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Abstract: In this paper, fractional-order is introduced into the interaction model détwGBM and IS. GBM (Glioblastoma
Multiforme) is a brain tumor, that has a monoclonal origin and produftes i@aching a specific density another tumor with different
growth rate and treatment susceptibilities. The IS cells are also divided iaodpulations, namely, the macrophages and the activated
macrophages. Hence, this model show two conversions, the camvérem sensitive tumor cell to resistant tumor cell and the
conversion from macrophages to active macrophages, and arctiaarbetween the tumor cell and the macrophages. In this work,
it is shown that the model possesses non-negative solutions. Fuaotigerthe stability, existence and uniqueness were studied. To
investigate the conditions for an extinction of the tumor cells, Allee thresholghisidered. Numerical simulations will give a detailed
description of the behavior of the constructed models at the end of tlee. pap
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1 Introduction field of rheology [24]. It is shown that modeling the
behavior of brainstem vestibule-oculumotor neurons by
fractional order differential equation has more advardage
than by integer order differential equatid@l]. In this
paper GBM has two kind of cells, the sensitive tumor cell
and resistant tumor cell. Additionally, for the IS we will
consider the activated macrophages and macrophages.
Thus, taking into account the converting of the sensitive
tumor cell to resistant tumor cell, the converting of the
macrophages to the activated macrophages and the
Snteraction between the tumor cells and the activated
macrophages, we construct a fractional-order the model
such as

Cancer is one of the greatest killer in the world and the
control of tumor growth requires special attenti@h The
typical approach for treating GBM involves surgical
resection of as much of the tumor as possible, followed
by radiation treatment and chemotheraf@y. Within a
single tumor of monoclonal origin, this kind of tumor can
develop multiple sub-populations, each of which may be
characterized by different growth-rates and treatmen
susceptibilities[3 — 5]. Works about modeling of multi
sub- populations can be shown [Bi— 10]. Modeling the
interaction between the tumor cell and the immune
system are interesting researches, where a few of them

will be referee, seél, 11— 13]. However, a large amount

of work done on modeling tumor growth has been (D?(S(t)) = pSt)+r1S(t)(Ki — B1S(t)) — yS(t)R(t)
restricted to integer order ordinary or delay differential | —d;S(t) — 13S(t)N(t)

equations [14-17]. Recently, fractional calculus has been _ _

applied in many field$18— 22,32,33. In biology, it has —d(Rg» rz?())((}:)z PoR)) +ySHRO (1)
been deduced that the membranes of cells of biological 2
organism have fractional order electrical conductance DE(N(t)) = UN(t)Z(t) — eZ(t)N(t) — daN(t)

[23. Fractional derivatives embody essential features of | DY(Z(t)) = ( )(Kg—1Z(t)) — uN(t)Z(t)

cell rheological behavior and have enjoyed success in thel +eZ(t)N( WZ(t),

)
)
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where t> 0, the parameterBy, B2, 01, T1, T2, YV, U, &, P,
d1, dp,d3, ds,Kg, Ko,Kz,ri, ro and rz denote positive

2 Stability Analysis

numbers. GBM is a brain tumor, that has at least two2. 1 Equﬂlbrlum pOIntS

population. Here, we will have the sensitive tumor cell
and resistant tumor cell, which is given in systétwith
S(t) and R(t), respectively.N(t) and Z(t) show the
activated macrophages and macrophages, respectjvely.
is the division rate of the sensitive tumor cédl, andK>
are the carrying capacities of the sensitive (including

negrotic part) and resistant cell, respectively. Paramete

B1 and 3, are necessary to construct logistic differential
equationsri andr, are the growth rate of the sensitive
cell and resistant cell, respectivelyis the converting rate
of sensitive tumor cell to resistant tumor cell. The
parameted; andd, are their dead rate caused from drugs,
respectively.u is the conversion rate of macrophages to
active macrophagedd; is the natural death of active
macrophages and, natural death of macrophages.is
the growth rate of macrophages and the paramtes
selected in view of logistic differential equation& gives
the carrying capacity of macrophagess the conversion
rate of the activated macrophages to macrophagesmd

7, are the destroying rate caused from the activated

macrophages. In section 2, we show thdt) has

non-negative equilibrium points and analyze the stability
of these steady states. We have investigated the existen&®” (€1(t))
and uniqueness of the fractional order modeI in section 3. 91 SRN 2)

Since we obtain in section 2, th#®0,0,B, = 8)) is an

unstable steady state, we modify systéhyin section 4
to get the stablllty conditions of the threshold. Obtaining +

a solution that is less than the threshold leads to an

extinction that is desired in the population dynamics.
Numerical simulations will give a detailed description of
the behavior of systerfl) at the end of the paper.

Definition 1.1. [25 The fractional integral of order
a > 0of afunction f: R" — R is given by

F(x) = /X(x—t)“‘lf(t)dt, )

I(a).Jo

provided the right side is pointwise defined onh.R

Definition 1.2. [25 The Caputo fractional derivative
of ordera € (n—1,n) of a continuous function fR™ — R
is given by

D“f(x):lS’“D”f(x),D:%. (3)

Let us consider the system

DY(S(t)) = f(S(t),R(t),N(t),Z(t)) = pSt) — ch ()
+r15(t (K1 —B1S(t)) — yS(t)R(t) — Ta S(H)N(t)
DY(R(t)) = g(S(t),R(t),N(t), Z(t) = —T2R(t)N(t)
+12R(1) (K2 — B2R(t)) + yS()R(t) — d2R(t) @)
DY(N(t)) = h(S(t),R(t),N(t), Z(t)) = uN(t)Z(t)
—€Z(t)N(t) — daN(t)
DY(Z(t)) = k(S(t),R(t),N(t),Z(t)) = —uN(t)Z(t)
+r3Z(t)(Ks — & Z(t)) + €Z(t)N(t) — daZ(t),

We want to discuss the stability analysis (@). Let
us perturb the equilibrium point by adding positive terms
&1(t), &2(t), &3(t) andey(t), that is

S{t) - S=&a(t), Rit) - R=&(t), (5)
N(t) — N = e5(t)and Z(t) — Z = &4(t) (6)
Then we have -
~ f(s RN,Z) + 2GRNZg )
Ley(t) + 2 T\l L ea(t) + af(S:gN{)fi(E)’
(€2(t)) ~ g(SﬁN 7) + 988 g (1)
O RN, -~ s
DY (e3(t)) = jl@RN,Z) + SRR (1)
ah( SRNZ sz(t)+ RN 2)83(t)+af(sdr§N 2)84(0
and 3 o
DUet) = KERNZ) & M)
erk(SaRéN,Z) £2(t) + ak(SbIT\]N,Z) £a(t) + af<s}r§N,Z) £4(t)

We used the fact that(SRN,Z) = g(SRN,Z) =
h(SRN,Z) = k(SRN,Z) =0 and obtain therefore a
linearized system about the equilibrium point such as

()

whereU = (&1(t), &2(t), &3(t), €4(t)) and J is the Jacobian
matrix evaluated at the equilibrium. We haBelJB = C,
where C is a diagonal matrix of J given by

DY(U) = JU,

A1 000
0A,0 0
0 0A30
0 0 0

C= 8)

where A1, A2, A3 and A4 are the eigenvalues and B the
eigenvectors of J. Therefore, we get

DI (n1) =AM
DZ(n2) = A2n2,

9
DZ(n3) = A3ns ®)
DY (n4) = Aana,
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m
wheren = gg andn = B!z, and whose solutions are

Na
given by Mittag-Leffler functions

Z I (na + 1

wherei =0,1,2,4.

By wusing the result of Matignon [26], Iif
larg(Ai)| > & (i = 1,2,3,4), thenn);(t) are decreasing
and therefore are alsegi(t) decreasing. Thus, let the
solution (&1(t), &2(t), e3(t), ea(t)) of (7) exist. If the
solution of (7) is increasing, themsﬁ N,Z) is unstable
and if (&1(t),&(t),&3(t),€4(t)) is decreasing, then the
equilibrium point (SR,N,Z) is locally asymptotically
stable.

Now we want to obtain the equilibrium points of
system study the equilibrium and stability of systé).
Considering (4), we want to consider the following

equilibrium points, which are biological admissible.

d3

1(0) = Ea (Ait?)n1(0) (10)

/\1_(005” 2) (11)

whereu > € and
Ao = (fzﬁz(F’HiKl d1—14B)—y(raKo—dp—12B)

r1r2B1Bo+y? ’
Bari(roKz —dz — 12B) + y(p+riKy —dy — 11B) ds
2 7B’ )
rair2PB1fe + v: H—¢&
(12)
where K d q
g (Ke—do(u—g)-rs&ds o
(L—¢)?
! ( )d od
H—€)Qy 3
rg>——————andkg > ——, 14
* 7 Ka(u—¢)— dds T u—¢ (14)
then we have > 0. If we have the conditions
ry> Mandrl > M, (15)
K1 K

wherep > % the equilibrium point\; is positive.

2.2 Local Stability

The Jacobian matrid(A1) for system (4) evaluated &t
show us that for the conditions (13), (14) and (¥8)is

unstable. To discuss the local stability of the equilibrium
point/,, this means that both tumors exist in the brain, we

consider the linearized system of (4)/&s. Considering
the Jocabian matrid(Az) for system (4), we obtain the
characteristic equation of (4) such as

P(A) = (A2 — ass) — a43334)

(A2~ (a11+ @22)A +a11892 — a10821) = O, (16)

where o -
a1 = p+riKyi—d —2r1 1S yR— 1N,
a2 = 2Ky — dp — 2ro 2R+ YS— 1N,

Ay = (raKg—dy—(U—€)B)(H—€)—2r36,0d3

_ (H=e)
a2 =—YySap = YRags= (U—€)Bayz= —0.
Considering (16), we can obtain the following theorem.
Theorem 2.1.Let A, be the positive equilibrium point of
system (4). The following statements are true.

(@) Assume thatKs > 234 K, < (@B apq
HU—€ y

Ko—dp—T,B
> 5y hold. i
do + 1B
o > Ka
and
da(u —¢€) e da(p—€)+(u—€)?B
K3(u —€) — o103 Ka(u—¢g)—24ds ’

then all roots of (16) have are real or complex conjugates
with negative real parts, which means thgt is locally
asymptotically stable.

(b) Assume thaKsz >

26,d3 (da+12B) By
riar Ko > v and

M e (0 raBa(2r1r2PiBoy+4y2 — r2ra2 B — raf2y?)
r1B1(2r1roPiBoy+4y° +r1r3BiBs +r1fry?)

roBa(rifr+y) o
Bty

hold, where

roKo; —do — 1B
p+riK;—d; — 1B’

Furthermore, suppose that

(tan*l(f\/4(anazz —a108p1) — (A1 +a22)2)/(A11+ap2)| > 4.

If

d> + 1B
l>r2> 2+ T2
K>

B2

and

da(—€)+ (L —¢€)°B e dy(—€)+(u—¢€)°B

Ka(u —¢€) — 1d3 K3(u —¢€) — 25103

then (16) has has two real or complex conjugates with
negative real parts and two complex conjugate with
positive real parts, wheré\, is locally asymptotically
stable.

(c) Assume that Kp < 2HZBB2 Ky > 2ok
H-e ds Y _ToKp—dp—1oB_
30, (u—¢)B and Bl = pinKi—di-uB hold.

Furthermore, suppose that we have

art
>,

tanfl(—\/ 4A(ay43334 — 85,) /u4) 5
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+Z(t)EU(t),t € (O, T 17
U BB (EU(t),t € (0,T] 7
27 7k
2 andU (0) = Ug, where
and S(t) S0)
da(u—e)+ (-8B _ _da(p-e)+(u-eB )= 5% U(0) = ﬁ%%,
Ka(t —€) — 20103 Ks(u—€)—4dds Z(t) Z(0)
then (16) has has two real or complex conjugates with p—d;+riKg 0 0 0]
negative real parts and two complex conjugate with A 0 rokKpb—d, 0 O 18
positive real parts, wheré\, is locally asymptotically - 0 0 —d3 0|’ (18)
stable. 0 0 0 0]
(d) Assume that Kp > (Zt2BIE Ky - fod
b > e and 141000 —y 0 00
0 yo0o0 0 1,300
Y. 2 B=1 0 000/'¢=|0 0 oof- @
M e (0 r2B2(2r1r2P1Boy +4y3 —riraBeBo — raf2y?) 0 000 0 0 00
"\ raBu(2raroBiBay+4y3 4 rar3BiBi 4 r1fry?) -
r2B2(rifr+vy) ) -1, 00 O 00 O 0
riBa(—ra2f2 + y)’ D— 0 -0 0 E— 00 O 0
hold, where |19 00 0 ' |00(u—g) O
0 0 0—(u—¢) 00 0 -—r3&
. roKo —dp — 2B (20)

B p+riKy—dp — 1B’

Furthermore, suppose thatis in the interval satisfying

1

In view of [19] and [22], the desired definitions for
existence and uniqueness are defined as follows;
Definition 3.1. Let C*[0,T] be the class of continuous

tan” (—\/4(311322— a12321) — (a11+822))/(A11+822)|  column vectorU (t)whose components,y,z,w € C[0, T]
an are the class of continuous functions on the intef@ar |.
> 5. and The norm ofU € C*[0,T] is given by
tanfl(—\/—4(a43a34— az,)/aua)| > %T. U] =sup |e Nx(t)| +sup [e My(t)]
If +sup e Mz(t)| +sup [e Mw(t)|.
v o+ 5B Whent > g > 0, we writeC; [0, T] andC;[0, T].
B >T2> Ky Definition 3.2. U € C*[0,T] is a solution of the initial
q value problem (17), if
an

da(pt—€)+ (L —€)°B
<rz< :
7T Ka(k—e) - 4duds

dy(u—€)+(u—¢€)°B
Ks(U —€) — 26,03

then all of the roots of (16) are complex conjugates with

positive real parts, which implies thaf, is locally
asymptotically stable.
Proof. The proof follows by using the theory ij27] and

will be omitted.

() (t,U(t)) eD,t € [0, T] whereD = [0, T| x K,
K={(xy,zw) e R X <l1,ly| <l2 2] <l3, W] <la}.

(iHU (1)
satisfies (17).

Theorem 3.1The initial value problem (17) has a unique
solutionU € C*[0, T].
Proof. Let us write

d
3 Existence and Uniqueness 9GO =AU + SHBU() +ROCUE)
Consider system (4) with the initial conditios60) > 0,
R(0) > 0, N(0) > 0 and Z(0) > 0. The initial value FNODU (1) +ZOEU(). (1)
problem can be written in the form Operating withl * we obtain
DU (t) = AU(t) + S(t)BU(t) + R(t)CU(t) + N(t)DU (t) U(t) =U(0)+19(AU(t) + S(t)BU(t)
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+R(t)CU(t) +N(t)DU (t) + Z(t)EU(t)).
Now letF : C*[0, T] — C*[0, T| be defined by

(22)

FU(t) =U(0)+19(AU(t) + S(t)BU(t) + R(t)CU(t)
+N(t)DU (t) + Z(t)EU(1)). (23)

Then

e NY|FU —FV|| =

e MAAU®L) - V(t)) + SHBU®) - V(1))

FROCUE) — V(1)) + NOHDUE) — V(1) +

() C () V(b))

< 7 ot =97 te NEI(U(s) — V(s))e N(A+ aB+

bC)ds

A bC -1
< (B0 |lU — V| § £579s

This implies that

(A+ Bl; +Cl, +Dl3 + E|4)

IFU—FV] < 2

U —=VI|.
If we choose N such that
N% > A+Bl1+Cly+Dlz+Els,
then we obtain
IFU—FV[[ < |U -V

and the operator F given by (23) has a unique fixed point.
Consequently, (22) has a unique solution
U € C*[0, T].From (22), we have

g (AU() +
)+ Z(0)EU(0)
+R’CU()+R

N(E)CU'(t) +

—
~—

S(0)BU(0) + R(0)CU(0)) +
|“+1(Au (t)+S(t)BU(t) +
)+

(t)+Z(HEU'(t))

-

~—

v}
-~~~

o

)
(t)C

P e R T
o
=

zunz C

Q' =—0
o]
C

—
~—

U'(t
ZEU(t

)
c

co
>
~—

—
—
N

)]

(AU(t) + St)BU(t) + RH)CU(t) +
t)EU(t))
Il‘“%I“(AU(t) + St)BU(t) +
N(t)DU (t) +Z(t)EU(t))

AU(t) + St)BU(t) + R(t)CU(t) +
Z(t)EU(t)

U(0) = Ug + 19(AU(0) + S(0)BU(0) + R(0)CU(0) +
N(0)DU(0) + Z(0)EU(0)) = Ug. Therefore, this initial
value problem is equivalent to the initial value probem
7).

4 Analysis of the extinction of GBM by using
Allee effect

An important research for population models by Allee

[28, who demonstrated that Allee effect occurs when
population growth rate is reduced at low population size.
It is well known that the logistic model assumes that

per-capita growth rate declines monotonic when the
density increase; however, it is shown that for population
subjected to an Allee effect, per-capita growth rate gives a
humped curve increasing at low density, up to a
maximum intermediate density and then declines again
[29. Many theoretical and laboratory studies have

demonstrated the importance of the Allee effect in

dynamics of small populations, see for examj2i@— 31].

Let us embed to (4) functions such as

DY(S(t)) = <ps<t>+r1s<t><r<1fﬁls<t>>fvs<t>R<t>
—dls<t> nSON) (L - 1)

DY(R(t)) = (sz()(Kz—BzR(t))+V5(t)R(t)
—dsz 2RHON <>><EL 1) (24)

DY (N(t)) = UN(1)Z(t) — £Z(t)N(t) — dgN(t)

DY(Z <t>>= <><K3—5lz<t>> UN(D)Z(t)
+EZ(N(L) — daZ(t),

where t > 0 and
(S(0),R(0),N(0),Z(0)) = (So,Ro,No,Z0). Eo and E;

represents the Allee threshold of the populatigtg and
R(t), respectively. The equilibrium point that will be
considered in this section 43 = (Eo,El,B 3). The
characteristic equation of (24) is

PA)=(A— (PEoHlEo(KrBlEo)E*VEoErdlEO*TlEoB))

1
(A — (T2E1(Kz*ﬁzEl)ﬂl’EEloErdzErTzElB))

7u£

l’3K3—d4—([J—8)B)—
H—E&

2r361d3

=0,

(25)
The following theorems will be given without the
proofs, which can be proven in view of Section 2 and
Section 3.
Theorem 4.1. Let (Eo,E1,B,; %) be the positive

equilibrium point of system (24). The following
statements are true.

(a) Assume that K; >
Kg < %4 H=8B hoid, such thap < 1Pul%t™B) |
r ! y ’

a2 (L A(u—£)B)

py

r1B1(dp+12B)— and
ry
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Plat o S, Ri), M) and 20) for 1 =05, 1=0 26, 10,146

p+riKs dz + 2B A
E; > —and <EBEp< ———,
B rip y ! -

then all roots of (25) have are real or complex
conjugates with negative real parts, which means that
is locally asymptotically stable.

e =

e

Sy, RINZH

(b) Assume that K; > W and

8k > Ky > (2ERBE o 2% phold, such that

p< %ﬁ“ﬁ). Furthermore, suppose that

o

[

2 2
(IJ_g)d4+(IJ_£) B<r3<(ll—€)d4+(#—€) B7 U I R Umseum O T
851d3 451d3

Fig. 1: The asymptotic behavior of the solutions of system (4)
H—¢€ ds
>
r3o (u—¢)B

and 8

tan!_ \/st(u —e)— ((f3K3*d4*(H*Z)E32(H*8)*2f351d3)2

Ka—da—(p—€)B)(u—g)—2r35,d
/((fs 3—0s—(U—€)B)(u—g)—2r3 3)>O’7’Th0|d. If

Plt of ), Ri), Nl and Z0) for =05, 1,0 576, 1,05

p+riKy d>+ 1B
E; > —a nd——— < Eg < ———,
B2 rpa y
then (25) has has two real or complex conjugates with
negative real parts and two complex conjugate with
positive real parts, wheré\g is locally asymptotically
stable.

S, RI.NELZM

d3 . A A n | .
Theorem 4.2Let p > dy, rp > K 23 > Ky and u > €. T B R

System (24) has a unique solutlon in e )
W= {(SRN,2) e R% :|§ < Eg,|R| <E1,|N| <l3,|Z| <4}, Fig. 2: Interaction of the tumor-IS populations
if
3r1BiEo+ p+riKi+3yEr —d1 + 311l3 <1 theorems. Information of activated macrophases and
Na d macrophases are obtained froh§]. Therefore, the table

is given as follows;
3r2B2E1+r2K2+VEo*d2+3T2|3 9

ma <L
(U—¢€)lg—d3 Division rate of the sensitive cellg:= 0.192
pa <1 Carriying capacity of the negrotic and sensitive cells
and togetherk; = 4.704
2811304+ 13Kz + (U + €)l3— ds Carriying capacity of the resistant tumor population:
o <1l Ky =1.232
Mutation rate of the sensitive cells to resistant cells:
y€[1075,107?
Logistic population rate of sensitive cell population:
Conclusion If S(t) < Ep and R(t) < Eg for all t > 0, B € [0.5,0.95
where (S(t), R(t), N(t ,Z(t)) la_a positive solution of | ggistic population rate of resistant cell population:
system (24), theS(t) andR(t) go to zero while — oo. B € [0.05,0.2]

Causes of drug treatment to the sensitive celis= 0.6
ExampleThe values of parameter of (4) are mainly so Causes of drug treatment to the resistant cdjis: 0.006
selected as given if8] and in view the conditions of the Destroying rate caused from the activated macrophages to
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