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Abstract: In this paper, we applied the sine-cosine method and thenadtfunctions in exp(ksi) method for the modified Kawachara
equation and the Damped Sixth-order Boussinesq Equatspectively. New solitons solutions and periodic solgiare explicitly
obtained with the aid of symbolic computation.
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1 Introduction waves on the surface of shallow wat@d]. Local, global
and asymptotic behavior of solution this equation studied

We are living in a nonlinear world. So many physical by Polat and Pigkind2] and blow up of the solution of
phenomenon modelled by nonlinear partial differential this equation studied by Pigki23].
equations. Therefore solutions of these partial diffeatnt
equations will help us to much more understanding these
physical processes. In the last decades, many methods Analysis of the methods
proposed for obtaining explicit traveling wave solutions
of nonlinear evolution equations such as the rational
functions in exp(¢) method [], tanh method 2,3],
sine-cosine methodd], the exp-function methodg], the _
tanh-coth methodd], the (G'/G)-expansion method7| P (U Uty L U --) =0 ®)
9, the solitary wave ansatz methodl17], the  can pe converted to an ordinary differential equation
variational iteration methodLp], the multiplier approach (ODE)
method [L9] and so on.

In this paper, we establish solitons and periodic I _
solutions to the modified Kawachara equation, which Qu, U, U U, =0, @
describes the motion of a water waves with surfaceupon using a wave variableu(x,t) = u(¢),
tension & = x—ct whereu denotesg—g. Then @) is integrated as

5 _0 1 long as all terms contain derivatives where integration
Ut U = U"U + Plhooc = Qoo = 9, (1) constants are considered zeros.

A partial differential equation (PDE)

p andq are constants20] and the sixth-order Boussinesq
equation with damping term . .
2.1 The sine-cosine method
Utt — Uxx — Uxxtt — Uxoooxx— @lkxt = (UZ) XX 2)
The sine-cosine method was developed by Wazweard
where isa real constant. It describes the bidirectional was successfully applied to nonlinear evolution equations
propagation of small amplitude long capillary-gravity [24,27], to nonlinear equations systend].
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The solutions of the reduced ODE) can be expressed
in the form

=

T
u(xt) =Acod (uf), |&| < 55 (5)

or in the form

u(ct) = Asin (1€). JE] < ©® .

whereu,A and are parameters that will be determined, R .
& = x—ct, u andc are the wave number and the wave ' :
speed, respectively.

. . Fig. 1: The periodic solutions ofl3) when c=3, p=-2.
The assumptiorf]) gives g P 1o P

() (&) = —nBHA"CoSP L (E)sin(ké) Using the wave variabl& = x — ct, (2) into an ODE
(U (&) = —n?B2u?A"cod® (u&) +npA"B (nB — 1) codP 2 (ué), 5

(7) u " 4
where similar equations can be obtained for the sine (1-c)ut = +pu +qu¥ =0 )

assumption. Substituting the sine-cosine assumptions an, . . . .
their derivatives into the reduced ODE gives agubstltutmgthe cosine assumptid) {nto (9) gives

trigonometric equation of sth(p&) or coR (u&) terms. 23
The parameters are then determined by first balancing thé1 —€)A cod (&) + 45 cosP (u) — pu?B2A cod (u&)+

exponents of each pair of cosine to deternfidVe next pAp?B (B —1)cod 2 (u&)+qu*B*A cod’ (ué)
collect all coefficients of the same power in £gsé) —2qu*AB (B —1) (B?—2B+2)cod2(ué)+
where these coefficients have to vanish. This gives a quAB(B—1)(B—2)(B—3)cof*(u&)=0.
system of algebraic equations among the unknowns (20)
u,A and B that will be determined. The solutions Equating the exponents and the coefficients of like powers
proposed in%) and @) follow immediately. of cosine function leads to
B(B—-1)(B—2)(B-3)#0,
B 4= 3B7

2.2 The rational functions in ex ) method (1—c)A —4pu®A +16qu*A =0, (11)

pu?A —120qu*A =0,
This method firstly proposed by B. Q. Lu and et al. in 1993 L; +120qu%A = 0.

[1]. Later studied by many researche2§,[30]. . . ,
In this method, we shall seek a rational function type of SOIVing this systeml(1) yields
solution for a given partial differential equation, in tesm

of exp(&) of the following form B=-2,
LI u=Fhy/ %50 (12)
U= — (8) 5(c1
2o (L) A=F3y 25,

whereag, as, ...,am are some constants to be determined 25 :

from the solution of 4).
Differentiating @) with respect tof, introducing the

result into @) and setting the coefficients of the same s [5cD) 1 [59
power of equal to zero, we obtain algebraic equations. Ur2(%t) = F31/ =5 sec (z T(x—ct)),

This leads, forl;pC > 0, the following periodic solutions

The rational function solution of the&) can be solved by o
obtainingap, a1, ..., am from this system. %1 (T*) (x—ct)| < Z

(13)
3 Applicati fthe si [ hod and

pplication of the sine-cosine metho
Uza(xt) = 73/ 25 cs@ (711, == (x—ct)) :

In this section, we will first use the sine-cosine method to 1 [59
develop solitary wave solutions to the modified Kawachara iy o (x—ct) <
equation. (14)
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Fig. 2: The periodic solutions ofl@) when ¢=3, p=-2. Fig. 4: The soliton solutions ofl() when c=3, p=2

and @) becomes

(BZ_ 1) U”+aa[3U’” _ GZBZU 4 _q4uy® — (Uz)//
(18)
BalancingU ©® with (U?)” in (18) givesm = 4. So that,
the rational exponential method assumes finite expansion

a1 a az a

+ + + +

1+ef (146)® (1+€)° (1+€)*

19)

whereaj(j = 0,1,2,3,4) are constants to be determined
later. Substituting X9) in (18 and equating the
coefficients of the powere?, we then get the following
algebraic relations:

U(§)=ao

Fig. 3: The soliton solutions ofl(5) when c=3, p=2.

However, for :=¢ < 0, we obtained the solitons
: P —a; — 2apa; — a10* —a;a B + a1’ — a1a’BZ =0,
solutions
(20a)
) —6ay — 12apay — 4a2 — dap — 8agap + 54a10* — 64aa” — 2a1a3
3 /5(c—-1) 1 /5(c-1 —8aapa B + 62182 + 4apB2 + 6a1a2B2 — 16a,a%B% =0,
Us (X, 1) = F5 Tsecf?r (Zwi(x—ct) , (20b)
(15)
and —14ay — 28agay — 2248 — 22a, — 44aga, — 18218, — 9ag — 182083

—134a;0* + 8183,a* — 72%30* + 8aaya f — 26830 B — 27aasa B+
142,82 + 222,32 + 9a3f32 + 34,022 + 2a,a2 32 — 81aza?B2 =0,

(20c)
uz,g(X,t) :ig Mcsch2 (%1 / Lp_D (x—ct)) .

(16) —14a; — 28agay — 483 — 48a; — 96853, — 84ajay — 16a5 — 4233
—84agag — 32a1a3 — 16a4 — 3208y — 434a;0* — 58830% +
499830* — 409640 + 34aa a f — 1222003 — 78aasa
—64aa401 B + 42187 + 48237 + 422337 + 11643 +
o ) ) 462,02 B2 + 1322002 B2 — 42330232 — 256840232 = 0,
4 Application of rational function type of (20d)

solution

o ) ] ] —50a2 — 50a, — 100803; — 150812, — 6023 — 75a3 — 1508083
Now, we will find a rational function type of solution to  _ 1204, — 50a,a3 — 60a, — 1208ga, — 508184 — 245080+
the sixth-order Boussinesq equation with damping term, 367504+ 2154G,0450aa.a B + 50aa.0 3 — 45aasa 8

in terms ofexp(&). Firstly, we make the transformation — 1408240 B + 508,32 + 753332 + 602,32+
190a,a2B2 + 285330232 — 60asa2B2 =0,
u(xt)=U(§),& =a(x—pt) a7 (20e)
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143 + 28apay — 20a% — 208, — 40agay — 120858, — 8083 — 60ag
—120a0a3 — 1608183 — 1408083 — 3683 — 80as — 160agay — 140818
—T72apa4 + 43420 + 280a0* — 5460aga* — 2588Ga* 4 3daa +

80aapa B +60aaga S — 160agay — 140n a4 — 72a0a+ 434a,0+
280a,a0* — 546(3a* — 2588Ga* + 34aa; + 8Caaa B+
60aaga 3 — 40aaua B — 14a1 32 + 208,32 + 60agB2 + 80asB2
—46a102B2 4 40a,a%B? + 300830232 + 520840232 = 0,
(20f)

143, + 28agay + 6aZ + 6a, + 12apa, — 30,2, — 4083
—15a3 — 30agaz — 80ajaz — 120aa3 — 66&% — 40a4 — 80apay
—120m184 — 1323084 — 98aza4 + 134a,0* + 108604+
358530* + 836Q40* + 8aaya B + 42aapa B + 752830 B+
80aaya 8 — 14a102 — 63,32 + 153332 + 40a432
—34a,a232 — 66a,a232 — 15a3a23% 4 20024022 = 0,

(209)

6ay + 12393 + 8a2 -+ 8ap + 16agay + 12218, + 6a3 + 12apas
—20apa3 — 2485 — 20aya, — 48aray — 84azay — 64a3
—54a,0% — 17220 — 354a30* — 600a40* — 2aa,a 3 +
4aspa B + 18aaga B + 40aaua f — 6a1 3% — 8axB2 — 6a3B?
—6aya2B2 — 28a,a? B2 — 66aza2 % — 12004a02B2 = 0,
(20h)

ay + 2apay + 282 + 2ap + dagap + 6aya + 483 + 3az + 6agas  +
8ayaz + 10apas + 683 + 4ay -+ 8apay + 10aga4 + 123084 + 1dagas+
8aZ +a1a* + 2a,0% + 3aza* + dayat — ag o ff — 2aaa B — 3aasa B
—4aaya B + +a1a2B2 + 2a,a2pB? + 3aza? B2 + dasa?B2 = 0.
(20i)

When the system (20) solved by aid of Mathematica,

we will find the following two sets of solutions

a=="Lora=-1E

V13 V13

_ —169+16932+3634
a = 0 338 )
a; =0,

_ —84084 (20)
@ = —1p9 >
a3 = —2a
y=2a

Substituting 20) and 1) in (19), we obtain exact

travelling wave solutions for2) of the form

Fig. 5: The soliton solutions ofA1) whena = —i,3 = v/13

Fig. 6: The soliton solutions ofA2) whena =i, B = /13

5 Conclusion

The sine-cosine method and the rational functions in
method were effectively used for analytic treatment of the
handled equations.

In this paper, we have shown that the sixth-order
Boussinesq equation with damping term possess periodic
type solution and the modified Kawachara equations
possess periodic and solitary type solutions. We believe
that some of the obtained solutions are new.

The authors are grateful to the anonymous referee for
a careful checking of the details and for helpful comments
that improved this paper.
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