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Abstract: A softideal on a non empty séf is a non empty collection of soft subsetsXfwith heredity property which is also closed
under finite unions.

The concept of soft generalized closed sets in soft topological speas introduced by Kannad][ In this paper, we introduce and
study the concept of soft generalized closed sets with respect to idealftwhich is the extension of the concept of soft generalized
closed sets.
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1 Introduction assess sound quality based on a soft set approach. Mushrif
et al. [L1] presented a novel method for the classification
of natural textures using the notions of soft set theory.

In many complicated problems arising in the fields of : . ; .
engineering, social science, economics, medical scienceThe topological structures of set theories dealing with

etc involving uncertainties, classical methods are found t %ngébﬂggetiewﬁéﬁozri ?J;S'efcl) %%oChaaT%]Eals%hthj %i ed
be inadequate in recent times. Molodts@y pointed out y topology

that the important existing theories viz. Probability fngi so;tI:ﬁeg:oﬁﬁr:fes.frlz;riser\]/:/r:)rlfto?ltloaolgoer;sé?lézis:es
Theory, Fuzzy set Theory, Intuitionistic Fuzzy Set 9 y polog P '

Theory, Rough Set Theory etc. which can be considerecﬁecently' Shab|r and Naﬂ{,] mtroducc_ad the notion .Of.

as a mathematical tools for dealing with uncertainties,>°'t toPological spaces which are defined over an initial
have their own difficulties. He further pointed out that the ggngﬁ Eg}cacfgffesfst g; Zilrcflgeﬁf'ig;eg (';lsgsStEglg(rj
reason for these difficulties is, possibly, the inadequdcy o P polog b : ’

the parametrization tool of the theory. In 1999 he initiated Alygtff%lu (?;ritn%:]d Zt% rlu;ltjl:]; ettﬁ(la' I-G]rgngrt'i‘gfsgf'n segft
the novel concept of Soft set as a new mathematical tooﬁ)' ological spaces. The 03{ man pim portant results in
for dealing with uncertainties. Soft set theory, initiatgd holog P ' y 9 y 1mp

Molodtsov ], is free of the difficulties present in these ?_?]fétgtﬂzlog;ﬁzl rsgsaeczgsc.h about near open and near closed
theories. Soft systems provide a very general framework y P

with the involvement of parameters. Therefore, researche%?tt‘:’) hgl\i)e ?C%?C;f'ggggzri?g%%’ig h(;lep\,?, 'Qgssemgdglncgt;ggé
work on soft set theory and its applications in various or col?wstrgctin rr)1ew classes Clgsed sets arep fundamental
fields are progressing rabidly. Later Maji et aB][ g )

ébjects in a topological spaces. For example, one can

presented some new definitions on soft sets such a efine the topology on a set by using either the axioms for
subset, the complement of a soft set and discussed i pology y 9 .
e closed sets or the Kuratowski closure axioms. In

detail the application of soft set theory in decision making 1970, Levine 18] introduced the notion of-closed sets

problems §]. Chen et al $,6] and Kong et al. ] in topological spaces as a generalization of closed sets
introduced a new definition of soft parametrization polog P E) X '
Indeed ideals are very important tools in general

reduction. Xiao et al.§] and Pei and Miao9] discussed topology. It was the works of Newcomilg, Rancin

the relationship between soft sets and information : .
systems. Also an attempt was made by Koste@] fo [20], Samuels 21] and Hamlet Jankovic22,23] which
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motivated the research in applying topological ideals to
generalize the most basic properties in general Topology. Definition 2.7 Let 4 € S(X, F). The complement

Jafari and Rajesi?f] introduced the concept gf-closed of F,, denoted by F§ is defined by
sets with respect to an ideal which is a extension of theF'§(e) = X — F(e),Ve € E.

concept ofg-closed sets. Recently. Kannalj [ntroduced

the concept ofi-closed sets in soft topological spaces. Theorem 2.8 Let J be an index set and

In this paper, we introduce and study the concept of softf'y, Gg, He, (Fa)i, (Gg)i; € S(X,E)Vj € J. Then

g-closed sets with respect to an ideal,

which is the(1) FAM Fy = Fa, FAUF4 = Fy

extension of the concept of softclosed set. We also (2) FAMNGp =GpMNFa, FAUGp =G U Fa.

study the relationship between generalized $gftlosed
sets, softlg-open sets, sofg-closed sets and softopen

(3)FA|_|(GBHH0)=
FAH(GBl_ch):

(FALIGB) U He,
(FA HGB)HHC-

sets. This research not only can form the theoretical basi¢4) Fa = Fa U (FANGg), Fa = FaN (FaUGp).

for further applications of topology on soft set but also (5) Fa M (][ (Gg):) =

lead to the development of information systems.

2 Preliminaries

In this section, we present the basic definitions and result

of soft set theory which may found in earlier studiés?]

3,14,15,16,17]. Throughout this paper, X refers to an (10)(]_[( W)i)C =

initial universe, E is a set of parameterg;(X
power set of X, andd C F.

) is the

Definition 2.1 A soft setF4 over the universeX is
defined by the set of ordered pairs

Fa={(e,Fale)):e€ E,Fale) € p(X)}

whereF4 : E — p(X), suchthatt's(e) # ¢, if e € A C
EandFs(e) =¢if e ¢ A.

From now on, we will useS (X, E) instead of all soft
sets overX.

Definition 2.2 The soft setF}, € S(X, E) is called

null soft set, denoted b@, HereFj,(e) = ¢,Ve € E.
Definition 2.3 Let Fj4 € S(X,E). If
Fale) = X,Ve € A, thenF, is called A-absolute soft

set, denoted byl.

If A = E, then theA-absolute soft set is called absolute

soft set denoted bf .

Definition 2.4 Let F4,Gp € S(X,E). F4 is a soft
subset of Gp, denoted Fyu C Gp |if
Fa(e) CGple),Ve e E.

Definition 2.5 Let Fu,Gp € S(X, E). Union of Fy
and Gpg, is a soft set Ho defined by
He(e) = Fa(e)|UGB(e),Ve € E, whereC = A|JB.
That is,

He=Fo UGB

Definition 2.6 Let F4, G € S(X, E). Intersection of
Fy and Gpg, is a soft set Ho defined by
He(e) = Fa(e)(\Gp(e),Ye € E whereC = A B.
That is

He =FAMGp.

[[(Far(Gp)i).
i€J e

(6) FAU(I1(GB)i) = [T (FaU(Gp)a).
i€t _ied

(NPT F4C AL Ex.

(1)PC F4AC AC Ex.

%&(FA)__F@
9)(HJ( )i)¢ = _QJ(FA)E
H(FA)

ai)npgt:GB,ﬂmnGB[:ﬁ;
(12) FAUFS = Ex, FAM F§ = &,

Definition 2.9 Let F4 € S(X,E) andz € X. x€Fy
read as x belongs to the soft setFy whenever
x € Fa(e),Ve € A.

Foranyz € X, z¢F, if = ¢ Fa(e) for somee € A.

Definition 2.10 Let z € X, thenx g denotes the soft
set overV for whichzg(e) = {z} foralle € E.

Definition 2.11 Let S(X, E) and S(Y, K) be the
families of all soft sets over(X,E) and (Y, K),
respectively. The soft mappingp, ) from (X, E) to
(Y, K) is an ordered pair of mappings : X — Y and
Vv:E— K
(i) The image of a soft sty over (X, E') under the soft
mapping (¢, 1), denoted by(p,v)(F4) is the soft set
over (Y, K) defined by

Yk)nA#£0,

{ U e(Fale) if ¢~
((p, ) (Fa))(k) = eev—L(k)nA

0 otherwise
(74) The inverse image of a soft s@tz over (Y, K') under
the soft mappindyp, v), denoted by, 1) ~1(Gp), is the
soft set over X, E) defined by

))(e) = {w_l(G%(W@))) if e €~ 1(B),

otherwise

(9, )G

Definition 2.12 A soft topology T is a family of soft
sets overX satisfying the following properties.
(1) ¢, Ex e
) If Fy,Gg eT,thenFy NG €7
() If (Fa); e TVie I, then][(Fa); €T

iel

(X,7,E) is called a soft topological space. Every
member ofr is called soft open. A soft s&tg is called
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soft closed in( X, 7) if G € 7.

Indiscrete soft topology, denoted by contains onlyd
and Ex which the discrete soft topology, denoted by
contains all soft sets ovex.

Definition 2.13 Let (X, 7, E) be a soft topological
space and’y € S(X, E). The soft interior ofF4 is the
soft setint, (Fa) = (Fa)® = U{Gp : Gp is soft open
setandGp C Fa}.

Proposition 2.14Let (X, 7, E) be a soft topological
space andF, € S(X,E).F, is soft open iff
Fa=(Fa)°.

)

Definition 2.15 Let (X, 7, E) be a soft topological
space and”y € S(X, E). The soft closure of’,4 is the
soft setcl, (Fa) = (Fa) = M{Gp : G is soft closed set
andF'y C GB}

Proposition 2.16Let (X, 7, E) be a soft topological
space and”y € S(X,E). F4 € S(X,E) is soft closed
iff F4a = (Fa).

Definition 2.17 Let (X, 71, F) and (Y, 72, K) be two
soft  topological spaces. A  soft mapping
(p, ) : (X, 71, E) = (Y, 72, K) is called
(1) Soft continuous ifp, 1) "1 (Gp) € 71 VG € 7.

(2) Soft open if(p, V) (Fa) € oV Fa € 4.
(3) Soft closed if(yp, 1) (F4) is soft closed inY, 72, K)
wheneverF', is soft closed in X, 1, E).

Definition 2.18 Let (X, 7, E) be a soft topological
space and/ C X. The set

TMZ{EMI’WFA:FAET}

is called a soft relative topology on M and/, 75, E) is
called the soft sub-space X, 7, E).

In order to efficiently discuss, we consider only soft sets
Fr over a universe X in which all the parameter set E are

the same. We denote the family of these sets byI

SS(X, E).

Definition 2.19 A soft setFy € SS(X, E) is called
soft generalized closed in a soft topological space
(X,7,E)if Fp C Gg whenevell'r C Gg andGg € 7.

3 Soft generalized closed sets with respect to
soft ideal

Definition 3.1 A non empty collections! of soft
subsets oveX is called a soft ideal otX if the following
holds
(D) If Fy € I andGp C F4 impliesGp € I (heredity)

(2)If F4 andGp € I,thenF4 U Gp € I (additivity).

Definition 3.2 A soft setFr € SS(X, E) is called
soft generalized closed with respect to in idda(soft
Ig-closed) in a soft topological spaceX,r, FE) if
Fg\ Gg € I wheneverF; C G andGg € 7.

Example 3.3Let X = {a, b, ¢} be the set of three cars
under consideration and,
E = {ei(costly), es(Luzurious)}. Let Ag, Bg,Cg be
three soft sets representing the attractiveness of the car
which Mr. X, Mr. Y and M. Z are going to buy, where
Aler) = {b}, A(ez) = {a}
B(e1) = {b,¢}, B(e2) = {a,b}
C(e1) = {a,b},C(e2) = {a,c}.
ThenApg, Bg andCg are soft sets ovek and

T = {@7EX7AE7BE7CE}
is the soft topology oveX . Let
I={® Ex,Fp,Gp,Di}

be a soft ideal o\, where

Fler) ={a} F(ea) =¢

Gle) =0 Gles) = (¢}
D(er) = {a}  Dlez) = {c}.
So
¢ = {®,E, A, B, C5),
where

A(er) = {a,c} A%(eg) = {b,c}
Bf(er) = {a} B(e2) = {c}

Cc(e1) = {c} C°(e2) = {b}
Clearly Bg is soft Ig-closed. In fact,Bg C Bg and
Bg € 7. But Bg Ex and
BE\BE:E)(\BE:DE el.

Proposition 3.4 Every soft g-closed set is soft
g-closed.
Proof: Let Fp be a softg-closed set in a soft topological
space(z, 7, ). We show thatF'g is soft Ig-closed. Let
Fr C Gg andGg € 7. SinceFg is soft g-closed, then

Fr C Gg and hence'p \ Gg = @ € I. Consequently
Fg is softg-closed.

The converse of the above proposition is not in general
true. The following example supports our claim.

Example 3.5Suppose that there are three dresses in
the universe X given byX {a,b,c}. Let
E = {e1(cotton), ea(woollen)} be the set of parameters
showing the material of the dresses.
Let Ag, Bg,Cgr be three soft sets over the common
universe X, which describe the composition of the
dresses, where
Aler) = {a}, A(e2) = X
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B(e1) = {a,b}, B(e2) = X
Thenr = {@ Ex,AE,BE} andr¢ = {Q) Ex,ACE,B%}
where

A(ey) = {b,c}, A%(e2) = pand

B(e1) = {c} , B%(e2) = 0. Let

I ={®,Cg,Dg, Hg} where

C(er) = {b},C(e2) = ¢.

D(e1) ={c}, D(e2) = ¢.

H(e1) = {b,c}, H(ez2) = ¢.
We show thatAg is soft Ig-closed but it is not sofy-
closed. _
ForAgp C Ag € 7. ThenZE\AE = Ex\AE =Hg e l.
Consequenth i is soft I g-closed. On the other hamdi
is notg-closed since

Ap=Ex Z Ag

Theorem 3.6A soft setAp is softIg-closed in a soft
topological spacéX, 7, F) iff Fr C Agp \ Agp andFg is
soft closed implied'y € 1
Proof:(=) Assume thatAp is soft Ig-closed. Let
Fp C Agp\ Ap. Suppose thaf is soft closed. Then
Ap C Fg. By our assumptionAg \ F& € I. But
Fp C Agp \ Fg, thenFg € I (from the properties of soft
ideal).

(<) zjonversely, assume thdls C Ap \ Ag andFg is
soft closed implies’s € I. Suppose thatly, C G and
Gg € 7. ThenAg \ Gg = Ag N G¢ is a soft closed set
in (X,7,F) andAg \ Gg J Agp \ Gg. By assumption
Ag \ Gg € I. This implies thatd ; is softIg-closed.

Theorem 3.7If Fg andGg are softlg-closed sets in
a soft topological spac€X,r, E), then there union
Fr U Gg is also softl g-closed in(X, 7, E).
Proof: Suppose thatt'’z and Gg are softlg-closed in
(X,7,E). If Fg U Fg T Hgp and Hg € 7, then
Fp C Hp andGg C Hg. By assumptionFp \ Hg € 1
and Grp \ Hg € I and hence
(FEUGE\ Hg) = (Fp \ Hg) U(Gg \ Hg) € I. That
is Fg U Gp is softIg-closed.

Theorem 3.8 If Fg is soft Ig-closed in a soft
topological spacéX, 7, E) and Fy C Gg C Fg, then
Gpis softlg-closed in(X, 7, E).

Proof: If Fg is softIg-closed andFy T Gg T Fg in

(X,7,E). Suppose tha6Gyr C Hp and Hg € 7. Then
Fr C Hg. Since Fg is soft Ig-closed, then
Frp\ Hg € I.Now,Gg C Fg impliesthatGg C Fg. So
Gg \ Hg C Fg \ Hg and thusGg \ Hgp € I.

Consequently~ g is softIg-closed in(X, 7, F).

Remark 3.9 The intersection of two soff g-closed
sets need not be a sofyy-closed set as shown by the
following example.

Example 3.10Let Ag, B, Cg be three soft sets
over the universe X, which describe the characters of the
students with respect to the given parameters for finding
the best student of an academic year. Let the set of the
students under considerations & = {a,b,c},

= {ei(result), es(formancess)}, 7 = {®, EX,AE}

and[ = {45} Aler) = {b},A(e2) = {a}. So

— {&,Ex,A%)}). Let Bp,Cp € SS(X,E) st

( 1) = {a,b}, Ble2) = ¢, C(er) {b,¢} and
C(ea) = o. ThusBE andCg are[g closed.

In fact, Bg C EX andBE\EX = EX\EX =¢el.
Also, CEEEXandCE\Ex—Ex\Ex—¢E[ So,
Bg and Cg are Ig-closed. But B M Cg is not
Ig-closed. In fact, By M Cg = Hg, where
H(e;) = {b},H(e2) = ¢. Also, Hp C Ap and
H\Ap=E\Ap =A% ¢1

Theorem 3.11If Ag is softIg-closed andFg is soft
closed in a soft topological spacéX,r,E). Then
Ag N Fgis softlg-closed in(X, 7, E).

Proof: Assume thatAz M Fr C Gg andGg € 7. Then
Ar T Gg U Fg. Since Ag, is soft Ig-closed, we have
Ap\ (GEUFg) € I. Now,
(AEl_lFE) C AEHTEZTEHFE :TEHFE\FE
ThereforeZAE HFE) \GE C (TEHFE) \GE |_|F§; C
Ap\ (G UFE) € I.HenceAg N Fy, is softIg-closed.

Theorem 3.12Let M C X andFg C E,; C Ex.
Suppose thafy is soft Ig-closed in(X, 7, E). ThenFg
is soft I g-closed relative to the soft topological Subspace
v of X and with respect to the soft ideal
IM:{HEEEJMIHEEI}. _
Proof: Suppose that’y C Br M Ey) andBg € 7. S0
Bg M Ey € 7y and Fg C Bg. Since Fg is soft
Ig-closed in (X,7,E), then Fp \ Bp € I. Now,
(FE M E]\/[) \ (BE M EM) = (FE \ BE) [l EM S I]W
wheneverFi is soft Ig-closed relative to the subspace
(M, TM,E).

4 Soft generalized open sets with respect to
soft ideal

Definition 4.1 A soft setFy € SS(X, FE) is called
soft open set with respect to a soft idedl (soft
Ig-open)in a soft topological spaceX,, E) iff the
relative complemenk’s, is softIg-closed in(X, 7, E).

Theorem 4.2A soft setAg is soft Ig-open in a soft
topological spac¢X, 7, F) iff Fg\ Bp T A% for some
Bg € I, wheneverFr C Ag and Fg is soft closed in
(X, 1, E).

Proof: (=) Suppose thatAy is soft Ig-open. Suppose
Fr C Ap andFg is soft closed. We havd§, T F§, A%
is soft Ig-closed and Fg € 7. By assumption,
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A%\ F& € I. HenceAq, C F¢ U B for someBg € 1.
So(F§ LU Bg)© C (A%)¢ = A% and therefore

Fp\ Bp=FgnNBSC A%

(<) Conversely, assume that; = Ag and Fg is soft
closed. These imply that’z \ B T A% for some
Br € I. ConsiderGg € 7 such thatdg, C Gg. Then
G% C Ag. By assumptiorG4, \ B C A% — (AS)¢ for
someBg € I. This gives thatfGg LI Bg)® T (A%)°.
ThenA$, C Gg U Bg for someBg € 1. This shows that
A%\ Gg € 1. HenceAy; is softIg- closed and therefore
Ag is softlg-open.

Definition 4.3 Two soft setsd g and Bg, are said to be
soft separated in a soft topological spack,r, E) if
AcEl_lBE =dandAg HFEZQ.

Theorem 4.41f Ag and Bg are soft separated and
soft Ig-open sets in a soft topological spat&, r, E)
thenAg U By is soft/g-open in(X, 7, E).

Proof: Suppose thatdr and Bg are soft separated
Ig-open sets i(X, 7, F) and Fy, is soft closed subset of
Ap U Bg. ThenFg HTE C Ag andFg HFE C Bg.By
Theorem 4.2, (Fp 1 Ag) \ Dg C A% and
(Fg M Bg) \ Cr C BY for someDg,Cr € I. This
means that (Fp N Ag) \ A% € I and
(Fg 1 Bg) \ A% € I.  Then
(Fe M Ag) \ AY) U ((Fg N Bg) \ B%) € I. Hence
(Fg N (Ag U Bg)) \ (4% u BY) € [I. But
Fg = Fg 1l (AE [ BE) C Fgrll (AEUBE), and we
have

Fg \ (AE [ BE)O cC (FE M (AE (] BE)) \ (AE (] BE)O

C (Fg N (AgUBg)) \ (A% U B%) € I. Hence
Fp\ Hg C (Ag U Bg)° for someHy € I. This proves
thatAg LI Bg is softlg-open.

Corollary 4.5 Let A and Bg be softlg-closed sets
and suppose that{, and BS, are soft separated in a soft
topological space(X,r,F). Then Ag M By is soft
Ig-closed in(X, 7, F).

Corollary 4.6 If Ag andBpg are softlg-open sets in a
soft topological spacéX, r, E), then Ag M Bg is soft
Ig-openin(X,r, E).

Proof: If Ay and By are soft/g-open, thend$, and B¢,
are soft  Ig-closed. By Theorem 3.7,
(Ag N Bg)¢ = A% U B, is soft Ig-closed, which
implies Ap U Bg is softIg-open.

Theorem 4.7Let M C X andAg C Ey C Ex, Ap
is soft7g-open in(M, 757, E) and E; is soft Ig-open in
(X, 7, E). ThenAg is softIg-open in(X, 7, E).

Proof: Suppose thatdp C Ey C EX, Ap is soft
Ig-open in (M,7y,E) and Ey is soft Ig-open in
(X, 7, E). We show thatd g is softIg-open in(X, 1, E).

Suppose that’z C Ap and Fg is soft r-closed. Since

Ag is soft Ig-open relative toE s, by Theorem 4.2,
Fg\ Dg Cint.,,(Ag) forsomeDg € I;. This implies
that there exists a soft-open setsGgr such that
Fg \ Dg C Ggn E]W C Ag for someDpg € I. Then
Fr T Ej and Fg is soft 7-closed. SinceE,, is soft
Ig-open, thenFy \ Hg C int,(E)y) for someHy € I.

This implies that there exists a saftopen setK'yp such
that Fiz \ Hg T Kg T Ey for someHy € I. Now,

Fg \ (Dgp U Hg) = ~(FE \ Dg) N (Fg \ Hg)

C GgMNKg E Gg N Ey C Ag. This implies that
Fg\ (DgUHEg) C int,(Ag) forsomeDg LU Hg € 1

and hencelg is softIg-open is(X, 7, F).

Theorem 4.81f A%, C Br C Agp and Ag is soft

Ig-open in a soft topological spa¢&’, 7, E), thenBg is
softIg-openin(X, 7, E).
Proof: Suppose thatl}, = Br T Ap and Ag is soft
Ig-open. Thend$, C B¢ C A% and A% is soft
Ig-closed. By Theorem 3.83¢, is soft [g-closed and
henceBg is softg-open.

Theorem 4.9A soft setA is soft/g-closed in a soft

topological spac€X, 7, E) iff Ag \ Ag is softlg-open.
Proof: (=) Suppose that’z C Ap \ Ag and Fg is soft
closed. Therfy € I and this implies that'’y \ D = &
for someDy € I. Clearly,Fr \ Dp C (Ag \ Ag)°. By
Theorem 4.2 \ Ag is softIg-open.
(<) Suppose thatdp, & Gg and G is soft open in
(X, T, E) Then,Ag M GCE C Agn ACE = Ag \ Ag. By
hypothesis,Arz M G%, \ Dg C (Ag \ Ag)? = o, for
someDy € I. Thisimplies thatdz M G4 C Dg € I and
thereforeAr \ Gg € I. Thus, A is softIg-closed.

Theorem 4.10Let (¢, v) : (X, 7, E) — (Y,0,K) be
soft continuous and soft closed mapping. If
Ag € SS(X,E) is soft Ig-closed in (X, 7, E), then
(¢, ¥)(Ag) is soft (¢, ¥)(I)g-closed in(Y, o, K), where
(0. 9)(1) = {(, ) (D) : Dg € I}

Proof: Suppose thatly € SS(X, E) is softIg-closed in
(X,7,E). Suppose thaty,)(Ag) C Gg and Gg is
soft open in(Y,0,k). ThenAr C (p,¢) (GEg). By
definition, Ag \ (¢,%) ' (Gg) € I and hence
(v, ¥)(Ap) \ Ge € (p,¥)(I). Since (¢,¢) is soft

closed, then(y, v)(Ap) T (¢,¥)(Ap) = (¢, ¥)(Ap).
Then(, ¥)(AE) \ G C (¢,4)(Ap) \ G € (¢, 4)(I)
and hence(p,v)(Ag) is soft (¢,v)(I)g-closed in

(Y,0,K).

5 Conclusion

Topology is an important and major area of mathematics
and it can give many relationships between other
scientific areas and mathematical models. Recently, many
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