,w) = 0. We conclude that = w. On the
other hand, if G(w,v,v) > G(v,w,w) then by {7)
M(w,v,v) = G(w,v,v) and by 76),

W(G(W3V7V)) < W(G(\Na\/)\/)) - (p(G(\N,V,V)), (79)

from which we deduceG(w,v,v) = 0. Hence,v = w.
Therefore, the fixed point df is unique.
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The following example helps to illustrate Theorém

Example 3.et X = [—1,1] and the functiorG : X x X x
X — [0, ) defined as
G(xy,2) = [x=y|+|y—2+[z—X, (80)

—X
be aG-metric onX.LetT : X — X be given asT x= —

Let A=[-1,0] atndB: [0,1]. Define alsog : [0, 00 )8t—>
[0,00) as @(t) = 3 and g : [0,c0) — [0,00) asy(t) = >

Clearly, the maf@ has a unique fixed point= 0 ANB.
It is easy to see that the mapsatisfies the conditiord{).
Indeed,

G(Tx T, Ty) = [Tx— T2x\+|T2x Ty|+\Ty Tx|

=15 - m gt g5

) 64 8

x|+ [x+8y| + 8x— Y]

o 64 ’

(81)
which yields
9|x| + [x+ 8y| + 8|x —

W(G(TX T2, Ty)) = PEXEHTBXY] g

128

Note also that

M(X,y,y) = max{|x—y| + |y —y| + [y —X],
X=TX+|TX=TX+|TX=xX|,|y—Ty|+|Ty— Tyl
HTy=y, X=TX +|Tx=y|+|y—X,

[IX=T2x|+ |T?X—Tyi +[Ty—x]],

[y =Tyl +[Ty—TX +[Tx—y]],

[ly—T2X| + | T?x—Ty|+ [Ty—yl],
[X=Ty|+[Ty—Ty|+|Ty—X|

+Yy=TX +|Tx=TxX +|Tx—yl,

NN EFEN N

S[IX=T2X + [T =Ty + [Ty —X|
+HYy=TX+[Tx=TX+|Tx-Vl|]}

9x| 9ly| 9lx —X—8
= max(2ix—yl, 204 W X [y
1763x  [8y+x  |—8—yl
2| 64 64 8 |’
179y, [x=yl  [-8y—X
2|8 "8 T 8 |
1[[64y—X |8y+x|+% |8x+y|+|8y+x|
2| 64 64 8 || 8 g8 |
17163 178y+x |—8x—Y|
2l ea VT e T8 b
(83)

From @3) we deduce that

| — 9|+ | —x—8y| +8ly—X|
8

<M(x,Y,y). (84)

Notice also that the following inequality

YM(X,y,y)) — (M(X,Y,y))
_ Mxyy)  MXyy)
2 8 (85)
3M(X,Y,Y)
8

holds for all x € Ay € B. Performing some easy
calculations and using@b) and 84) we obtain

31— 94+ [x-+8y|+ 8 —y+X)
64 (86)
< I _ y(Mx ) - @M X))

Now, it follows from 82) and @5) that

9|x| + |x+ 8y| + 8|x—|

WG(TX T TY) = —
3(1 = 9 1%+ 81+ 8]~y +x)
64

IIIA

3M(g,y,y)
LIJ(M (X7 Y, y)) - (p(M (Xv Y, y))

(87)
Clearly, all conditions of Theoreré are satisfied. Thus,
the mapT has a unique fixed point iAN B which is 0.

Some special cases of the Theoréman be obtained
by choosing the functiong, ¢ in a particular way.

Corollary 1.Let (X,G) be a G-complete G-metric space
and {Aj}?“zl be a family of nonempty G-closed subsets of
m

X withY = U Aj.LetT:Y — Y be a map satisfying
j=1
T(A) CAj11, j=12,...,m where An.1 =As. (88)
Suppose that there exist a constant K0, 1) such that the
inequality

G(TX T, Ty) < kM(x,y,y) (89)
holds for all xe Aj and ye Aj;1,j =1,2,...,m where
M(x,y,y) =
maX{G(x,w),G(x,T&TX),G(y,TM TY),G(x,Txy),
}G(X,TZX, Ty), %G(y, Ty, TX), %G(y,sz, Ty),
E[G(X, TY,TY)+G(y, TX TX)],
$[G(x, T2x, Ty) +G(y,Tx,Tx)]}.

(90)
Then T has a unique fixed point(f’; A;.

ProofThe proof is obvious by choosing the functiopgy
in Theoremb aso(t) = (1—Kk)t andy(t) =t
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Corollary 2.Let (X,G) be a G-complete G-metric space Suppose also that there exist functigns ® andy € ¥
and{Aj}, be a family of nonempty G-closed subsets ofsuch that the map T satisfies
m

XwithY= | JAj. Let T:Y =Y satisfy w(fésam XTy) ds) < w(f xyy)ds)

=1 96
J —(p(f (ny)ds>, (96)
T(A) CAj+1, j=1,2,....m where Ay 1 =A;. (91)
where
Suppose that there exist constantb,a,d, e, f,h,k and |
such thatd < a+b+c+d+e+f+h+k+l <landa M(x,Y,y) =

functiony € W for which the map T satisfies the inequality max G(X,Y,Y),G(x, T Tx),G(y, Ty, Ty), G(x, TXy),

W(G(Tx T2, Ty)) f_ 2(22)( ')Iéy, %'—;)E-Gé)ég(&TTxle) %G(X,sz,TyL }G(y,Ty,Tx), %G(y,sz,TyL
e G(x, T2, Ty) + ;G(y,Ty,Tx) 2[ (% Ty, Ty) +G(y, TX TX)],
- g (y, T?x, Ty) %[G(xizx, Ty) +G(y,T>QTx)]}.
Z[GXTY, TY) +G(Y, TX TX)] (97)
+ g G(x, T2, Ty) + G(y, Tx TX)]. for all x € Aj and yemAjH,j =1,2,...m Then T has a

(92)
forall x € Ajand ye Aj;1,j =1,2,....m Then, T has a
unique fixed point if)|_; A;.

unique fixed point irf ) A;.
j=1

Corollary 4.Let (X,G) be a G-complete G-metric space

ProofClearly we have, and {Aj}; be a family of nonempty G-closed subsets of
m

aG(x,y,y) +bG(x, Tx TX) +cG(y, Ty, Ty) +dG(X, TXY) ¥ withY = JAj.Let T:Y Y satisfy

1260 T5Ty) + LG TYTH + HG(H T2 Ty =
+§F[G(X,T2X7 TY) +G(Y, Tx TX)] Suppose also that
<(a+b+c+d+e+f+htk+HM(xy,y),
(93) /G(Tx,T 2><7Ty)dS< ‘ /M(x,y-wd (09)

where 0 =X, S

M(x,y.y) = where ke (0,1) and

max{ G(uyy). GO TR TR GUTY TG TR Mixyy) =

}G(X,TZX,Ty), }G(y,Ty,Tx), maX{G(x,y,yLG(x,Tx,TX)7G(y,Ty,Ty),G(x,Txy),

1 1 1

EG(y,sz,Ty), G TYTY) +G(y, TX TX)], fG(x,sz,Ty), G TV T, 5 G(y, T?x, Ty),

1

21 TATY) + G TX T . 26 Ty Ty) o TxTa),

(94) LG T2, Ty) + Gy, TX TX }
By Corollary1, the maprl has a unique fixed point. 2[ 6T TY) + Gy, T TX)]

(100)
Integral type contractive conditions are particularly for all x € Aj and ye AHl,j =12,..m Then T has a
interesting applications in fixed point theory. We considerunique fixed point iff_; A;.

the following cyclic contractions of integral type and stat . .
the related fixed point results. ProofThe proof follows immediately by choosing the

function ¢,y in Corollary 3 as ¢(t) = (1 — k)t and
Corollary 3.Let (X,G) be a G-complete G-metric space Y(t)=t
and {A| }’j“:l be a family of nonempty G-closed subsets of
m

X withY = U Aj.LetT:Y — Y be a map satisfying References
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