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Abstract: Letq= 3l +2 be a prime power. Maximal designed distances of imprimitive Hermitiahahntainingy-ary narrow-sense

(NS) BCH codes of length = @T_D andn = 3(¢? — 1)(g? + q+ 1) are determined. For each givepnon-narrow-sense (NNS) BCH
codes which achieve such maximal designed distances are presamdeal series of NS and NNS BCH codes are constructed and
their parameters are computed. Consequently, many familggaof quantum BCH codes are derived from these BCH codes. Some of
these quantum BCH codes constructed from NNS BCH codes have batéengters than those quantum BCH codes available in the
literature, and some others are new ones.
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1 Introduction In this paper, letj= 3l 4 2, we give maximal designed
distances of Hermitian dual containing non-primitive BCH

6
I . codesoflengthn:Mandnzgq2_1 P+q+1),
Q“.a”t“'.“ codes are powerful t.ool_for fighting against determine parameterss of some Né and )I\(INS BCH Z:Odes,
noise in quantum communication and quantumgng conspryct many good non-binary quantum BCH codes

computation. The most widely studied class of quantumg., ., permitian dual containing NS and NNS BCH codes.
codes are stabilizer (or additive) quantum codes, which This paper is organized as follows. In Sec.2, basic

can be constructed from classical codes with certain 2 :
e . concepts ong“-cyclotomic cosets and BCH codes are
self-orthogonal (or dual containing) properties]-[4]. P ey

M di d dual taini diti freviewed. In Sec.3 and Sec.4, necessary and sufficient
any papers discussed dual containing condiions Ole,jitions of Hermitian dual containing NS BCH code of
BCH codes and construction of quantum codes from

. X e length n and their maximal designed distanég., are
clas_S|caI BCH COO.'?S- Steartg gavg a S|mplle criterion to given, several families of Hermitian dual containing NNS
decide the condition under which a binary primitive

narrow-sense (NS) BCH code containing its EuclldeanBCH codes of lengthn with designed distance < e

are presented. At the same time, many new quantum BCH

dual code, for given code length and designed distance
Aly e.al in [6] and [7] generalized Steane’s result to codes are constructed from these NS and NNS BCH

primitive and non-primitive NS BCH codes ovE§ or Fz codes. Finally, the paper is concluded with a discussion in

with respect to Euclidean and Hermitian duality, and Sec.S.

constructed many quantum BCH codes. In 2009, La

Guardia B] showed that there are dual containing o .

primitive non-narrow-sense (NNS) BCH codes having 2 Preliminaries

better parameters than that of NS BCH codes, he

constructed many good non-binary quantum codes fronin this section, we will review some basic knowledge on
these NNS BCH codes. Papet2]-[15 make further  cyclotomic cosets and BCH codes for the purpose of this
study on construction of quantum codes from (NS orpaper. For more details, we refer the reade©taq] .

NNS) BCH codes via Hermitian construction or Steane It is well known that there is a close relationship

construction. between cyclotomic cosets and cyclic codes, $#]].
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This suggests us to usg-cyclotomic cosets of modulo  Theorem 2.4[3,11] If ¥ is an[n,k] linear code oveFg

to characterize BCH codes oy, see [L4]. such thatg'h C %, d = min{wt(v) : ve ¢\ ¢}, then
Definition 2.1[14] If ged(g,n) = 1, the g?-cyclotomic  there exists afin, 2k —n, d]]q quantum code.
coset of modula containingx is defined by Let ¢ 7 (n,q%; &) denote theg?-ary NS BCH code
of length n with designed distance 8. Let

Cy = {X, X2, x(0?)?, ..., x(?)* 1} (modh), [m even] = m— 1(mod2, for instance, we have

] o [m even] =0 if mis odd, otherwisdm even] =1. A
wherek is the smallest positive integer such tiigt)x= maximal designed distances of Hermitian dual containing
X(modh). imprimitive BCH codes was given by7], see Theorem

Definition 2.2[14] Let n,q,Cy be as in definition 2.1. If 2.5. We will improve their bound in section 3 and section
n—gx € C, Cx is called a skew symmetric coset, 4 for some special code length
otherwise skew asymmetric. The skew asymmetric cosefheorem 2.5[7] Suppose that = ordn(c?),[m even] =
come in pairy andC_qx = Cnqx, and is denoted &€x,  m— 1(mod2) for an integem. If the designed distanc®
Co)- satisfies X & < &ax, Where

A cyclic code of lengtm = g™ — 1 overF is called

: . . L n
a BCH code with designed distance if its generator — Gua = LT_l(qur[m e _ 1 (P—2)[m even])]
polynomial is of the form G
g(x) = n(x_ §9),T =CoyUChi1U - UChrs 2, then#% . (n,¢%;6)* C BE A (n,¢%;0).
ze Notation. To simplify statement, we usgl,n— 1] to

denote the set{1,2,---,n— 1} and call the set

where C, denotes theg?-cyclotomic coset of modulm {ee+1---,f)asintervale f]

containing x, £ is a primitive element OquZm and
m = ordn(g?) is the multiplicative order o? modulon,
given by [7]. Such a BCH code also defined in terms of its -1
defining set, see following Definition 2.3. 3 BCH codes of lengtn = ( 3 )

Definition 2.3[9,10] Let gcd(qg,n) = 1. If £ is a primitive -
n-th root of unity in some field containinge, T =CoU -1 Dléal containing BCH codes of length
Cor1U-+-UChi5 2= Tihp: 52, the cyclic code of length  py — (@~1)
n with defining setT is callecj a BCH code of designed 3
distanceéd. If b= 1, % is called a narrow-sense BCH code, According to Theorem 2.5, the maximal designed
- 2 . - 1

othe.rt\{wse I:{lr(])n-narrow—”sednse.nf:.q':'"— 1, is called  gistance of Hermitian dual containing NS BCH code of
primitive, otherwise called non-primitive. ) _ g1 .
Lemma 2.1[7] If gcd(g,n) = 1, € is a cyclic code over lengthn = == given in 7] IS Orax = | 5—J. In this

] Ll - | | i subsection, we determine the maximal designed distance
Fqz with defining sefl, " C ¢’ifand only if TN T™% = of Hermitian dual containing NS BCH code of lengtfis
0, whereT 9 = {—qt(moch) [t € T}. Orew = ZL%J +1 = 28max + 1. And show that there is

Using t.erminology.of skew symmetric coset and skew containing NNS BCH code with such maximal
asymmetric coset pair, Lemma 2.1 can be restated §esigned distanchey.

Lemma 2.2: @-1)
Lemma 2.2[12] If ged(q,n) = 1, % is a cyclic code over ~ Theorem 3.1. Let n = 5
Fe with defining sefT, ¥ C ¥ if and only if eachC o— 2L$J + 1= 2dmx+ 1. Then the following hold:
is skew asymmetric and any tv@, andC, do not form a (1) The maximal designed distance of dual containing
skew asymmetric pair, whetet;,to € T. NS BCH codes of length is dnew-

Skew symmetric and skew asymmetric pair for (2) ANS BCH code of length with designed distance
g?-cyclotomic cosets can be judged as follows. d contains its Hermitian dual code if and onlydif< dney.

Lemma 2.3.[12] Let gcd(g,n) = 1, ordy(q?) =m, 0<  Proof. For g = 3| + 2, we know 3(q® + 1), so let

x7y,21§n—'1.k tric if and onlv if there ista< r:%(q3+1),thenn:(qu’l):(q:“—l)r.Wewill prove
(1) Gy is skew symmetric if and only if there ista< 5 NS BCH code with designed distanBes dhay = 2r — 1

| ™| such thak = —xg?*1(modh). o .

2 (2) 1 C, % Gy (G, C) form a skew asymmetric pair i contains its dual codqes;llt is enough to .show, for
and only if there is a < | 7| such thay = —zg2+*(moch) %Y € [1,2r = 2] = [1,2|"5"]] = [1,26m], Cx is skew
orz= —yg®*1(mod). asymmetric andCy,Cy) can not form a skew asymmetric

The following Theorem 2.4 (given in3[1]] is pair. ) _ 3 4
well-known for constructingg-ary quantum codes from |. To proveCy is skew asymmetric fax € [1,2| ©5=]].
Hermitian dual containing (or self-orthogonal) codes overFrom Lemma 2.3, we only need to proxgg® 1 + 1) #

Fee- 0(moch) wheret < | 3].
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Case 1. Fot = 0, then 1< x(q+1) < 2L$J(q+
(P—1)-2[ T | < n. Sox(q+ 1) # O(modh).
Case 2. Fot = 1.
If1<x<r—1,then 1< x(q®+1) < (r 1)gq3+1).
Since(r—1)(®+1) =r(@®-1)+2r—-1)—(g°—1) =
2(r—1)— (¢®>—1)(modh), and Zr — 1) — (¥ — 1) < n, so
we have 1< x(q®+1) < n.

1)

f r < x < 2r — 2, one can assume
X = r + b0 < b < r - 2 then
X@+1) =r(@® -1 +b@® -1 +2r+b =
b(@® - 1) + 2 + bg(modq), and
+b) < (r—2)(gq°—1)+2r —2. Since

1<b(g®—1)+2(r
r=2)(P-1+2r—2=r(®-1)—-2(g®—1)+2r —

2 —2(cf? 1) + 2r — 2(modh), and
—2(¢*—1)+2r—2<n, sowe have k¥ x(q®+1) <n.

From the above two cases, one can deducg ! +
1) # 0(modh). This prove<L, is skew asymmetric.

Il. Next we showC, and Cy can not form a skew
asymmetric pair, so we only need to show
X+ yg?*1 # 0(modh) and y + xg?*! # O(modh) for
t=0,1. Letx,ye [1,2L%‘1j] andx <.

Case 1. Fot =0, it is obvious that X x+yq < y(q+
<nl<y+xg<y(q+1) <n.

Case 2. Fot=1.

If1<y<r—1,then 1< x+yq® < y(q®+1) < (r —
D(@®+1) <n 1<y+xq® <y(@®+1)<n.

fr<y<2r—2,lety=r+b0<b<r-2, then
N<X+re <x+yg® <x+(2r—2)g®=2r(q®—1)+2r—
23 +x=2n—2(q3+ 1) +4r <2n. 1< y+xg® <y+(r—
D <nforx<r—landy+n<y+xg®<y+(2r—
2)®=2n—2(q®+1) +4r <2nforx>r.

Hence, we have showedt yg? ! # 0(modh) andy +
xq2*1 # 0(modh).

Combining the previous two cases, we know tBat
andC, can not form a skew asymmetric pair.

(2) A NNS BCH code of lengthn with designed
distanced < dnew and defining selg f] C Tjs_gs:p), then
it contains its Hermitian dual code.

3.2 Dimensions of BCH codes of length
(9°-1)

n= 3=
In this subsection, we will first calculate dimensions of
some dual containing NS and NNS BCH codes of length

= @T’l) Then, in terms of these results, for eagh
satisfying 2< & < Jnew, We will determine the parameters
of quantum BCH codes via Hermitian construction.
Before calculating dimensions of NS and NNS BCH
codes of lengthn, we give following Lemma 3.3 and
Corollary 3.4.

Lemma3.3.Letq= 3l +2. Forn= (q63’l)
then the following hold:

(1) If x € [1,2max], Cx contains three elements.

(2) If x,y € [1,20max] andx <y, thenCy = Cy if and

only if y = xc?.

Proof. (1) Since 1< x < ZL%J, thusx < xg? < n and
X # X%, S0X, X% € Cy. Thus|Cy| =r > 2, butr|3, hence

(2) If x < y andCy = C,, thenxg? = y(modh) or xg* =
y(modh).

First we showxq* = y(modn) can not hold. Since ¢
[1,20max] and LZ%/L\;”J = 2q, SO we assumg = -
WT’”JFL where 0<i <2gand 0< | < Ls’l)—l. If

2 2
1§x< a1 then 1< q4—y2< X —y < (qul)q“—y:
(S —g*—y<nlf x> qT’l,thenxji~q—3jl+j with
i>1,sowehagi—1)n< xq*—y= i(qT’lJrj)q“—y:

According to the above discussions and Lemma 2.2, $6_1

the theorem follows.

o1 .
19, — 192 + jg* —y < in. From the above facts, one

4 : 2 2
Theorem 3.1 gives the maximal designed distance of@n deduceq” z 0(modh). Since—y <xq° —y <xq” <n,

Hermitian dual containing NS BCH codes of length-

@T’l). The following theorem will give NNS BCH codes
also achieve the such maximal designed distahge

Let s = —<q2+q+1)?fq2*q+1>, a= %P +1) and

b= q%Z(q2 +qg+1). Similar to the above discussion, one
can check that eadBs,; is skew asymmetric and any two
cosetLCsi andCs,j do not form a skew asymmetric pair
for —a <i,j < b. Thus we can easily deduce the NNS
BCH code with defining s€fs_, s, is @ Hermitian dual
containing BCH code of length.

Theorem 3.2.Let n = (g? — 1)s, S = w,

Gew = 2/ + 1 a = P + 1)
b= 92%(¢? +q+1). Then the following hold:

(1) A NNS BCH code with defining s€fjs_5 s Of
length n is a Hermitian dual containing code of the
maximal designed distan@= day.

and

N

q—
3

hencexg? —y = 0(modh) andxg? = y(modh).
We can give dimensions of dual containing NS BCH
codes for < 0 < Snew-

Corollary 3.4. Letn= (qﬁgl), Snaw = ZLL;H +1.0f2<
O < dnew, then a NS Hermitian dual containing BCH code
has parametgn,n—3[ (& —1)(1— q—lz)J ,d >3]

Similar to the proof of Lemma 3.3, one can show the
following lemma holds.

Lemma 3.5.Letn=(¢? —1)s, s= w, a=

%l (¢?+1) andb = q%Z(q2 +q+1). Then the following
hold:

(1) Cs={s}, |Cs+i| =3 for —a< i < bandi # 0.

@ If —a<i<—-1,1<j<Db, thenCsyi # Csyj.

(3) If 1 < |i| < |j| andCs;j = Cs+j, thenj = ig?.

La Guardia showed that there are dual containing
primitive NNS BCH codes having better parameters than

that of NS BCH codes, please see Refererttle By
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Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

1234 NS P

Y. Ma et. al. : Some Hermitian Dual Containing BCH Codes and New...

Table 1. Comparison of quantum codes constructed from NNSTable 2. Comparison of new quantum code€in,K,d >
BCH codes and NS BCH codes far= 563‘1 = 5208 and X

3]]s constructed from NNS BCH codes ariph,K',d > )]s

0 < dmax =41 _ constructed from NS BCH codes for= % = 5208 and 4X
o OUI’[[n,K,d26H5 [anldeCSHS in[7] 0 < Onew =83
2 | [[52085206d>2]ls | [[52085202d > 2]|5 5 [nK.d> 3]l [n.K".d>3]ls
3 | [[52085200d > 3||s | [[52085196d > 3|5 42 | [[52084972d > 42]]s | [[52084968d > 475
4 | [[52085194d >4]]s | [[5208519Qd > 4]|5 43 | [[52084966d > 435 | [[52084962d > 435
5 | [[52085188d>5]]s | [[52085184d > 5]|5 44 | [[5208496Qd > 44]]5 | [[52084956d > 44]|5
45 | [[52084954d > 45]]5 | [[5208495Qd > 45]]5
25 | [[52085068d > 25]]5 | [[52085064d > 25]|s
26 | [[52085062d > 2€]]s | [[52085064d > 26]|5 50 | [[52084924d > 505 | [[5208492Qd > 50]s5
27 | [[52085062d > 27]]5 | [[52085058d > 27]]5 51 | [[52084918d > 51]]5 | [[52084920Qd > 51]]s
28 | [[52085056d > 285 | [[52085052d > 285 52 | [[52084918d > 52)]5 | [[52084914d > 575
53 | [[52084912d > 535 | [[52084908d > 535
40 | [[52084984d > 40]s | [[5208498Qd > 40]s5
41 | [[52084978d > 415 | [[52084974d > 41]]s 75 | [[52084780d > 755 | [[52084776d > 755
76 | [[52084774d > 76]5 | [[52084776d > 76]|s
77 | [[52084774d > 77)s | [[5208477Qd > 775
78 | [[52084768d > 785 | [[52084764d > 78]
applying the method ing], we can compute dimensions | ---
of dual containing NNS BCH codes for2 d < Jnew- 83 | [[52084738d > 835 | [[52084734d > 835

P+at1) (P —q+1
Corollary 3.6. Forn = (¢? —1)s, s = %,

3
o =2/ %57 + 1. Lets =1+3((02)(1- )] these facts. Table 1 has showed thatrfor 81 = 5208
5 ) ese facts. Table 1 has showed thatrfer == =
NN(SlLIf 2 ? 0 %I (! |+ 1)1 _+.1' tg%nHT[s,?z,s]fddefme a and 2< 0 < Omax = 41, the parameters of quantum BCH
K—n eerml 1ah dual containing code of dimension ,des constructed from NNS BCH are better than those
-, constructed from NS BCH codes iff][ except the case

(2 If (I + 1)q2_+ l<o<(+ ;)_qz +2+D, th_er_1 0 = 26. Table 2 has showed that for
T[sf(l+1)q271,s+5_] def|n-e a NNS Hermitian dual containing 4, _ Swax + 1 < & < Gnaw — 83 these quantum BCH
BCH code of dlméansmk: n—6s. _ codes are all new ones, and one can easily compare that

3) |2f (I+1)0°+2+b <3 < dew let j=0-b— {he parameters of those constructed from NNS BCH
(I+1)q° -2, thenTs_j o1, define a NNS Hermitian dual  ¢odes are better than those constructed from NS BCH
containing BCH code of dimensido= n— 6. codes, except fop = 51, 76.

According to Theorem 2.4, and the results of Corollary
3.4 and Corollary 3.6, some quantum BCH codes can be
constructed from these dual containing NS and NNS BCH
codes, therefore, we have following theorem. 4 BCH gOdeS %f length
n=3(g"-1)(a°+q+1)

Theorem 3.7.Forn = “‘6;”, Onew = ZL%J +1.

_ 1
(1) 1f2 < 6 < Onew, 05 =3[(6-1)(1~ qT)J’ then an According to Theorem 2.5, the maximal designed
[[n,n—265,d > J]]q quantum code can be constructed distance of Hermitian dual containing NS BCH code of
from NS BCH code. length n = 3(¢® — 1)(¢* + q+ 1) given in [7] is
(2)1f2 <06 < dnew 05 =1+3[(6-2)(1— Eg)J, then & = 39+ 2. In this section, we will first determine the
an[[n,n— 26('5,d > 5]]q quantum code can be constructed maximal designed distance of Hermaltlan dual containing
from NNS BCH code. NS BCH code of lengt is dhew = T3*2, And then
; how that there is a dual containing NNS BCH code of
Remark 3.1.It is easy to check, for Z & < dnew, €XCEPpL S . . X
for some special cases, our quantum BCH code§UCh designed distan@dgey. Finally, some quantum BCH

constructed from NNS BCH codes are better than thos odes will b.e constrgcted from these dual containing
constructed fromy?-ary NS BCH codes in7] and those CH codes via Hermitian construction.

constructed frong-ary NS BCH codes in13] via Steane
construction, and quantum BCH codes obtained from
g?-ary NS BCH codes in7] are better than those il §]. 4.1 Dual containing BCH codes of length

For Omax +1 < & < &hew, OUr quantum BCH codes n— 3(q2_1)(q2+q+ 1)

constructed from NS and NNS BCH codes are all new

ones. What is more, among these new quantum BCH ) ) ) ) )
codes, those constructed from NNS BCH codes havd this subsection, we will present the maximal designed
better parameters than those constructed from NS BCHfistance of Hermitian dual containing NS BCH code of

codes. We use Table 1 and Table 2 to present evidences téngthn is dhey = L"Z’W.

© 2014 NSP
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Theorem 4.1. Let
Onew = L*g‘”? Then:

n = 3 - 1 +q+ 1),

(1) The maximal designed distance of dual containing

NS BCH codes of length is dnew-

(2) ANS BCH code of lengtihn with designed distance

d contains its Hermitian dual code if and onlydif< ey

Proof. Letr = 3(q+1), a w thenn =r(q® —
1) = @1,
3.1, there exists two cases:

Case I. Firstly, we prov€y is skew asymmetric for
X € [1, Snew — 1.

(1) Itis not difficult to check X< x(gq+ 1) < n.

(2) Letx=kr +b,0<b<r—1, thenx(q®+1) = (kr +
b)(a®+1) =kr(q®+1) +b(q®+1) =kr(q®>— 1) +b(g® +
1) + 2kr = b(q?® + 1) + 2kr (moch).

b(g® + 1) + 2kr <

If 0 <b<r-2, then 1<
(r—2)(®+1)+2kr <n—2(q®+1)+2kr <n.
fb=r—1, fromX < dhey—1anddey— 1=
1= @02 4 (r - 3), we knowk < @HE-2 3 50
we has 1< gr —1)(P+1)+2kr =n—(q®+ 1) + 2(k+
Dr<n—(®+1)-(q+1)*(q-2) <n
Combining Q) and (2), we
x(g2*+1 4+ 1) # 0(modh), henceCy is asymmetric.
Case Il. Secondly, lety € [1, ohew — 1] andx <y, we

439 _
2

Now similar to the d|scussions of Theorem

derive

asymmetric and any two coseBys;i andCys,j do not
form a skew asymmetric pair fora <i,j < b. Thus we
easily deduce the NNS BCH code with defining set
Tiys—u,ys+v IS @ Hermitian dual containing BCH code of
lengthn.
Theorem 4.2.letn= (q2— s, s=3(?+q+1),y=
42 S = T2 = 1(— P+ 662+ 99+ 6) andv =
(q 4)(¢? +q+1) 1 Then:

(1) A NNS BCH code with defining séfs_y, s Of
lengthn is a Hermitian dual containing code of maximal
designed distanc@ = dnew-

(2) A NNS BCH code of lengthn with designed
distanced < &hew and defining sefle ) C Tiys uysivis
then it contains its Hermitian dual code.

4.2 Dimensions of BCH codes of length
n=3(*~1)(g*+q+1)

In this subsection, we will determine dimensions of some
dual containing NS BCH codes and NNS BCH codes for
n=3(q® - 1)(¢? +q+1). To simplify calculation, we
restrict the designed distanc@ of BCH codes with
2 < 6 < mo?+ 1, and construct new quantum BCH codes
via Hermitian construction. Similar to the discussions of

proveCy andC, can not form a skew asymmetric pair. We subsection 3.2, one can easily deduce the following

only need to show that: fot = 0,1, there must be
x+yg?+1 # 0(modh) andy + xg?* # 0(modh).

(1) Fort =0, then 1< x+yg < y(q+1) < nand 1<
y+xg < y(q+ 1) < n. Hencex+ yq # 0(modh) andy +
xq # 0(mocah).

(2) Fort =1, lety=kr+b,0 < b <r—1, then

X+yg® <y(q®+1) =y(q® — 1) + 2y = (kr +b)(q®— 1) +
2(kr +b) = b(g® — 1) + 2(kr -+ b)(modh).

If 0 < b < r — 2, then
b(g® — 1) +2(kr +b) < (r —2)( 3fl)+2gk+1)r74:
r(@?-1) -2 +1) +2(k+1)r =n—2(q+1) +2(k+
Dr<n-2(g*+1)+(q+1)%(q—2) <n.

If b=r—1, thenb(c® — 1) + 2(kr +b) = (r — 1)(q®—

1) +2(k+ r—2r(q®— 1;—
(P +1)+2(k+Dr<n.

(*+1)+2(k+1r=n—

Summarizing the discussions of (1) and (2), we havey;

proved that any twaCx and C, do not form a skew
asymmetric pair.
From Case |

and Case Il, we know that

XY € [1, 0hew — 1], any Cx is skew asymmetric and any

two C, andC, do not form a skew asymmetric pair.

According to the above discussions and Lemma 2.2,

the theorem follows.

Arguing as in Theorem 4.1, we can show that there are

Lemma 4.3 and Lemma 4.4, so all proofs of Lemma 4.3
and Lemma 4.4 are omitted.

Lemma 43. Let n = 3(¢? — 1)(¢? + q + 1),
Bnew = T382 then the following hold:
(1) If x € [1, dnew — 1], Cx contains three elements.
(2) If X,y € [1, &new — 1] @andx <y, thenCy = Cy if and
only if y = xg?.
Lemma 4.4.Let n = 3(q? — 1)(® +q+1), s= 3(¢? +
a+1), y= %42 u=3(—*+60%+9q+6) andv = (q—
4)(¢? +q+ 1) — 1. Then the following hold:

(1) Cys = {ys} [Cys+i| =3 for —u <i <vandi # 0.

(2 If —u<i<-—1,1<j <v,thenCys;i # Cysy -

@) IF1<li|< (3], thenCys. iz = Cysi-

According to Lemma 4.3 and Lemma 4.4, the
mensions of some Hermitian dual containing NS BCH
codes and NNS BCH codes can be computed as in
Theorem 4.5 and Theorem 4.6, respectively.

Theorem 4.5.Letn=3(¢? — 1)(¢? +q+ 1), 65 =3|(0—
11— —)J for 2< & < mg?+ 1 wherem= [J]. Then:

(1) There is an[n,n — 65,d > 4] Hermitian dual
containing NS BCH code.
(2) An [[n,n—265,d > J]]q quantum code can be

also Hermitian dual containing NNS BCH codes whoseconstructed from NS BCH code.

designed distance &ew-
let s = 3 +q+ 1, y = %2
u = 2(-¢® + 60> + 99 + 6) and
= (q—4)(®+q+1) — 1. Similar to the above
discussions, one can check that edaCl,; is skew

Proof. (1) From Theorem 4.1, we know thd} 5,1
defines a Hermitian dual containing NS BCH code. If
[1,f] C [1, 3new — 1], then Ty ;) defines a Hermitian dual
containing NS BCH code. For 2 6 < mg? + 1, let

f < -1, the NS BCH cod&’ with defining sefl; 5_y

© 2014 NSP
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Table 4. Comparison of new quantum codgi,K,d >
is a Hermitian dual containing BCH code of designed §])g constructed from NNS BCH codes arh,K',d > 3]]g

distance 4. From Lemma 4.3, we know

05 = |Tus-nyl = 31(6 — (L — H)|. Hence,

that constructed from NS BCH codes for— % = 13797 and
27 = Omax +1 < & < Spew =269

% = [n,n—Bs,d > 9d].

(2) According to (1) and Theorem 2.4, then (2)
follows.
Theorem 4.6 Let n = 3(¢> — 1)(¢® + q + 1),
05 = 1+3L(6—2)(1—qi2)j for 2 < 6 < mg?+ 1 where
m=[3].Then:

(1) There is an[n,n — 65,d > ] Hermitian dual
containing NNS BCH code.

(2) An [[n,n—265,d > J]]q quantum code can be
constructed from NNS BCH code.

Proof. (1) From Theorem 4.2, we know thaf,s sy
defines a Hermitian dual containing NNS BCH code. If
e f] C [ys—u,ys+V], then Ty defines a Hermitian
dual containing NNS BCH code. Now we construct a
suitable subintervale, f] of [ys—u,ys+ V| and get the
desired Hermitian dual containing NNS BCH code. For
2<d<mP+1,letf=yse=ys—3d+2, then the NNS
BCH code% with defining sefljs 5.2 g is @ Hermitian
dual containing BCH code of designed distadce-rom
Lemma 4.4, we know that
65 = |Tys—s42y9] = 1+ 3[(8 — 2)(1 — q—lz)J. Hence,
% = [n,n—Bs,d > 9d].

Hence, According to (1) and Theorem 2.4, then (2)
follows.

Table 3. Comparison of quantum codes constructed from NNS

5 [NK.d> o]l [NK,d> 5]l

27 | [[1379713645d > 27])g | [[1379713641d > 27]Js

28 | [[1379713639d > 28] | [[1379713635d > 28]|g

64 | [[1379713423d >64]]g | [[1379713419d > 64|

65 | [[1379713417d>65]g | [[1379713419d > 65)Jg

66 | [[1379713417d >66]]g | [[1379713413d > 66]]

128 | [[1379713045d > 128]g | [[1379713041d > 128]g
129 | [[1379713039d > 129]s | [[1379713041d > 129]g
130 | [[1379713039d > 130]g | [[1379713035d > 130]g
192 | [[1379712667d > 192))g | [[1379712663d > 192]g
193 | [[1379712661d > 193]g | [[1379712663d > 193]g
194 | [[1379712661d > 194g | [[1379712657d > 194]g
216 | [[1379712529d > 216]]g | [[1379712525d > 216]Jg
217 | [[1379721523d > 217)]g | [[1379712525d > 217)s
218 | [[1379721523d > 218]g | [[1379712525d > 218]g
219 | [[1379721523d > 219]g | [[1379712525d > 219]g
220 | [[1379721523d > 220]g | [[1379712523d > 220]s
221 | [[1379712517d > 221]]g | [[1379712517d > 221]Jg
256 | [[1379712307d > 256]]g | [[1379712307d > 256]g
257 | [[1379712307d > 257)]g | [[1379712307d > 257)s
258 | [[1379712301d > 258]g | [[1379712301d > 258]g
268 | [[1379712241d > 268]g | [[1379712241d > 268]s
269 | [[1379712235d > 269]g | [[1379712235d > 269g

BCH code and NS BCH code for= &3 = 13797 and

2< 0 < Omex=26

o our [[n,K,d > J]]s [[n,K",d > 3]]gin [13]

2 | [[1379713795d > 2JJ[g | [|1379713791d> 2Jg
3 | [[1379713789d > 3]s | [[1379713779d > 3||s
4 | [[1379713783d>4]]g | [[1379713767d > 4]g
5 | [[1879713777d>5|]g | [[1379713755d > 5||s
6 | [[1379713771d>6]]g | [[1379713743d > 6]|g
7 | [[1879713765d >7]js | [[1379713731d>7|]g
24 | [[1379713663d > 24]|g | [[1379713551d > 24Jg
25 | [[1879713657d > 25||g | [[1379713545d > 25)|g
26 | [[1379713651d > 26]]g | [[1379713533d > 26]]g

Remark 4.1For 2< 0 < dmax, We have constructed many

guantum BCH codes from Hermitian dual containing NS
and NNS BCH codes via Hermitian construction. The

BCH codes given in Theorem 4.1 and Theorem 4.2, and
these quantum BCH codes constructed from NS and NNS
BCH codes are all new. However, we only give part
results in Theorem 4.5 and Theorem 4.6, the discussions
of constructing quantum BCH codes constructed from NS
and NNS BCH codes for ab can be given as in Section

3, but a little complex. So we use Table 4 to give a special
case forq = 8. Table 4 has showed that for= 8 and

27 = Omax + 1 < 0 < Spew = 269, these quantum BCH
codes constructed from NS and NNS BCH codes are all
new. For 27< § < 216 quantum BCH codes constructed
from NNS BCH codes are better than those constructed
from NS BCH codes, except in the cade- 65,129 193.

quantum BCH codes constructed from Hermitian dualFOr 221< 0 < 269 quantum BCH codes const;]ucted from
containing NNS BCH codes are better than those7in [ NNS BCH codes and NS BCH codes have same

13]. Similar to Tablel, one can show that quantum BC

H parameters.

codes constructed from NNS BCH codes are better than
those constructed from NS BCH codes 1. [So we only )
to show quantum BCH codes constructed from NNS BCHO Conclusion
codes are better than those Irg], for details see Table 3.
Table 3 has showed that fqr=8, 2< d < dmax = 26, our

guantum BCH codes constructed from NNS BCH codes

are better than those idJ]. For dmax + 1 < 0 < dpew, ONE
can construct quantum BCH codes from NS and NNSfor q = 3l + 2. We also presented two families of

We have determined the maximal designed distadggs
of imprimitive Hermitian dual containing?-ary NS BCH

codes of lengtin = (C‘GT’” andn = 3(q? — 1)(¢? +q+1)
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Hermitian dual containing NNS BCH codes whose [12]R. Li, F. Zuo and Y. Liu. A study of skew symmetrig-
maximal designed distances achievidgy. At the same cyclotomic coset and its application. Journal of Air Force
time, we calculated the dimensions of these NS and NNS  Engineering Universityl2, 87-89 (2011).

BCH codes, then constructed magpyary quantum BCH  [13] S. Ling, J. Luo and C. Xing. Generalization of Steane’s
codes from these NS and NNS BCH codes. For enlargement construction of quantum codes and applications.
2 < 3 < Jmax, €xcept for some special cases, our quantum  |EEE. Trans. Inf. Theory6, 4080-4084 (2010).

BCH codes constructed from NNS BCH codes are bettef14] R. Li, F. zuo and Y. Liu. Hermitian dual containing BCH
than the ones available in the literature. For ¢odes and construction of new quantum codes. Quantum Inf.

Oax + 1 < 6 < &ew oOur quantum BCH codes Comp.,13, 0021-0036 (2013).
constructed from NS and NNS BCH codes are new ones[.15] Y. Liu, Y. Ma and Q. Feng. New quantum codes constructed
These new quantum BCH codes constructed from NNS

BCH codes have better parameters than those constructed

from NS BCH codes.

from a class of imprimitive BCH codes. Int. J. Quantum Inf.,
11, 1-14 (2013).
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