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Abstract: This paper discusses a class of nonlinear Schrödinger equation with combined power-type nonlinearities and harmonic
potential. By constructing a variational problem and the so-called invariantmanifolds of the evolution flow, we derive a sharp condition
for blow up and global existence of the solutions by applying the potential well theory and the concavity method.

Keywords: Potential Wells; Harmonic Potentia.

1. Introduction

In this paper we study the nonlinear Schrödinger equation
with combined power-type nonlinearities





iϕt +∆ϕ− V (x)ϕ+
l∑

k=1

ak|ϕ|pk−1ϕ

−
s∑
j=1

bj |ϕ|qj−1ϕ = 0, t > 0,

ϕ(0, x) = ϕ0(x), x ∈ RN .

(1)

Hereϕ = ϕ(x, t): RN × [0, T ) → C is a complex valued
function, and0 < T + ∞ is the maximal existence time,
N is the space dimension,i =

√
−1, ∆ is the Laplace

operator inRN and the nonlinear power exponentspk, qj
with the coefficientsak, bj satisfy

(H1)ak > 0, 1kl, bj > 0, 1js;
(H2)1 < qs < qs−1 < · · · < q1 = q < p = pl < pl−1 <

· · · < p1 <∞ for N = 1, 2;
1 < qs < qs−1 < · · · < q1 = q < p = pl < pl−1 <
· · · < p1 <

N+2
N−2 for N3;

andV (x) satisfies

(H3) inf
x∈RN

V (x)0 is a real-valued function fromRN toR,

(H4) lim
|x|→∞

V (x) = ∞,

(H5)V (x) ∈ L1(RN ).

Problem (1) arises in various physical contexts in the
description of a nonlinear wave such as propagation of a
laser beam, water waves at the free surface of an ideal fluid
and plasma waves. And it has been investigated by many
authors. R. T. Glassey [1] studied the Cauchy problem of
iut +∆u− λ1|u|p1u− λ2|u|p2u = 0. He arrived at some
results on local and global well-posedness, asymptotic be-
havior and finite time blow up of the solution in different
energy spaces.

The Cauchy problem ofiut+∆u−|x|2u+a1|u|p−1u =
0 was discussed by Fukuizumi Reika [2], G. Chen and J.
Zhang [3]. They showed some sharp criteria for global ex-
istence and blowing up of the solution. Further, the same
problem was studied by Yunyun Wei and Guanggan Chen
[4]. They established the existence of the solutions of the
Cauchy problem and proved that the standing wave is non-
linearly unstable. In addition, J. Shu and J. Zhang [5] in-
vestigated the Cauchy problem ofiut + ∆u + |u|pu −
|u|qu = 0 and obtained the blow up and global existence
of the solution.

D. Fujiwara [6] considered the Cauchy problem ofiϕt+
∆ϕ− V (x)ϕ+ |ϕ|p−1ϕ = 0, He proved that the smooth-
ness of the Schrödinger kernel for potentials of quadratic
growth. There is still much literature concerned with the
existence and blow up results for the analogical equations,
we refer the reader to Y. Tsutsumi and J. Zhang [7], J.
Zhang [8] and the references therein.

Motivated by the above works, we are interested in
problem (1). By using potential well theory introduced by

∗ Corresponding author: e-mail: xurunzh@yahoo.com.cn

c© 2012 NSP
Natural Sciences Publishing Cor.



156 X. Jiang et al : Family Potential Wells and its Applications ...

Payne and Sattinger [10], as well as the concavity method
introduced by Levine [11]. Liu [12] introduced a family
of potential wells which include the known potential well
as a special case. Recently, this method was extended by
Xu [13] to study the Cauchy problem of nonlinear Klein-
Gordon equation with dissipative term. for other related re-
sults, we refer to the reader to [14],[15],[16],[17],[18],[19],[20].
we define some invariant manifolds and derive sharp con-
ditions for the global existence and blow up of the solution
of problem (1) and generalize the results in [9].

Throughout this paper, we use|| · ||H1 to denote the
norm ofH1(RN ) and|| · ||Lp of Lp(RN ). For simplicity,
hereafter, we will denote

∫
RN · by

∫
· and usec to denote

various positive constants.
This paper is organized as follows. In Section 2, we

give some concerned preliminaries, define some function-
als and prove some invariant sets. In Section 3, we give
a sharp condition for the global existence and blow up of
problem (1). In Section 4, we establish family of potential
wells. In the last two sections, we discuss some invariant
sets, global existence and finite time blow up of solutions
by family of potential wells method.

2. Variational problem and invariant
manifolds

For problem (1), we define the energy space in the course
of nature by

H =

{
ψ ∈ H1(RN ) :

∫
V (x)|ψ|2 <∞

}
. (2)

Here and hereafter,H becomes a Hilbert space, continu-
ously embedded inH1(RN ), endowed with the inner prod-
uct as follows

< ψ, φ >:=

∫
∇ψ∇φ+ ψφ+ V (x)ψφ, (3)

whose associated norm we denote by|| · ||H .
We also define the following functionals

E(ϕ) =
1

2

∫
|∇ϕ|2 + V (x)|ϕ|2 − 2

l∑

k=1

ak
pk + 1

|ϕ|pk+1 + 2
s∑

j=1

bj
qj + 1

|ϕ|qj+1, (4)

P (ϕ) =
1

2

∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2 − 2

l∑

k=1

ak
pk + 1

|ϕ|pk+1 + 2

s∑

j=1

bj
qj + 1

|ϕ|qj+1, (5)

I(ϕ) =

∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2 −

l∑

k=1

ak|ϕ|pk+1 +
s∑

j=1

bj |ϕ|qj+1. (6)

Now we can get the local well-posedness for problem
(1) in energy spaceH. (see [21] and [22]).

Lemma 1.Let ϕ0 ∈ H. Then there exists a unique solu-
tionϕ of problem (1) inC([0, T ];H) for someT ∈ (0,∞]
(maximal existence time), and eitherT = ∞ (global exis-
tence) or elseT <∞ and

lim
t→T

||ϕ||H = ∞ (finite time blow up).

First we have the following lemmas by similar arguments
in [1], [7].

Lemma 2.Letϕ0 ∈ H andϕ be a solution of problem (1)
in C([0, T ];H). Then one has

∫
|ϕ|2 =

∫
|ϕ0|2, (7)

E(ϕ) ≡ E(ϕ0), (8)

P (ϕ) ≡ P (ϕ0). (9)

Lemma 3.Letϕ0 ∈ H andϕ be a solution of problem (1)
in C([0, T ];H). SetJ(t) =

∫
V (x)|ϕ|2. Then one has

J ′′(t) =8

∫
|∇ϕ|2 − V (x)|ϕ|2 −

l∑

k=1

N(pk − 1)

2(pk + 1)
ak

|ϕ|pk+1ϕ+
s∑

j=1

N(qj − 1)

2(qj + 1)
bj |ϕ|qj+1ϕ. (10)

By similar argument as in [7], we have the following lemma.

Lemma 4.Letϕ0 ∈ H andϕ be a solution of problem (1)
in C([0, T ];H). If J ′′(t) < 0, then the solutionϕ(x, t) of
problem (1) blows up in finite time.

We define a manifold as follows

M := {ψ ∈ H\{0} : I(ψ) = 0}

and consider a constrained variational problem,

d = inf
ψ∈M

P (ψ). (11)

Lemma 5.d > 0.
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proof FromI(ϕ) = 0, we have

P (ϕ) =
1

2

∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2 − 2

l∑

k=1

ak
pk + 1

|ϕ|pk+1 + 2

s∑

j=1

bj
qj + 1

|ϕ|qj+1

>
1

2

∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2 − 2

p+ 1
l∑

k=1

ak|ϕ|pk+1 +
2

p+ 1

s∑

j=1

bj |ϕ|qj+1

=

(
1

2
− 1

p+ 1

)∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2

> c0,
(12)

i.e.P (ϕ) > 0. Thus from (11), we getd0.
In the following we use the Sobolev embedding in-

equality

∫
|ϕ|pk+1 ≤ ck

(∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2

) pk+1

2

,

1 ≤ k ≤ l,
(13)

∫
|ϕ|qj+1 ≤ cj

(∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2dx

) qj+1

2

,

1 ≤ j ≤ s.
(14)

Here and hereafterck, cj denote various positive constants.
FromI(ϕ) = 0 it follows that

∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2

=

∫ l∑

k=1

ak|ϕ|pk+1 −
s∑

j=1

bj |ϕ|qj+1

<

∫ l∑

k=1

ak|ϕ|pk+1

l∑

k=1

akck

(∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2

) pk+1

2

c

(∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2

) p0+1
2

.

Here we use
(∫

|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2
) p0+1

2 to repre-

sent the largest one of the values
(∫

|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2
) pk+1

2

for 1kl andc is a various positive constant. Sincepk > 1
for 1kl, we havep0 > 1 and

∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2 > c. (15)

Hence

P (ϕ) >

(
1

2
− 1

p+ 1

)∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2

>c0,

which implies thatd > 0.

Theorem 1.Define

K = {ψ ∈ H\{0}, P (ψ) < d, I(ψ) < 0}. (16)

K is an invariant manifold of (1), that is, ifϕ0 ∈ K, then
the solutionϕ(x, t) of problem (1) also satisfiesϕ(x, t) ∈
K for anyt ∈ [0, T ).

proof Let ϕ0 ∈ K. By Lemma 1, there exists a unique
ϕ(x, t) ∈ C([0, T );H) with T∞ such thatϕ(x, t) is a
solution of problem (1). As Lemma 2 demonstrates,

P (ϕ) = P (ϕ0), t ∈ [0, T ).

ThusP (ϕ0) < d implies thatP (ϕ) < d for anyt ∈ [0, T ).
Now we showI(ϕ) < 0 for t ∈ [0, T ). Otherwise,

from the continuity ofI(ϕ(t)) in t, there is at1 ∈ [0, T )
such thatI(ϕ(x, t1)) = 0. By (5), (6) and

P (ϕ(x, t1)) >

(
1

2
− 1

p+ 1

)∫
|∇ϕ(x, t1)|2 + |ϕ(x, t1)|2

+ V (x)|ϕ(x, t1)|2c > 0,

we haveϕ(x, t1) 6= 0. OtherwiseP (ϕ(x, t1)) = 0, which
contradicts withP (ϕ(x, t1))c > 0. From (11), it follows
thatP (ϕ(x, t1))d. This contradicted withP (ϕ(x, t)) < d
for any t ∈ [0, T ). ThereforeI(ϕ(x, t)) < 0 for all t ∈
[0, T ). Now we prove thatϕ(x, t) ∈ K for anyt ∈ [0, T ).
This completes the proof of Theorem 1.

By the same argument as Theorem 1, we can get the
following results.

Theorem 2.Define

R = {ψ ∈ H\{0}, P (ψ) < d, I(ψ) > 0}. (17)

ThenR is an invariant manifold of (1).

3. Sharp conditions for global existence

Theorem 3.If ϕ0 ∈ R ∪ {0}, then the solutionϕ(x, t) of
problem (1) globally exists ont ∈ [0,∞).

c© 2012 NSP
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proof First, we letϕ0 ∈ R. Thus Theorem 2 implies that
the solutionϕ(x, t) of problem (1) satisfies thatϕ(x, t) ∈
R for t ∈ [0, T ). For fixedt ∈ [0, T ), we denoteϕ(x, t) =
ϕ. Thus we haveP (ϕ) < d, I(ϕ) > 0. It follows that from
(5) and (6),

(
1

2
− 1

p+ 1

)∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2

<
1

2

∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2 − 2

p+ 1


l∑

k=1

ak|ϕ|pk+1 −
s∑

j=1

bj |ϕ|qj+1




<
1

2

∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2 − 2

l∑

k=1

ak
pk + 1

|ϕ|pk+1 + 2

s∑

j=1

bj
qj + 1

|ϕ|qj+1

<d,

which indicates

∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2 < 2(p+ 1)

p− 1
d. (18)

Therefore in view of Lemma 1, (18) implies thatϕ globally
exists ont ∈ [0,∞).

Let ϕ0 = 0. From (7), we haveϕ = 0, which shows
that ϕ is a trivial solution of problem (1). Theorem 3 is
completed.

Theorem 4.When1 < qs < qs−1 < · · · < q1 = q < p =

pl < pl−1 < · · · < p1 andN > 2(p+1)
p−1 , If ϕ0 ∈ K, then

the solutionϕ(x, t) of problem (1) blows up in finite time.

proof Sinceϕ0 ∈ K, from Theorem 1, we haveϕ(x, t) ∈
K, i.e.,I(ϕ) < 0. Therefore

∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2

<

∫ l∑

k=1

ak|ϕ|pk+1 −
s∑

j=1

bj |ϕ|qj+1.

Note that

1

8
J ′′(t) =

∫
|∇ϕ|2 − V (x)|ϕ|2 −

l∑

k=1

N(pk − 1)

2(pk + 1)

ak|ϕ|pk+1ϕ+
s∑

j=1

N(qj − 1)

2(qj + 1)
bj |ϕ|qj+1ϕ

<

∫
|∇ϕ|2 − V (x)|ϕ|2 − N(p− 1)

2(p+ 1)
∫ l∑

k=1

ak|ϕ|pk+1ϕ−
s∑

j=1

bj |ϕ|qj+1ϕ

<

∫
|∇ϕ|2 − V (x)|ϕ|2 − N(p− 1)

2(p+ 1)∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2

<−
(

1 +
N(p− 1)

2(p+ 1)

)∫
V (x)|ϕ|2

= − c∗J(t) < 0,

wherec∗ = 1 + N(p−1)
2(p+1) > 0. Now we show that there

exists aT1 ∈ (0,∞) such thatJ(t) > 0 for t ∈ [0, T1)
andJ(T1) = 0. Otherwise,∀t ∈ [0,∞), J(t) > 0.
Set

g(t) =
J ′(t)

J(t)
.

It is easy to show that

g′(t) =
J ′′(t)

J(t)
−
(
J ′(t)

J(t)

)2

< −8c∗ − g2(t). (19)

Next let us turn to showg(t) 6= 0 for any t ∈ [0,∞).
Arguing by contradiction again, suppose that there is at0
such thatg(t0) = 0, i.e.,J ′(t0) = 0. By J ′′(t) < 0, we
haveJ ′(t) < 0 for t ∈ (t0,∞). Hence we haveg(t) < 0
for t ∈ (t0,∞). For any fixedt1 > t0, dividing (19) by
g2(t), we have

g′(t)

g2(t)
< − 8c∗

g2(t)
− 1 < −1.

Further we derive

∫ t

t1

g′(τ)

g2(τ)
dτ <

∫ t

t1

−1dτ,

namely,
1

g(t)
>

1

g(t1)
+ (t− t1),

which indicates there exists at2 > t1 such that

g(t) > 0 for any t ∈ (t2,∞). (20)

c© 2012 NSP
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This contradicts withg(t) < 0 for t ∈ (t0,∞). Hence we
haveg(t) 6= 0 for anyt ∈ [0,∞). By (20), fort ∈ (0,∞)
, we have

1

g(t)
>

1

g(0)
+ t.

Hence,J ′(t) > 0 for t ∈
(∣∣∣ 1
g(0)

∣∣∣ ,∞
)

. ThereforeJ(t) is

increasing in
(∣∣∣ 1
g(0)

∣∣∣ ,∞
)

and

J ′′(t) < −8c∗J(t) < −8c∗J(0) < 0.

Further we have
∫ t

0

J ′′(τ)dτ < −8c∗J(0)t,

i.e.,
J ′(t) − J ′(0) < −8c∗J(0)t,

that is,
J ′(t) < J ′(0) − 8c∗J(0)t.

Again, we have

∫ t

0

J ′(τ)dτ < J ′(0)t− 4c∗J(0)t2,

namely

J(t) − J(0) < J ′(0)t− 4c∗J(0)t2.

Therefore we have

J(t) < J(0) + J ′(0)t− 4c∗J(0)t2,

which contradicts withJ(t) > 0 for t ∈ [0,∞). Hence we
know that there exists aT1 ∈ (0,∞) such thatJ(t) > 0
for t ∈ [0, T1) andJ(T1) = 0. By the inequality [7]

||ϕ||2 2

N
||∇ϕ|| · ||

√
V (x)ϕ||.

We get
lim
t→T1

||∇ϕ|| = ∞,

which indicates

lim
t→T1

||ϕ||H = ∞,

i.e. the solution of problem (1) blows up in finite time.

Remark.It is clear that

{ψ ∈ H,P (ψ) < d} = K ∪R ∪ {0}.

Thus Theorem 3 shows that Theorem 4 is sharp.

Remark.Apparently the results in this paper generalizes the
results in [9].

4. Family of potential wells and the
properties

In this section we introduce a family of potential wells
and show some properties of them. Then in the follow-
ing sections, these conclusions shown in this section will
be used to prove the global existence and non-global exis-
tence. First we give some lemmas and by using them we
introduce two families{Wδ} and{Vδ}. For Cauchy prob-
lem (1) with‖ϕ0‖ 6= 0 we define

‖ϕ‖2
H =‖ϕ‖2

H1 + ‖|V (x)|ϕ‖2
L2

=‖∇ϕ‖2 + ‖ϕ‖2 + ‖|V (x)|ϕ‖2,

H̃ = {ϕ ∈ H | ‖ϕ‖ = ‖ϕ0‖},

J(ϕ) =
1

2

∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2 − 2

l∑

k=1

ak
pk + 1

|ϕ|pk+1 + 2

s∑

j=1

bj
qj + 1

|ϕ|qj+1,

Iδ(ϕ) =δ

∫
|∇ϕ|2 + |ϕ|2 + V (x)|ϕ|2−

l∑

k=1

ak|ϕ|pk+1 +

s∑

j=1

bj |ϕ|qj+1.

Proposition 1.[23], [24], [25], [26] Assume that1 < p <
n+2
n−2 for n ≥ 3 and1 < p < ∞ for n = 1, 2, andϕ0 ∈
H1(Rn). Then the Cauchy problem (1.1) admits a unique
solutionϕ(t) ∈ C([0, T );H(Rn)) for someT ∈ [0,∞)
(maximal existence time), andϕ(t) satisfies (7), (8), (9).

Proposition 2.[23] Let ϕ(t) be a solution of problem (1)
withϕ0 ∈ H, T be the existence time ofϕ(t),

F (t) =

∫
|V (x)|2|ϕ|2.

Thenϕ(t) ∈ H for 0 ≤ t < T

F ′′(t) =8

∫
|∇ϕ|2 − |V (x)|2|ϕ|2 − n(p− 1)

2(p+ 1)
|ϕ|p+1,

0 ≤ t < T

and

‖ϕ‖2 ≤ 2

n
‖∇ϕ‖F 1

2 (t), 0 ≤ t < T.

Proposition 3.[27] Let 1 < p < n+2
n−2 for n ≥ 3 and1 <

p < ∞ for n = 1, 2 andQ be the ground state solution of
the following nonlinear elliptic equation:

−∆u+ u = |u|p−1u in Rn.

c© 2012 NSP
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Then the best constantc∗ > 0 of the Gagliardo-Nirenberg’s
inequality,

‖f‖p+1
Lp+1 ≤ c∗‖f‖p+1−n(p−1)

2

L2 ‖∇f‖
n(p−1)

2

L2 , (21)

is given by

c∗ =
2(p+ 1)

n(p− 1)

(
4 − (p− 1)(n− 2)

n(p− 1)

)n(p−1)−4
4

(22)

×‖Q‖−(p−1)
L2 .

From (21) we can obtain the following lemma.

Lemma 6.Letp satisfy (A),ϕ ∈ H̃. Then
∑s
j=1 bj‖ϕ‖

qj+1
qj+1−∑l

k=1 ak‖ϕ‖
pk+1
pk+1 6= 0 and‖∇ϕ‖ 6= 0, where

(A) 1+ 4
n
< p < n+2

n−2 for n ≥ 3 and1+ 4
n
< p <∞ for

n = 1, 2.

Next we discuss the relations between‖∇ϕ‖ and the
sign ofIδ(ϕ), which are crucial for obtaining the main re-
sults in this paper.

Lemma 7.Letp satisfy (A). Assume thatϕ ∈ H̃ and

r(δ) =

(
δ

C∗M0

) 1
q

, M0 = ‖ϕ0‖p+1−n(p−1)
2 ,

q =
n(p− 1)

2
− 2.

(i)If ‖∇ϕ‖ < r(δ), thenIδ(ϕ) > 0.
(ii)If Iδ(ϕ) < 0, then‖∇ϕ‖ > r(δ).
(ii)If Iδ(ϕ) = 0, then‖∇ϕ‖ ≥ r(δ).

proof

(i)Sinceϕ ∈ H̃ implies‖∇ϕ‖ 6= 0, from ‖∇ϕ‖ < r(δ)
we get

s∑

j=1

bj‖ϕ‖qj+1
qj+1 −

l∑

k=1

ak‖ϕ‖pk+1
pk+1

<
s∑

j=1

bjC∗
qj+1
j ‖∇ϕ‖qj+1

≤δ‖∇ϕ‖2,

which givesIδ(ϕ) > 0.
(ii)From Iδ(ϕ) < 0 we get

δ‖∇ϕ‖2 <

s∑

j=1

bj‖ϕ‖qj+1
qj+1 −

l∑

k=1

ak‖ϕ‖pk+1
pk+1

≤C∗M0‖∇ϕ‖q‖∇ϕ‖2,

which gives‖∇ϕ‖ > r(δ).

(iii)From Iδ(ϕ) = 0 we get

δ‖∇ϕ‖2 =

s∑

j=1

bj‖ϕ‖qj+1
qj+1 −

l∑

k=1

ak‖ϕ‖pk+1
pk+1

≤C∗M0‖∇ϕ‖q‖∇ϕ‖2,

which together with‖∇ϕ‖ 6= 0 gives‖∇ϕ‖ ≥ r(δ).

As is well known that in spaceH1(Rn), Poincaŕe in-
equality does not hold, so that one can not use the impor-
tant fact that‖∇u‖ is equivalent to‖u‖H1 . In order to
overcome this difficulty, we introduce the spacẽH(Rn),
so that by (7) and (21) the norms‖∇ϕ‖ and‖ϕ‖H1 are
equivalent in some sense again.

Definition 1.For problem (1) with‖ϕ0‖ 6= 0 we define

d(δ) = inf
ϕ∈Nδ

J(ϕ), Nδ = {ϕ ∈ H̃|Iδ(ϕ) = 0}, δ > 0.

In the following Lemma 8 we estimate the value of
d(δ) and give its expression byd(1), which palys an im-
portant role in the proof of the main results of this paper.

Lemma 8.Letp satisfy (A). Then

(i)d(δ) ≥ a(δ)r2(δ) for a(δ) = 1
2 − δ

p+1 ,

0 < δ < p+1
2 ;

(ii)

d(δ) =δ
4

n(p−1)−4
p+ 1 − 2δ

p− 1
d(1),

0 < δ <
p+ 1

2
. (23)

proof

(i)For anyϕ ∈ Nδ, 0 < δ < p+1
2 we have‖∇ϕ‖ ≥ r(δ)

and

J(ϕ) =
1

2
‖∇ϕ‖2 + |ϕ|2 + V (x)|ϕ|2 − 2

l∑

k=1

ak
pk + 1

|ϕ|pk+1 + 2
s∑

j=1

bj
qj + 1

|ϕ|qj+1

<

(
1

2
− δ

p+ 1

)
‖∇ϕ‖2 +

1

p+ 1
Iδ(ϕ)

=a(δ)‖∇ϕ‖2 ≥ a(δ)r2(δ),

which givesd(δ) ≥ a(δ)r2(δ) for 0 < δ < p+1
2 .

(ii) (a)From the definition ofd(1) it follows that for any
ε > 0 there exists aϕ ∈ N1 such that

d(1) ≤ J(ϕ) < d(1) + ε.

For δ > 0, defineλ = λ(δ). Then

δ‖∇ϕ‖2 = λ
n(p−1)−4

2

(
−

l∑

k=1

ak|ϕ|pk+1
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+
s∑

j=1

bj |ϕ|qj+1


 .

Hence for eachδ > 0 there exists a unique

λ(δ) =

(
δa(ϕ)

b(ϕ)

) 2
n(p−1)−4

,

where
a(ϕ) = ‖∇ϕ‖2,

b(ϕ) =


−

l∑

k=1

ak|ϕ|pk+1 +
s∑

j=1

bj |ϕ|qj+1


 .

Sinceϕ ∈ N1 impliesa(ϕ) = b(ϕ) we get

λ(δ) = δ
2

n(p−1)−4 .

Note that‖ϕλ‖ = ‖ϕ‖ = ‖ϕ0‖, ∀λ > 0 we have
ϕλ(δ) ∈ Nδ. From the definition ofd(δ) we get

d(δ)

≤J(ϕλ)

=
1

2
λ2a(ϕ) − 1

p+ 1
λ

n(p−1)
2 b(ϕ)

=
1

2
δ

4
n(p−1)−4 a(ϕ) − 1

p+ 1
δ

n(p−1)
n(p−1)−4 b(ϕ)

=δ
4

n(p−1)−4

(
1

2
− δ

p+ 1

)
a(ϕ).

(24)

From (24) and

J(ϕ) =
1

2
a(ϕ) − 1

p+ 1
b(ϕ) =

p− 1

2(p+ 1)
a(ϕ)

it follows that

d(δ)

≤δ 4
n(p−1)−4

(
1

2
− δ

p+ 1

)
2(p+ 1)

p− 1
J(ϕ)

<δ
4

n(p−1)−4

(
1

2
− δ

p+ 1

)
2(p+ 1)

p− 1
(d(1) + ε) ,

& 0 < δ <
p+ 1

2
.

From the arbitrariness ofε we obtain

d(δ) ≤δ 4
n(p−1)−4

p+ 1 − 2δ

p− 1
d(1),

0 < δ <
p+ 1

2
. (25)

(b)Let δ > 0. From the definition ofd(δ) it follows
that for anyε > 0 there exists aϕ ∈ Nδ such that

d(δ) ≤ J(ϕ) < d(δ) + ε.

Defineλ = λ(δ). Then

‖∇ϕ‖2 = λ
n(p−1)−4

2

(
−

l∑

k=1

ak|ϕ|pk+1

+

s∑

j=1

bj |ϕ|qj+1




and

λ =

(
a(ϕ)

b(ϕ)

) 2
n(p−1)−4

.

Sinceϕ ∈ Nδ implies thatδa(ϕ) = b(ϕ) we get

λ(δ) =

(
1

δ

) 2
n(p−1)−4

.

Fromϕλ ∈ N1 and the definition ofd(1) we have

d(1) ≤ J(ϕλ)

=
1

2
λ2a(ϕ) − 1

p+ 1
λ

n(p−1)
2 b(ϕ)

=
1

2

(
1

δ

) 4
n(p−1)−4

a(ϕ) − 1

p+ 1

(
1

δ

) n(p−1)
n(p−1)−4

b(ϕ)

=

(
1

δ

) 4
n(p−1)−4

(
1

2
a(ϕ) − 1

p+ 1

1

δ
b(ϕ)

)

=

(
1

δ

) 4
n(p−1)−4 p− 1

2(p+ 1)
a(ϕ),

(26)

it follows that

d(δ) ≤
(

1

δ

) 4
n(p−1)−4 p− 1

2(p+ 1)

(
1

2
− δ

p+ 1

)−1

J(ϕ)

<

(
1

δ

) 4
n(p−1)−4 p− 1

2(p+ 1)

(
1

2
− δ

p+ 1

)−1

(d(δ) + ε) ,

0 < δ <
p+ 1

2
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and

d(δ) + ε >δ
4

n(p−1)−4

(
1

2
− δ

p+ 1

)
2(p+ 1)

p− 1
d(1),

0 < δ <
p+ 1

2
. (27)

From (27) and the arbitrariness ofε we get

d(δ) ≥ δ
4

n(p−1)−4
p+ 1 − 2δ

p− 1
d(1), 0 < δ <

p+ 1

2
.

(28)
From(25) and (28) we obtain (ii) in this lemma.

Corollary 1.Letp satisfy (A). Then

(i)limδ→0 d(δ) = 0, limδ→ p+1
2
d(δ) = 0;

(ii)d(δ) is continuous on0 < δ < p+1
2 ;

(iii) d(δ) is increasing on0 < δ ≤ a, decreasing ona ≤
δ < p+1

2 and takes the maximumd(a) at δ = a =
2(p+1)
n(p−1) .

proof Conclusions (i) and (ii) follow from (ii) in Lemma
8 immediately.

Conclusion (iii) follows from (ii) in Lemma 8 and

d′(δ) = A(a− δ)δα, A =
2n

n(p− 1) − 4
d(1),

α =
δ − n(p− 1)

n(p− 1) − 4
.

Figure 1

Definition 2.For problem (1) with‖ϕ0‖ 6= 0 we define

I(ϕ) = Ia(ϕ), d = d(a), a =
2(p+ 1)

n(p− 1)
,

W = {ϕ ∈ H̃|I(ϕ) > 0, J(ϕ) < d},

V = {ϕ ∈ H̃|I(ϕ) < 0, J(ϕ) < d},

Wδ = {ϕ ∈ H̃|Iδ(ϕ) > 0, J(ϕ) < d(δ)}, 0 < δ <
p+ 1

2
,

Vδ = {ϕ ∈ H̃|Iδ(ϕ) < 0, J(ϕ) < d(δ)}, 0 < δ <
p+ 1

2
.

5. Invariant sets and vacuum isolating of
solutions

In this section we discuss the invariant sets and vacuum
isolating of solutions for problem (1). We consider the case
0 < E(ϕ0) < d.

Theorem 5.Let p satisfy (A),ϕ0 ∈ H. Assume that0 <
e < d, δ1 < δ2 are two roots of equationd(δ) = e. Then

(i)All solutions of problem (1) withE(ϕ0) = e belong to
Wδ for δ ∈ [δ1, δ2], providedI(ϕ0) > 0.

(ii)All solutions of problem (1) withE(ϕ0) = e belong to
Vδ for δ ∈ [δ1, δ2], providedI(ϕ0) < 0.

proof

(i)Let ϕ(t) ∈ C
(
[0, T ); H̃

)
be any solution of problem

(1) with E(ϕ0) = e and I(ϕ0) > 0, T be the ex-
istence time ofϕ(t). Firstly we proveϕ0 ∈ Wδ for
δ ∈ [δ1, δ2]. From

1

2
‖|V (x)|ϕ0‖2+J(ϕ0) = E(ϕ0) = e ≤ d(δ), δ ∈ [δ1, δ2]

(29)
we getJ(ϕ0) < d(δ) for δ ∈ [δ1, δ2]. On the other
hand,I(ϕ0) > 0 implies‖ϕ0‖ 6= 0. Hence from (29)
we can getIδ(ϕ0) > 0 for δ ∈ [δ1, δ2]. Otherwise
there exists āδ ∈ [δ1, δ2] such thatIδ̄(ϕ0) = 0 which
together with‖ϕ0‖ 6= 0 gives J(ϕ0) ≥ d(δ̄). This
contradicts (29). Next we prove thatϕ(t) ∈ Wδ for
δ ∈ [δ1, δ2], t ∈ (0, T ). Arguing by contradiction,
we suppose that there exists at0 ∈ (0, T ) such that
ϕ(t0) ∈ ∂Wδ for someδ ∈ [δ1, δ2], i.e.Iδ(ϕ(t0)) = 0
or J(ϕ(t0)) = d(δ). From (7) we get

1

2
‖|V (x)|ϕ‖2 + J(ϕ) = E(ϕ0) ≤ d(δ),

δ ∈ [δ1, δ2], t ∈ (0, T ). (30)

HenceJ(ϕ(t0)) = d(δ) is impossible. IfIδ(ϕ(t0)) =
0, then by‖ϕ(t0)‖ = ‖ϕ0‖ 6= 0 we getJ(ϕ(t0)) ≥
d(δ) which contradicts (30).

(ii)Let ϕ(t) ∈ C
(
[0, T ); H̃

)
be any solution of problem

(1) with E(ϕ0) = e, I(ϕ0) < 0, T be the existence
time of ϕ(t). From I(ϕ0) < 0 and (29) we can get
ϕ0 ∈ Vδ for δ ∈ [δ1, δ2]. The remainder of this proof
is similar to that in part (i).
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From (30) it follows that if0 < E(ϕ0) = e < d,
δ1 < δ2 are two roots of equationd(δ) = e, then for any
δ ∈ [δ1, δ2], ϕ ∈ Nδ is impossible. Therefore for the set
of all solutions of problem (1) with0 < E(ϕ0) = e < d
there exists a vacuum region

Ue =Nδ1δ2 =
⋃

δ1≤δ≤δ2

Nδ

={ϕ ∈ H̃|Iδ(ϕ) = 0, δ1 ≤ δ ≤ δ2}
such thatϕ(t) /∈ Ue for any solutionϕ(t) of problem (1)
with 0 < E(ϕ0) = e < d.

6. Global existence and finite time blow up of
solutions

In this section we prove the global existence, finite time
blow up of solutions and give some sharp conditions for
global existence, finite time blow up of solutions for prob-
lem (1) which are completely different from those given in
[29] - [31], [32], [33], [34].

Theorem 6.Letp satisfy (A),ϕ0 ∈ H. Assume that‖ϕ0‖ =
0 or E(ϕ0) ≤ d, I(ϕ0) > 0. Then problem (1) admits a

unique global solutionϕ(t) ∈ C
(
[0,∞); H̃

)
such that

(i)‖ϕ(t)‖ = ‖ϕ0‖ = 0 for 0 ≤ t <∞ if ‖ϕ0‖ = 0.
Or

(ii)ϕ(t) ∈W for 0 ≤ t <∞ if E(ϕ0) ≤ d, I(ϕ0) > 0.

proof Firstly from Proposition 1, it follows that Cauchy
problem (1) admits a unique local solutionϕ(t) ∈ C ([0, T );H)
satisfying (7), (8), whereT is the maximal existence time
of ϕ(t). Next we proveT = +∞.

(i)If ‖ϕ0‖ = 0, then by (7) we have‖ϕ(t)‖ = ‖ϕ0‖ =
0, 0 ≤ t < T , which gives‖|V (x)|ϕ(t)‖ = 0 and
‖∇ϕ(t)‖ = 0, i.e.‖ϕ(t)‖H = 0 for 0 ≤ t < T . Hence
by Proposition 1 we getT = +∞.

(ii)If E(ϕ0) ≤ d, I(ϕ0) > 0, then

E(ϕ0) =
1

2
‖|V (x)|ϕ0‖2 +

n(p− 1) − 4

2n(p− 1)

‖∇ϕ0‖2 +
1

p+ 1
I(ϕ0) > 0.

Hence from Theorem 5 we haveϕ(t) ∈ W for 0 ≤
t < T . Hence from

1

2
‖|V (x)|ϕ‖2 +

n(p− 1) − 4

2n(p− 1)
‖∇ϕ‖2 +

1

p+ 1
I(ϕ)

=
1

2
‖|V (x)|ϕ‖2 + J(ϕ) = E(ϕ0), 0 ≤ t < T,

we get

‖|V (x)|ϕ‖2 + ‖∇ϕ‖2 ≤ 2n(p− 1)

n(p− 1) − 4
E(ϕ0),

0 ≤ t < T

and

‖|V (x)|ϕ‖2 + ‖∇ϕ‖2 + ‖ϕ‖2

≤ 2n(p− 1)

n(p− 1) − 4
E(ϕ0) + ‖ϕ0‖2, 0 ≤ t < T,

which givesT = +∞.

Corollary 2.If in Theorem 6 the assumption “E(ϕ0) ≤ d,
I(ϕ0) > 0” is replaced by “0 < E(ϕ0) < d, Iδ2(ϕ0) >
0”, where δ1 < δ2 are two roots of equationd(δ) =
E(ϕ0), then problem (1) admits a unique global solution

ϕ(t) ∈ C
(
[0,∞); H̃

)
andϕ(t) ∈ Wδ for δ ∈ [δ1, δ2],

0 ≤ t <∞.

Corollary 3.Letp satisfy (A),ϕ0 ∈ H, a < δ0 <
p+1
2 . As-

sume thatE(ϕ0) ≤ d(δ0) andIδ0(ϕ0) > 0. Then problem

(1) admits a unique global solutionϕ(t) ∈ C
(
[0,∞); H̃

)

andϕ(t) ∈Wδ0 for 0 ≤ t <∞.

Theorem 7.Letp satisfy (A),ϕ0 ∈ H. Assume thatE(ϕ0) <
d andI(ϕ0) < 0. Then the solution of problem (1.1) blows
up in finite time.

proof First Proposition 1 gives the existence of unique

local solutionϕ ∈ C
(
[0, T ); H̃

)
, whereT is the exis-

tence time ofϕ. Let us proveT < ∞. Arguing by contra-
diction, supposeT = ∞. Let

F (t) =

∫
|V (x)|2|ϕ|2.

Then by Proposition 2 we have

F ′′(t) = 8

∫
|∇ϕ|2 − |V (x)|2|ϕ|2 − n(p− 1)

2(p+ 1)
|ϕ|p+1

≤ 8

∫
|∇ϕ|2 − n(p− 1)

2(p+ 1)
|ϕ|p+1 =

8

a
Ia(ϕ).

(31)

In order to finish this proof we consider the following two
cases:

(i)0 < E(ϕ0) < d.
In this case from Theorem 5 we haveϕ ∈ Vδ for δ1 <
δ < δ2 and0 ≤ t <∞, whereδ1 < δ2 are two roots of
equationd(δ) = E(ϕ0). Clearly we haveδ2 > a > 1.
Hence we haveIδ(ϕ) < 0 and‖∇ϕ‖ > r(δ) for a <
δ < δ2, 0 ≤ t < ∞. And Iδ2(ϕ) ≤ 0, ‖∇ϕ‖ ≥ r(δ2)
for 0 ≤ t <∞. Thus from (31) we get

F ′′(t) ≤ 8

a
Ia(ϕ) =

8

a

(
(a− δ2)‖∇ϕ‖2 + Iδ2(ϕ)

)

≤ 8

a
(a− δ2)‖∇ϕ‖2 ≤ 8

a
(a− δ2)r

2(δ2)

= −C(δ2) < 0,

F ′(t) ≤ −− C(δ2)t+ F ′(0), 0 ≤ t <∞.
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Hence there exists at0 ≥ 0 such thatF ′(t) < F ′(t0) <
0 for t0 < t <∞ and

F (t) ≤ F ′(t0)(t− t0) + F (t0), t0 ≤ t <∞. (32)

SinceI(ϕ0) < 0 impliesF (0) > 0 from (32) it fol-
lows that there exists aT1 > 0 such thatF (t) > 0 for
0 ≤ t < T1 and

lim
t→T1

F (t) = 0,

which together with

‖ϕ0‖2 = ‖ϕ‖2 ≤ 2

n
‖∇ϕ‖F 1

2 (t),

gives

lim
t→T1

sup ‖∇ϕ‖ = +∞,

which contradicts withT = +∞.
(ii)E(ϕ0) ≤ 0.

Letϕ(t) be any solution of problem (1) withE(ϕ0) <
0 or E(ϕ0) = 0, ‖ϕ0‖ 6= 0, T be the existence time
of ϕ(t). SinceE(ϕ0) < 0 implies ‖ϕ0‖ 6= 0. Hence
for two cases we always have‖ϕ(t)‖ = ‖ϕ0‖ 6= 0 and
‖∇ϕ(t)‖ 6= 0 for 0 ≤ t < T . Thus from

(
1

2
− δ

p+ 1

)
‖∇ϕ‖2 +

1

p+ 1
Iδ(ϕ)

=J(ϕ)

=E(ϕ0) −
1

2
‖|v(x)|ϕ‖2,

0 < δ <
p+ 1

2
, 0 ≤ t < T,

we can getIδ(ϕ) < 0 and J(ϕ) < 0 < d(δ) for
δ ∈

(
0, p+1

2

)
, t ∈ (0, T ), which givesϕ(t) ∈ Vδ

for δ ∈
(
0, p+1

2

)
, t ∈ [0, T ), we haveϕ ∈ Vδ for

0 < δ < p+1
2 , 0 ≤ t <∞. If in the proof of part (i)δ2

is replaced byp+1
2 , then we also obtainT <∞.

Finally from Proposition 1 we get

lim
t→T

‖ϕ‖H = +∞.

Theorem 7 is proved.

Corollary 4.Let p satisfy (A),ϕ0 ∈ H anda < δ < p+1
2 .

Assume thatE(ϕ0) ≤ d(δ) and Iδ(ϕ0) < 0. Then the
solution of problem (1.1) blows up in finite time.

Corollary 5.Letp satisfy (A),ϕ0 ∈ H. Assume thatE(ϕ0) <
0 or E(ϕ0) = 0, ϕ0 6= 0. Then the solution of problem
(1.1) blows up in finite time.

7. Conclusions

We mainly discuss a class of nonlinear Schrödinger equa-
tion with combined power-type nonlinearities and harmonic
potential, and derive a sharp condition for blow up and
global existence of the solution. Compared with previous
work, the nonlinear Schrödinger equation of this paper is
more general. Especially the corresponding results of this
paper try to explain the effects of the different nonlinear
source terms to the global well-posedness of the problem.
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