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Abstract: In this paper, some new concepts of geometrically relative convexsetekative convex functions are defined. These new
classes of geometrically relative convex functions unify several krenvd new classes of relative convex functions such as exponential
convex functions. New Hermite-Hadamard type integral inequalitiesexiead! for these new classes of geometrically relative convex
functions and their variant forms. Some special cases, which cabthaed from our results, are discussed. Results proved in this
paper represent significant improvements of the previously knosuitse We would like to emphasize that the results obtained and
discussed in this paper may stimulate novel, innovative and potential afpigaf the geometrically relative convex functions in other
fields.
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1 Introduction other aspects of the relative convexity, s&8,11,12] and

the references therein.

Let f:1 C R — R be a convex function witla < b and
,b € 1. Then the following double inequality is known as

Recently convexity has seen a dramatic increase in it , ) e i
y Y ermite-Hadamard inequality in the literature.

applications for solving a large number of problems
which arise in various branches of pure and applied b

sciences. As a result of these activities, the concept of (a+b) < i/f(x)dx< f(a)+f(b)
convexity has been extended and generalized in various 2 “b-a o 2
directions using novel and innovative ideas sk&é,[7,9, 2 ) ] ]
10,11,12,13,14,15,16,18,19,22,23). An important and In recent years, much attentllon hag peen given to derive
significant generalization of the convex functions is the the Hermite-Hadamard type inequalities for various types
introduction of relative convex functions by Younesg.[ ~ ©Of convex functions, sed[2,4,17,19,20,21,22,23 24].
These relative convex functions plays an interesting roléVotivated and inspired by the recent research going on in

in optimization theory, since they provide a broader this field, we !ntroduce_ and_ study a new class of re_latlve
Setting to Study the Optimization and programming ConV.eX funCtlonS, Wh|Ch. is called the geometnca”y
problems. It is well known§,6] that the relative convex relative convex functions. We derive several
sets and relative convex functions are nonconvex sets andermite-Hadamard type integral inequalities for these
nonconvex functions respectively. However it has beeneW geometrically relative convex functions. Several
shown that the relative convex functions preserve somePecial cases are also discussed. The ideas and techniques
nice properties that the convex functions have. It has beeff this paper may stimulate further research in this
shown by Noor 11] that the minimum of a differentiable interesting field.

relative convex functions on the relative convex set can be

characterized by a class of variational inequalities, Wwhic

are known as general variational inequalities. This shows2 Preliminaries

that the concept of relative convexity plays the same role

for general variational inequalities as classical cortyexi In this section, we recall some known concepts and define
plays for variational inequalities. For the applicatiomsla the class of geometricall\GG) relative convex functions
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andGA relative convex functions. First of all I&" be the

We note that forf (x) = €* Definition 4 reduces to one in

finite dimensional space, whose inner product and norn{8]. That is

are denoted by.,.) and||.||, respectively.

Definition 1. Let ¥4 C (0,). Then ¢ is said to be
geometrically relative convex set, if there exists an
arbitrary function g : R" — R" such that

(9(x)'(gy) ' €%, Vvg(x),9(y) € ¥t €[0,1].
UsingAM — GM inequality, we have

9(x),9(y) €.t €[0,1] = (g(x)"(g(y)*"
<tg(x) + (1-t)g(y).

Definition 2([6,19]). Aset Mg C R" issaidto bearelative
convex (g-convex) set, if thereexistsafunctiong: R" — R"
such that,

tg(x) + (1 —t)g(y) € Mg,
vx,y € R": g(x),9(y) € Mg,t € [0,1]. (1)

Recently it has been shown iB][ that if My is a relative

f(eXH DY) <tf (&) + (1-t)f (&),
vg(x),9(y) € 4,t €[0,1]. (4)

From Definition 3 and Definition 4, it follows that
GG = GA, but the converse is not true.

Again using theAM — GM inequality from Definition 3,
we have the following known concept of relative convex
functions.

Definition 5([6,19]). A function f is said to be a relative
convex (g-convex) function (that is AA relative convex
function) on a relative convex (g-convex) set Mg, if and
only if, there exists a function g : R" — R" such that,

f((1-1)g(x) +tg(y)) < (1-t)f(g(x)) +tf(a(y)),
Vx,y € R": g(x),0(y) € Mg,t € [0,1]. (5)

It is known [6] that every convex functiorfi on a convex
set is a relative convex function, but the converse is not
true. There are functions which are relative convex
function but may not be a convex function in the classical
sense.

Noor [11] proved the optimality condition for the

convex set then it is possib'e that it may not be a C|assica|jifferentiable relative convex functions on relative cexiv

convex set.

Definition 3. A function f : 4 — R (on subintervals of
(0,00)) issaid to be geometrically relative convex function
(GG-relative convex function) if there exists an arbitrary
function g: R" — R" such that,

fF((9)' (g(y)*") < (F(g00) (Fay)))* ",
vg(x),9(y) € 4,t €[0,1]. (2)
From @), it follows that
log ((9(x)" (g(y)*™)

<tlogf(g(x)) +(1—t)log f(g(y)),
vo(x),0(y) € ¢,t € [0,1].

Using AM — GM inequality, we have

F((g0)' (@)™ < (F(g(x))' (f(gy)*
<tf(g(x)) + (1 -t)f(a(y))-

This implies that every geometrically relative convex
function (that is GG-relative convex function) is also
GA-relative convex function, but the converse is not true.

Definition 4. A function f : ¢ — R (on subintervals of
(0,0)) is said to be GA-relative convex function) if there
existsan arbitrary function g : R" — R" such that,

f((g(x)" (a(y)*™) <tf(g(x) + (1 -t)f(g(y)),
vg(x),9(y) €¥,t€[0,1]. (3)

set can be characterized by a class of variational
inequality which is called as general variational
inequality, for the applications and other aspects of
general variational inequalities, see10,11,12].

Now we define the concept of relative log convex
functions.

Definition 6. A function f : Mg — R (on subintervals of
(0,0)) is said to be relative log convex function (that is
AG-relative convex function) if there exists an arbitrary
function g : R" — R" such that,

f(tg(x) + (1 —t)g(y)) < (f(g(x))'(f(gy))* ™,
vg(x),9(y) € Mg,t € [0,1]. (6)

From () it follows that

log f(tg(x) + (1 —t)g(y))
<tlogf(g(x)) +(1—t)logf(g(y)),
vg(x),9(y) € Mg,t € [0,1].

Definition 7. A function f : Mg — R (on subintervals of
(0,0)) is said to be relative geometrically quasi-convex
function if there exists an arbitrary function g : R" — R"
such that,

F((909) (ay)*™") < max{f(g(x)), f(a(¥))},
Vg(x),g()/) € Mg’t € [Oa 1} (7)

Next we define the concept of geometrically relative
convex functions on an interval.
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Definition 8. Let | be a subinterval of (0,c). Then f is
geometrically relative convex function, if and only if,

1 1 1
logg(a) logg(x) logg(b) | >0,
log f(g(a)) log f(g(x)) log f(g(b))
whereg(a) < g(x) < g(a).

One can easily show that the following are equivalent:

1. f is geometrically relative semi-convex function on
relative convex set.

2. f(g(a))9(9b) f (g(x))la(a( )f(g(b))log(g(x))
> f(g( )) X)) £ (g(x))loalad)  (g(b))lea(a(@),
whereg(x) = g(a)‘ (b)l tandt € [0,1].

For g(x) = x the Definition 8 reduces to the definition
for geometrically convex functions se@ [

3 Main Results

In this section we discuss our main results. For this = (Ing(b) —Ing
purpose we need following lemmas which play a key part

in proving our main results.
Essentially using the technique &1] one can prove the
following result.

Lemmal.Let f : | CR — R be a differentiable function
on 1° (the interior of 1) and g: R — R be arbitrary
function. If f" € Z[g(a).g(b)] for g(a),g(b) € | with
g(a) < g(b). Then

g(b)
flg@)+flgb) 1
R O L
9(@)
o) -g(@) |

Lemma 2([17,24]). Let f .1 C R — R beadifferentiable
function on 1° (the interior of 1) and g: R — R be
arbitrary  function. If f” € Z[g(a),g(b)] for
g(a),g(b) € I withg(a) < g(b). Then

Using the technique oP[], one cane prove the following
lemma.

Lemma3. Let f : | C R — R be twice differentiable
function on 1° (the interior of I) and g: R — R be
arbitrary function. If f € #[g(a),g(b)] for g(a),g(b) € |
with g(a) < g(b). Then

g(b)
f(g(a))+ f(g(h)) 1
2 o) —g(a)gi{) f(9()dg(x)

1
_ w [0t (tg(a) + (1-gb)ct.
0

Using the technique of23] one can prove the following
lemma.

Lemmad4. Let f be a differentiable function on
(9(a),g(b)) with g(a) < g(b) where g: R" — R" is any
arbitrary function. If f € Z[g(a),g9(b)]. Then the
following identity holds:

g(b)
9(0)f(g(b) ~ g(@) F(9(@)] — [ f(g(x)dg(x
9(a)
1
(@) { (g(a)*(g(6)?1-Y
0

xf((9(@)) (g(0))* ")t

Now we are in a position to derive our main results. First
of all, we prove the results for the class of geometrically
relative convex functions3G).

Theorem 1. Let f : 1 C R — R be a differentiable
function on 1° (the interior of I) and g: R — R be
arbitrary function. Also ' € Z[g(a),g(b)] for
g(a),g(b) € I with g(a) < g(b). If |f'| is decreasing and
geometrically relative convex function. Then

g(b)
f(g(a) + f(g(b)
N ) (/) f(g0x))dg()
9(b) —g(a)

< == If(gb)|¥(w),

win(w)+4/w—2w—In(w)—2

!l and Y(w) = (w2

_ It(g(a)
Wherew = feraia))|

Proof. Using Lemma 1 and the fact thatf’|
geometrically relative convex function, we have

g(b)

b) — .
2 g(b) g(a)g(a>

f(g(x))dg(x)
< M /|1_2t||f’(tg(a)+(1—'f)9(b))\dt

S 1t)’dt
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o) 9@ ]
. '/'1 2 (fita)
= IO, gey) / 1- 2wt

0

g(b)

= IO 08 g gy M AV B ini) —2

In(w)2
This completes the proof. a

Theorem 2. Let f : | C R — R be a differentiable
function on 1° (the interior of I) and g: R — R be
arbitrary function. Also ' € Z[g(a),g(b)] for
g(a),g(b) € I with g(a) < g(b). If | f’|% is decreasing and

geometrically relative  convex  function for
p,q>1,%+%:1.Then
fg@)+feb) 1 °f
— f d
. oo (/) (9()dg(¥

SWf/(g(b))l(FiJé(cm)é»

#(g(a)|
wherew = {95,

Proof. Using Lemma 1, well known Holder’s inequality
and the fact tha{f’|9 is geometrically relative convex

function, we have

g(b)
f(gl@)+fgb) 1
2 oo (/) f(g09)dg()

IA

1
M / 11— 2t||f'(tg(a) + (1 —t)g(b))|dt
0

. :
< 90)—gle (/‘u_zﬂpdt)

0
' (g(@'g(b)*) \th) a

gl

IN
«Q
=
(=)}
=
N
«Q
=
L
—
=)
=
=
=
I/~
2|
[
~__
ol
~
\r—\
:
\—/
|

ob) ~g(a) ., 1\
= 929 g (1)

ob)—g(a) ., 1
=909 g (535) " (57

+
PO
o\'_‘
v

ol
/-\

This completes the proof. |

Theorem 3. Let f : | C R — R be a differentiable
function on 1° (the interior of I) and g: R — R be
arbitrary function. Also ' € Z[g(a),g(b)] for

g(a),g(b) € I with g(a) < g(b). If | f'|% is decreasing and
geometrically relative convex function for g > 1. Then

g(b)
flg@)+flgb) 1
I ] (/) f(g09)dg(x)

< SO 98 gt (3 )" vt

_ IP(g@)]
Wherew = p77(p)y and

wAIn(w)g— 2vvq+4W2q7In(w)q72

In(w)?q? '
Proof. Using Lemma 1, well known Power mean
inequality and the fact thdf’|9 is geometrically relative
convex function, we have

Y(w) =

g(b)
flg@)+flgb) 1
RO g(a)gaé f(9(4)dg

1
- Mﬁ@ [ 11~ 21]1#'(tg@) + (1 g(b)) et
0

1 1-3
<90 -o® (/|l—2t|dt>
0

([miva)e)
[z
(o/|1 2t| dt)
— 90298 gt (3)

WA In(w)g — 2wd + 4wz9 — In(w)q — 2 a
) In(w)2q? '

This completes the proof. O

ok

Tl

Remark. Forg = 1 Theorem 3 reduces to Theorem 1.

Theorem4. Let f : 1 C R — R be a differentiable
function on |° (the interior of 1) and g: R — R be
arbitrary function. Also ' € Z[g(a),g(b)] for
g(a),g(b) € I with g(a) < g(b). If | f'| is decreasing and
geometrically relative convex function. Then

g(b)
Y 9(a) + g(b)
ob e | f(g(mdg(@_f(iz )

9(a)
< (g(b) —g(a))|f'(

b)[ [#1(w) + a(w)]
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1 1 1
wherew = mg%, W(w) = W and {/u +(1— t)g(b))dt]
) = *hedn o s
Proof. Using Lemma 2 and the fact thatf’| is = [/“ )1t
geometrically relative convex function, we have 0
1 (@) + g(b) i -
9<b>9<a>g(4 f(g(x)dg(x) ~ f (f) /\( 1)1 ((a(@)' (g(b))* )t

: :
/ f'<<g(a>>t<g<b>>“>|‘*dt>

+
S o
—
=
|
H
-
—
—~
=
«Q
=
2
N
—
«Q
=
=
=
=
L
—
o
=3
[ |
+
—
Nh—‘\'_‘
T
|
=
°
o
=
SN———
olk
~

: @\ @) 1 ’
" L/ {t<|f’(b)) }‘“/{ -0 fe) ) }dt] < 610)~9(@! 0] (70
3 2 1 : : ! :
< (g(b) — g(a))|1'(B)] | [twict+ [(1-tywiat || o] | o
0 1 0 %
= (a(b) ~g(a)I(b) , SR
=(g(b) — f'(b
[ dwiinw 1w dwhin(w) —w (90) ~ @I ((p+1)29+1
In( ) In(w)2 . wid—1 a wa — wzd q
This completes the proof. O “1\anw) ) | “qin(w) '
Theorem5. Let f : | C R — R be a differentiable Thi | h f .
function on 1° (the interior of 1) and g: R — R be Is completes the proof.

arbitrary  function.  Also € Z[g(a),g(b)] for Theorem6. Let f : 1| C R — R be a differentiable

9(2),9(b) < | with g(a) <g(b). If | '|7is decreasing and function on 1° (the interior of I) and g :

. 4 ; g:R — R be
geometrlclally1 relative convex function for arbitrary function. Also ' € .Z[g(a),g(b)] for
P.a>1 §+g=1 Then g(a),g(b) € I with g(a) < g(b). If | f/|% is decreasing and
geometrically relative convex function for g > 1. Then

9(b)
[ . <g<a>+g<b>> "
2 1 +g(b
9 O / f(g(x))dg(x)—f(ng())
. :
, P 9(@)
< (atb) - g(@)| 0] ( )Zpﬂ) i
1 < (g(b) — HONE
<o+t < o -ota) 0 (5)
1 1 1 3
wherew = H, lpﬁ_ qIn and Yh(w) = % y {(qu+%quq|2n(W)+1> a
g“In(w)
Proof. Using Lemma 2, well known Holder’s inequality )
na i i i 1
and the fact thatf’|% is geometrically relative convex wq—%w%qqln(w)—w%q a
function, we have + 5 5 ,
o) g2In(w)
1 9(a) +g(b)
gb)—g@ / f(9(x))dg(x) — f <f> where w — H’E g ;;I
9(@)
© 2014 NSP
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Proof. Using Lemma 2, well known Power mean wherek = % and ¥(k) =
inequality and the fact thdf’|% is geometrically relative

convex function, we have

<(g(b) —g(a)) {/ L1l f((9(@)" (g(b))* ) ldt
0

Qale

1 -3 1 g
-+(/u—wdﬁ (/n—1|vummf@mnlwwm)

a?In(w)?

1
N (wq — Swz9gIn(w) w§q> q]

1
[(—w%q + %W%qqln(w) + 1) a
X

a?In(w)?
This completes the proof. a

Remark. Forgq= 1 Theorem 6 reduces to Theorem 4.

Theorem 7. Let f : 1 C R — R be twice differentiable
function on 1° (the interior of I) and g: R — R be
arbitrary function. Also f” € Z[g(a),g(b)] for
g(a),g(b) € I with g(a) < g(b). If |f'| is decreasing and
geometrically relative convex function. Then

g(b)
flgl@)+f(gb) 1
. ‘mmgmﬁé”m”““”
< IO 9, g ) v,

£ _ KIn(k)—2k+In(k)+2

In(k)3

Proof. Using Lemma 3 and the fact thatf”| is
geometrically relative convex function, we have

g(b)
f(g(a))+ f(g(b)) 1
2 ~ g(b) —g(a)g(/a) f(9(x))dg(x)

1
SQﬁﬂgg@i/ul_gu”amm+%1—ngﬂmt
0

1
< g(b)gg(a) ./t(l—t) § <g(a)tg(b)1’t)‘dt
0

1
ORI NAICCIN
<907 f@®”g“1‘>(wwmm)d‘

1
= 9079 gy [ria-tken
0

g(b)—g(a), ., KIn(k) — 2k+In(k) + 2
TS (gl)

This completes the proof. a

Theorem 8. Let f : 1 C R — R be twice differentiable
function on 1° (the interior of 1) and g: R — R be
arbitrary function. Also f” € Z[g(a),g(b)] for
g(a),g(b) € I with g(a) < g(b). If | f”|9 is decreasing and
geometrically relative convex function for
p,q> 1, %+%:1.Then

K914
X(mmm)’
_ " (g(a)]
where k= (o)
Proof. Using Lemma 3, well known Holder's inequality
and the fact thatf”|% is geometrically relative convex
function, we have

g(b)
f(g(a)) + f(g(b)) 1 :

1
- w/t(l_t)\f”(tg(a)+(l—t)9(b))\dt
0

1
<“m2“m(/mr4»%ﬁ
0

1

p
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1 q 1 , qt %
< | [ (s(@)tg(o): th) x( t(a—t (@) dt)
[Jitoursor Jua-o(ean)
g(b) —g(a) ., ~1=20) /il (p+1) C B 1/ @
<907 |f<g<b>>|( ARy ) —g(b)zg(a)u’(g(b)n(%) ( O/tut)kqtdt)
1 % 1
|£7(g(a)[\* gb)—g@ )3
(0/ (|f~<g<b)>|> “‘) = 0 raon ()
1 Kigln(k) — 2k9 + gIn(k) + 2\ @
— 9008 gy (22T (P4 ()
-2 r(p+3) |
This completes the proof. O

9(b) —g(@) ., 2120 y/mr (p+1)
= f'(g(b
L(K-1)a
qin(k) )~
This completes the proof. O

Theorem 9. Let f : ¢ C R — R be a differentiable
function on I° (the interior of 1) and g: R — R be
arbitrary function. Also " € Z[g(a),g(b)] for
g(a),g(b) € I with g(a) < g(b). If |f”|% is decreasing and
geometrically relative convex function for g > 1. Then

g(b)

- JRICEO

[t"(g(a))]

[T7(g(b))] )
_ (KgIn(k)—2ki+qin(k)+2\ a

Wik = (IR )

Proof. Using Lemma 3, well known Power mean

inequality and the fact thaf”|% is geometrically relative

convex function, we have

wherek = and

g(b)
flgl@)+fgb) 1
N e (/) f(g())dg(x)

Next we prove the results for the class GRA-relative
convex functions.

Theorem 10. Let f : 4 — R be GA-relative convex
function such that g(a),g(b) € ¢ with g(a) < g(b). Then
the following inequality holds:

(8)
Proof. Sincef is GA-relative convex function. Thus

f(9(¥) + f(g(y))
5 :

Let g(x) = (g(a))**(g(b))! andg(y) =
this implies

f(vaxa(y)) <

(9(@)"(g(b))*". Then

I
N

This completes the proof. O

Theorem 11._Let f : ¢4 — R be differentiable function on
(9(a),9(b)) with g(a) < g(b) and " € .Z[g(a),g(b)]. If
[f/|9 is GA-relative convex function for q > 1, then
following inequality holds:

g(b)
[9(b)f(g(b)) —a(a) f(9(a))] — /

9(a)

f(9(x))dg(x)

© 2014 NSP
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< (g(b))(Ing(b) ~Ing(2) @Hé [Trzr(ml]lé

2h2In(h) —h?+1 h? — 2In(h)
{ In(h)?

O LC

Proof. Since|f’|9 is GA-relative convex function. Then

following inequality holds:

2 29 71—
from lemma 4 and well known power mean inequality, we < (Ing(b) —Ing(a)) [L((g(a))“%v(g(b))qfl)}

have

la(b)H(a(b) — a(@) f(g(@)] — | f(g(0)da(x)
g(a)
1 2
< (g(b))?(Ing(b) — Ing(a)) [ ( %)
!(mm)

x| f'((9(@)" (g(b))*")|dt

1 2 1A
< (8(0)*(Ing(b) ~Ing(a) [/ <%> dt}
0

1
@ 2 s\ _ "(pb)|d
X{o/(@‘(b)) HF@P+ -0/ (b) }dt]

1
q

q

— (g(b))%(Ing(b) — Ing(a [/hzdt]

q

x { / h"“{tf’(anw(l—t)f’(b>|‘*}dt]
0

1h21r‘3

= (g(b))?(Ing(b) — Ing(a) [5 in(h)

2 2 2 a
» B%\f’(aﬂui%u o]
2 -3
= (9(b))*(Ing(b) —Ing(&)) (;) [Tn(h)l]
2 _R 2 — - i
[P e 2RO ]
This completes the proof. =

Corollary 1. Under the assumptions of Theorem 11, if g =
1, we have

900 1(9(0) ~ 9(@) F(g(@)] [ f(g(x)dglx)

9(a)
< (g(b))*(Ing(b) —Ing(a))
1[2hIn(h)—h?+1 h2—2In(h)—-1,,
2| e el TR o).

Theorem 12.Let f : ¢ — R be differentiable function on

(9(a),9(b)) with g(a) < g(b) and f’ € Z[g(a),g(b)]. If
|f'|9 is GA-relative convex function for q > 1, then

< [A( T (2)]%, | (0)]%)] 7.

Proof. Since|f’|9 is GA-relative convex function. Then
from lemma 4 and well known Holder’s inequality, we
have

[(b)f(a(b)) — o(@) f(g(@)] — [ f(g(x))dg(x)
g(a)
1
< (g(b))2(Ing(b) —Ing(a)) [ (22
Z(mm)

x| f'((g(@)" (9(b))*")|dt

1 20 117
< (9(0)*(Ing(b) - Ing(@)) [/ (%) dt]

0

[/{tf @]9+ (1—1)| |q}dt

q — (aqil
(() ng(a))

§ {If’(a)lq;rlf’(b)qr

2q 2q

~ (Ing(b) ~ Ing(a) [L((g(a)** . (g(b)*)] *
< [A( T (@)%, |1/ (0)]%)] .
This completes the proof. d

Theorem 13.Let f : ¢ — R be differentiable function on
(g(2),9(b)) with g(a) < g(b) and f' € Z[g(a)g(b)]. If
[f’|9 is GA-relative convex function for q > 1, then
following inequality holds:
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Proof. Since|f’|% is GA-relative convex function. Then
from lemma 4 and well known Holder’s inequality, we
have

g(b)
[9(b)f(g(b)) —a(a) f(g9(a))] — / f(g(x))dg(x)
9(a)

g(b)
x| f'((9(a))" (g(b))*™)|dt

1 2t
< (9(0))?(Ing(b) — Ing(a))/ (@)
0

1
q

1 1-
< (g(b))*(Ing(b) —Ing(a)) {/ 1dt]
0

alk

1
9@\ a1
xL/(g(b)) {111+ (L)' (o) et

= (Ing(b) —Ing(a))

| (9(0))?(In(g(b))* — In(g(2))*9) — (g(b))*? + (g(2))*
(In(g(b))*1—In(g(a))?9)?

x| (g(a))|
(9(0))* — (g(@)*(In(g(b))* — In(g(a))*) - (g(a))*"
(In(g(b))2a —In(g(a)))

Xf’(@l(b))q}

{ [(9(B)™ — L((g(@))*. (9(6)2) ' (g(@) ]

1
q

+ [L((g(@)™, (9(6)™) ~ (g(a))*] |f’<b>‘*} :

This completes the proof. O
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