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Abstract: In this paper we introduce and study the concepts of stronglyλ -convergence and statisticallyλ -convergence for interval
numbers. We give some relations related to these concepts. The results are more general than the Mursaleen’s results in [5].
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1 Introduction

Interval arithmetic was first suggested by Dwyer [7] in
1951. Development of interval arithmetic as a formal
system and evidence of its value as a computational
device was provided by Moore [8] in 1959 and Moore
and Yang [9] 1962. Furthermore, Moore and others [8],
[9], [10] and [11] have developed applications to
differential equations.

Chiao in [4] introduced sequence of interval numbers
and defined usual convergence of sequences of interval
number. Şeng̈onül and Eryilmaz in [6] introduced and
studied bounded and convergent sequence spaces of
interval numbers and showed that these spaces are
complete metric space. Recently, Esi [1] introduced and
studied lacunary sequence spaces of interval numbers.

The idea of statistical convergence for single
sequences was introduced by Fast [2] in 1951.
Schoenberg [3] studied statistical convergence as a
summability method and listed some of elemantary
properties of statistical convergence. Both of these
authors noted that if bounded sequence is statistically
convergent, then it is Cesaro summable. In 2000,
Mursaleen [5] defined and studied byλ -statistically
convergent sequences. The notion was further
investigated and different properties in the field of
summability theory has been investigated by Rath and
Tripathy [12], Tripathy [13], Tripathy and Sen [14] and
many others.

2 Preliminaries

A set consisting of a closed interval of real numbers x
such thata ≤ x ≤ b is called an interval number. A real
interval can also be considered as a set. Thus we can
investigate some properties of interval numbers, for
instance arithmetic properties or analysis properties.We
denote the set of all real valued closed intervals by IR.

Any elements of IR is called closed interval and denoted
by x. That is x = {x ∈ R : a ≤ x ≤ b} . An interval
numberx is a closed subset of real numbers[4] . Let xl
and xr be first and last points ofx interval number,
respectively. Forx1,x2 ∈IR, we havex1 = x2 ⇔ x1l =x2l ,
x1r =x2r . x1+ x2 = {x ∈ R : x1l + x2l ≤ x ≤ x1r + x2r} and
if α ≥ 0, then αx =

{

x ∈ R : αx1l ≤ x ≤ αx1r

}

and if
α < 0, thenαx =

{

x ∈ R : αx1r ≤ x ≤ αx1l

}

,

x1.x2 =

{

x ∈ R : min
{

x1l .x2l ,x1l .x2r ,x1r .x2l ,x1r .x2r

}

≤ x
≤ max

{

x1l .x2l ,x1l .x2r ,x1r .x2l ,x1r .x2r

}

}

.

The set of all interval numbers IR is a complete metric
space defined by

d (x1,x2) = max
{∣

∣x1l − x2l

∣

∣ , |x1r − x2r |
}

[6] .

In the special casex1 = [a,a] and x2 = [b,b] , we obtain
usual metric ofR.

Let us define transformationf : N→R by k → f (k) =
x, x = (xk) . Thenx = (xk) is called sequence of interval
numbers. Thexk is calledkth term of sequencex = (xk) .
wi denotes the set of all interval numbers with real terms
and the algebric properties ofwi can be found in [6].

Now we give the definition of convergence of interval
numbers:
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Definition 2.1. [4] A sequencex = (xk) of interval
numbers is said to be convergent to the interval numberxo
if for each ε > 0 there exists a positive integerko such
that d (xk,xo) < ε for all k ≥ ko and we denote it by
limk xk = xo.

Thus, limk xk = xo ⇔ limk xkl = xol and limk xkr = xor .

3 Main Results

In this paper, we introduce and study the concepts of
strongly λ -convergence and statisticallyλ -convergence
for interval numbers and these concepts will generalize
λ -convergence for single sequences defined by Mursaleen
[5] earlier.

Definition 3.1. Let λ = (λn) be a non-decreasing
sequence of positive numbers such that
λn+1 ≤ λn + 1,λ1 = 1,λn → ∞ as n → ∞ and
In = [n−λn +1,n] . The sequencex = (xk) of interval
numbers is said to be stronglyλ -summable if there is an
interval numberxo such that

lim
n

1
λn

∑
k∈In

d (xk,xo) = 0.

In which case we say that the sequencex = (xk) of
interval numbers is said to be stronglyλ -summable to
interval numberxo. If λn = n, then stronglyλ -summable
reduces to strongly Cesaro summable defined as follows:

lim
n

1
n

n

∑
k=1

d (xk,xo) = 0.

Example 3.1.Let λn = n for all n ∈ N. Consider the
sequence of interval numbersx = (xk) defined by

xk =

[

−
k2+1

k2

]

.

Let xo be defined by

xo = [−1,0] .

Then we have

lim
n→∞

1
n

n

∑
k=1

d (xk,xo) = lim
n→∞

1
n

n

∑
k=1

k−2 = 0

since∑n
k=1 k−2 is convergent.

Definition 3.2. A sequencex = (xk) of interval
numbers is said to be statisticallyλ -convergent to interval
numberxo if for every ε > 0

lim
n

1
λn

|{k ∈ In : d (xk,xo)≥ ε}|= 0.

In this case we writesλ − lim xk = xo. If λn = n, then
statistically λ -convergence reduces to statistically
convergence as follows:

lim
n

1
n
|{k ≤ n : d (xk,xo)≥ ε}|= 0.

In this case we writes− lim xk = xo.

Theorem 3.1.Let x = (xk) andy = (yk) be sequences
of interval numbers.

(i) If sλ − lim xk = xo andα ∈ R, thensλ − lim αxk =
αxo.

(ii) If sλ − lim xk = xo andsλ − lim yk = yo, thensλ −
lim (xk + yk) = xo + yo.

Proof. (i) Let α ∈ R. We have
d (αxk,αxo) = |α|d (xk,xo) . For a givenε > 0

1
λn

|{k ∈ In : d (αxk,αxo)≥ ε}|

≤
1
λn

∣

∣

∣

∣

{

k ∈ In : d (xk,xo)≥
ε
|α|

}∣

∣

∣

∣

.

Hencesλ − lim αxk = αxo.

(ii) Suppose thatsλ − lim xk = xo andsλ − lim yk = yo.

We have
d (xk + yk,xo + yo)

≤ d (xk,xo)+d (yk,yo) .

Therefore givenε > 0, we have

1
λn

|{k ∈ In : d (xk + yk,xo + yo)≥ ε}|

≤
1
λn

|{k ∈ In : d (xk,xo)+d (yk,yo)≥ ε}|

≤
1
λn

∣

∣

∣

{

k ∈ In : d (xk,xo)≥
ε
2

}∣

∣

∣

+
1
λn

∣

∣

∣

{

k ∈ In : d (yk,yo)≥
ε
2

}∣

∣

∣
.

Thus,sλ − lim (xk + yk) = xo + yo.

In the following theorems, we exhibit some
connections between stronglyλ -summable and
statistically λ -convergence of sequences of interval
numbers.

Theorem 3.2. If an interval sequencex = (xk) is
strongly λ -summable to interval numberxo, then it is
statisticallyλ -convergent to interval numberxo.

Proof. Let ε > 0. Since

∑
k∈In

d (xk,xo)≥ ∑
k∈In

d(xk ,xo)≥ε

d (xk,xo)

≥ |{k ∈ In : d (xk,xo)≥ ε}|ε

if x = (xk) is strongly λ -summable toxo, then it is
statisticallyλ -convergent toxo.
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Theorem 3.3. If x = (xk) ∈ m and x = (xk) is
statisticallyλ -convergent to interval numberxo, then it is
stronglyλ -summable toxo and hencex = (xk) is strongly
Cesaro summable to xo, where
m = {x = (xk) : supk d (xk,xo)< ∞} .

Proof. Suppose thatx = (xk) ∈ m and statisticallyλ -
convergent to interval numberxo. Sincex = (xk) ∈ m, we
write d (xk,xo)≤ A for all k ∈ N. Givenε > 0, we have

1
λn

∑
k∈In

d (xk,xo)

=
1
λn

∑
k∈In

d(xk ,xo)≥ε

d (xk,xo)+
1
λn

∑
k∈In

d(xk ,xo)<ε

d (xk,xo)

≤
A
λn

|{k ∈ In : d (xk,xo)≥ ε}|+ ε

which implies thatx = (xk) is stronglyλ -summable toxo.

Further we have
1
n

n

∑
k=1

d (xk,xo)

=
1
n

n−λn

∑
k=1

d (xk,xo)+
1
n ∑

k∈In

d (xk,xo)

≤
1
λn

n−λn

∑
k=1

d (xk,xo)+
1
λn

∑
k∈In

d (xk,xo)

≤
2
λn

∑
k∈In

d (xk,xo) .

Hencex = (xk) is strongly Cesaro summable toxo.

Theorem 3.4. If a interval sequencex = (xk) is
statistically convergent to interval numberxo and
liminf n

λn
n > 0 then it is statisticallyλ -convergent toxo.

Proof. For givenε > 0, we have

{k ≤ n : d (xk,xo)≥ ε} ⊃ {k ∈ In : d (xk,xo)≥ ε} .

Therefore

1
n
|{k ≤ n : d (xk,xo)≥ ε}| ≥

1
n
|{k ∈ In : d (xk,xo)≥ ε}|

≥
λn

n
.

1
λn

|{k ∈ In : d (xk,xo)≥ ε}| .

Taking limit asn → ∞ and using liminfn
λn
n > 0, we get

thatx = (xk) is statisticallyλ -convergent toxo.

Finally we conclude this paper by stating a definition
which generalizes Definition 3.1. of Section 3 and two
theorems related to this definition.

Definition 3.3. Let λ = (λn) be a non-decreasing
sequence of positive numbers such that
λn+1 ≤ λn + 1,λ1 = 1,λn → ∞ as n → ∞ and
In = [n−λn +1,n] andp ∈ (0,∞) . The sequencex = (xk)

of interval numbers is said to be stronglyλ p-summable if
there is an interval numberxo such that

lim
n

1
λn

∑
k∈In

[d (xk,xo)]
p = 0.

In which case we say that the sequencex = (xk) of
interval numbers is said to be stronglyλ p-summable to
interval numberxo. If λn = n, then stronglyλ p-summable
reduces to stronglyp-Cesaro summable defined as
follows:

lim
n

1
n

n

∑
k=1

[d (xk,xo)]
p = 0.

The following theorems is similar to that of Theorem
3.2. and Theorem 3.3, so the proofs omitted.

Theorem 3.5. If an interval sequencex = (xk) is
strongly λ p-summable to interval numberxo, then it is
statisticallyλ -convergent to interval numberxo.

Theorem 3.6. If x = (xk) ∈ m and x = (xk) is
statisticallyλ -convergent to interval numberxo, then it is
strongly λ p-summable toxo and hencex = (xk) is
strongly p-Cesaro summable toxo.
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