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Abstract: Recently, thermostatted kinetic models have been proposed for the modeling of complex systems subjected to external force
fields. This paper deals with the derivation of a generalized thermostatted kinetic framework, which incorporates particles refuge. From
the qualitative viewpoint, the global in time existence and uniqueness of the solution to the relative Cauchy problem, the time evolution
of the moments of the solution, and the existence of stationary solutions are discussed. Applications refer to biological systems and
especially to tumor-escape from immune system surveillance, indeed withinthis framework an mathematical model for the tumor-
immune system competition is derived. Further research directions are outlined in the last section of the paper.
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1 Introduction

The development of mathematical frameworks, possibly a
mathematical theory, for the modeling of complex
nonequilibrium living systems is a new challenge of the
mathematicians of this century. Population dynamics
models [1] for predator-prey interactions [2] have been
extensively studied and have allowed to model systems at
equilibrium [3]. Recently the thermostatted kinetic theory
for active particles framework [4,5,6,7,8] has been
proposed for the modeling of nonequilibrium systems,
namely systems subjected to external actions, see also [9].

In the context of predator-prey frameworks, the
dynamics and bifurcations analysis of mathematical
models with refuge have gained much attention, see,
among others, papers [10,11,12,13,14,15,16] and the
review paper [17]. The use of refuge can be broadly
defined to include any strategy that decreases predation
risk, e.g., spatial or temporal refuges, prey aggregations,
or reduced search activity by prey. The existence of
refuges can clearly have important effects on the
coexistence of predators and prey and on the stability of
equilibrium solutions.

It is worth mentioning that the ways by which the
effects of prey refuges have been incorporated in

predator-prey interactions is to consider two types of
refuges in the literature: those that protect a constant
fraction of prey and those that protect a constant number
of prey.

This paper aims at offering a further generalization of
the thermostatted framework proposed in [21].
Specifically the thermostatted kinetic framework with
conservative interactions is further explored and
generalized in order to include the role of particles refuge
in the time evolution equations of the distribution
function. The distribution function includes a scalar
variable (activity) for the modeling of the strategy
performed by active particles. Applications of the
thermostatted framework proposed in the present paper
refer to the modeling of tumor-immune system
competition and specifically to the ability of tumor cells
to escape from immune system cells surveillance. This is
an important issue in tumor growth. Indeed, it is
well-know, that the immune system is able to protect the
host from virus-induced tumors by eliminating or
suppressing viral infection. Moreover the timely
elimination of pathogens and prompt resolution of
inflammation can prevent the establishment of an
inflammatory environment conducive to tumorigenesis.
Finally, the immune system can specifically identify and
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eliminate tumor cells on the basis of their expression of
tumor-specific antigens or molecules induced by cellular
stress (tumor immune surveillance), see the review paper
[18]. However, if the immune response still fails to
completely eliminate the tumor, the process results in the
selection of tumor cell variants that are able to resist,
avoid, or suppress the antitumor immune response,
leading to the escape phase. During the escape phase, the
immune system is no longer able to contain tumor
growth, and a progressively growing tumor results, see,
among others, papers [19,20] and the references cited
therein. The goal of this paper is the derivation of a
mathematical framework for the modeling of this process.

The present paper is divided into more four sections,
which follow this introduction. Specifically Section 2
introduces the generalized thermostatted kinetic
framework with particles refuge for the modeling of
complex systems subjected to external force fields. The
existence and uniqueness of the solution for the
mathematical framework proposed in Section 2, the
evolution equation for the moments and the existence of
stationary solutions are discussed in Section 3. A
prototype model for the tumor escape from immune
system surveillance during their competition is derived in
Section 4. Finally concluding remarks and future research
directions are outlined in Section 5.

2 The Thermostatted Kinetic Framework
with Particles Refuge

This section is concerned with the derivation of the
kinetic framework coupled with the Gaussian isokinetic
thermostat with applications to the modeling of complex
systems subjected to external force fields and such that
some particles are able to refuge. Specifically we assume
that the system is constituted byn ∈ N subsystems
composed by active particles whose microscopic state
includes the activity variableu ∈ Du (functional
subsystems). The evolution of each functional subsystem
is described by a probability distribution function
fi = fi(t, u) : [0,∞[×Du → R

+, for i ∈ {1, 2, . . . , n},
such that thepth order moment of the whole system
reads:

Ep[f ](t) =

∫

Du

up f̃(t, u) < ∞, p ∈ N (1)

wheref = f(t, u) = (f1(t, u), f2(t, u), . . . , fn(t, u)) and

f̃(t, u) =

n∑

i=1

fi(t, u) du. (2)

In particularE0[f ] represents the particles density of the
system andE2[f ] the activation energy. Moreover thepth
order moment of each functional subsystemfi reads:

Ep[fi](t) =

∫

Du

up fi(t, u) < ∞, p ∈ N. (3)

In what follows we assume that some particles of a
functional subsystem are able to refuge during the
interactions. We model this behavior by assuming that no
refuging particles have microscopic stateu ∈ Ru ⊂ Du.
In particular, for explanation convenience, we assume that
particles of the subsystem with distribution function
f1(t, u) escape the interaction. Then it is not restrictive to
assume that:

f1(t, u) = f1(t, u)χRu
(u) (4)

whereχRu
is the characteristic (indicator) function ofRu.

Therefore thepth order moment of the whole system can
be rewritten as follows:

Ep[f ](t) =

∫

Ru

up f1(t, u) du+

∫

Du

up f̂(t, u) du, (5)

where

f̂(t, u) =

n∑

i=2

fi(t, u) du. (6)

We now derive the time evolution equation of each
distribution fi. In particular we assume that only
conservative interactions occur, namely interactions do
not modify the number of particles. Moreover mutual
interactions refer to test particle, with distribution
function fi(t, u), candidate particles (with distribution
function fi(t, u∗)) and field particles (with distribution
function fi(t, u

∗)). Candidate particles can acquire the
microscopic state of the test particle after interactions
with field particles.

The possibility of interactions among the particles is
measured by the nonnegative functionηij(u∗, u

∗), which
represents the interaction rate between the subsystemfi
and the subsystemfj ; the probability that after this
interaction the candidate particle undergoes a change in
its microscopic state (that of test particle) is measured by
the nonnegative functionAij(u∗, u

∗, u), which is a
probability density with respect tou and then

∫

Du

Aij(u∗, u
∗, u) du = 1, ∀u∗, u

∗ ∈ Du. (7)

Setting

Γij = Γij(u∗, u
∗, u) = ηij(u∗, u

∗)Aij(u∗, u
∗, u), (8)

bearing all above in mind and summing up with respect to
the all candidate and field particles we obtain the following
operator which models the gain of test cells:

Gi[f ](t, u) =

{
G̃1[f ](t, u), i = 1

G̃i[f ](t, u), i 6= 1
(9)

where

G̃1[f ] =

∫

Ru×Ru

Γ11 f1(t, u∗) f1(t, u
∗) du∗ du

∗

+

n∑

j=2

∫

Ru×Du

Γ1j f1(t, u∗) fj(t, u
∗) du∗ du

∗, (10)
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and

G̃i[f ] =

∫

Du×Ru

Γi1 fi(t, u∗) f1(t, u
∗) du∗ du

∗

+

n∑

j=2

∫

Du×Du

Γij fi(t, u∗) fj(t, u
∗) du∗ du

∗. (11)

Similarly the lost of test cells is modeled by the following
operator:

Li[f ] = fi(t, u)

∫

Ru

ηi1(u, u
∗)f1(t, u

∗) du∗

+ fi(t, u)

n∑

j=2

∫

Du

ηij(u, u
∗)fj(t, u

∗) du∗. (12)

Assuming nonequilibrium conditions, namely the
presence of external fieldsFi = Fi(u) : Du → R

+ at
macroscopic scale, the thermostatted kinetic framework
with particles refuge reads:

∂tfi+∂u(Fifi)−Ti[Fi, f ] = Ci[f ] = Gi[f ]−Li[f ], (13)

whereTi[Fi, f ] = Ti[Fi, f ](t, u) is the thermostatted term
which reads:

Ti[Fi, f ] = ∂u

(
uFi

(∫

Ru

u f1 du+

∫

Du

u f̂ du

)
fi

)
.

The thermostatted term is a damping operator that is
adjusted so as to control the activation energy.

Remark 1. It is easy to show that the termCi[f ] is
conservative, namely:

∫

Du

Ci[f ](t, u) du = 1, (14)

for i ∈ {1, 2, . . . , n}.

It is worth stressing that particles refuge defined in the
present paper can be also introduced in the hybrid
frameworks developed and analyzed in the paper [6] and
in the p-thermostatted framework proposed in the paper
[7].

3 On the Existence of Solutions

This section is meant to analytical results on the
mathematical framework (13). In particular we define the
density of the non-refusing particles of the functional
subsystemf1 as follows:

R[f1](t) =

∫

Ru

f1(t, u) dt. (15)

In what follows we assume thatFi = F andηij = η are
real number andAij is an even function with respect tou.
Moreover we assume thatE0[f ](t) = 1, andfi(t, u) = 0
as(t, u) ∈ [0,∞[×∂Du, for i ∈ {1, 2, . . . , n}.

Let Ci[f ] = Gi[f ]−Li[f ] be the conservative operator;
multiplying both sides of it byu and integrating overDu,
we have: ∫

Du

u Ci[f ](t, u) = −η E1[f ]. (16)

Multiplying the left hand side of (13) by u and performing
integration by parts on the second term, we have:

∫

Du

(∂u(Fifi)− Ti[Fi, f ]) du = (E1[f ])
2 − 1. (17)

ThereforeE1[f ] is solution of the following differential
equation:

d

dt
E1[f ] + F (E1[f ])

2 + η E1[f ] = F.

The above equation admits a unique solution when an
initial condition is assigned. Therefore we are able to
define the mild solution of the relative abstract Cauchy
problem for the thermostatted kinetic framework with
refuge (13) and to perform the mathematical analysis
developed in [21] regarding the existence and uniqueness
of the solution. In particular the following relation holds
true:

E0[f ] =

∫

Ru

f1(t, u) du+

∫

Du

f̂(t, u) du = 1. (18)

Moreover we are able to prove the existence of
stationary solutions by using measure theory and fixed
point arguments, see [22].

4 An Abstract Model for Tumor-Escape from
Immune System

The thermostatted framework with particles refuge (13)
acts as paradigms for the derivation of models. The
derivation of a specific model means providing, by a
suitable phenomenological interpretation of the system, a
mathematical description of the microscopic interactions
among the selected functional subsystems.

This section is devoted to the derivation of a
mathematical model for the tumor-escape from immune
system. Therefore we consider two functional
subsystems: tumor cells and immune system cells. Let
f1(t, u) be the distribution function of the tumor cells,
with u ∈ Ru = [0, 1], and f1(t, u) the distribution
function of the immune system cells, with
u ∈ Du = [−1, 1]. The activity variableu represents
tumor progression for tumor cells subsystem and
activation for the immune system cells subsystem.
Moreover we assume that there are not external constant
force fields, namelyFi(u) = 0. Finally we assume that
the interaction ratesη11, η12, η21, η22 are constant
nonnegative numbers, and the probability densityAij is
assumed to be defined by a delta Dirac function
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(deterministic outputmij(u∗, u
∗) of a pair interaction)

depending on the microscopic state of the interacting
pairs:

Aij(u∗, u
∗, u) = δ(u−mij(u∗, u

∗)).

The conservative termC1[f ](t, u), is derived under the
assumption that tumor cells have a tendency to increase
their microscopic state with a certain rate, regulated by
the interactions with the immune system cells.
C2[f ](t, u) = 0 is derived under the assumption that the
activation of the immune system depends on the
interactions with tumor cells. Accordingly, we define:

mij(u∗, u
∗) =





u∗ + εα if j = 2 andi = 1,
u∗ + α if j = 1 andi = 2,
u∗ otherwise,

(19)

whereα is a positive parameter, which defines the rate
toward high states of activity, whileε < 1 is a scale
parameter. Straightforward calculations give the
following conservative terms:

Ci[f ] =





η12E0[f2] [f1(t, u− ǫ α)− f1(t, u)] if i = 1,

η21R[f1] [f2(t, u− α)− f2(t, u)] if i = 2.

Therefore the abstract kinetic mathematical model with
particle refuge for tumor-escape from immune system
surveillance reads:





∂tf1 = η12 [f1(t, u− ǫ α)− f1(t, u)]E0[f2]

∂tf2 = η21 [f2(t, u− α)− f2(t, u)]R[f1],

where

R[f1] =

∫ 1

0

f1(t, u) du, E0[f2] =

∫ 1

−1

f2(t, u) du.

According to the above model, the immune system
interacts with the tumor cells that are not escaped.

5 Conclusions and Research Perspectives

In this paper we have derived a thermostatted kinetic
framework that can be proposed for the modeling of
biological systems, especially in tumor-immune system
competition, with particles refuge. Future research
directions are outlined in this section.

The mathematical framework of this paper does not
include the role of non conservative interactions
(proliferative, destructive, mutative). The role of
proliferative and/or destructive interactions are modeled
by the following operator:

Ni[f ] = fi(t, u)

n∑

j=1

∫

(Du)2
αij(u∗, u

∗)fj(t, u
∗) du∗ du

∗,

where

αij(u∗, u
∗) = ηij(u∗, u

∗)µij(u∗, u
∗),

beingαij(u∗, u
∗) the net proliferation rate.

In particular mutative interactions have an important
role in tumor-immune system competition, see Nowak
[23]. Therefore the thermostatted framework with
particles refuge proposed in the present paper can be
further generalized in order to take into account the role
of mutations, which are modeled by the following
operator:

Mi[f ] =

n∑

h=1

n∑

k=1

∫

(Du)2
βi
hk fh(t, u∗) fk(t, u

∗) du∗ du
∗,

where

βi
hk = βi

hk(u∗, u
∗, u) = ηhk(u∗, u

∗)ϕi
hk(u∗, u

∗, u),

beingϕi
hk(u∗, u

∗, u) the net proliferation rate into theith
functional subsystem, due to interactions that occur with
rateηhk, of the candidateh-particle, with stateu∗, and the
field k-particle, with stateu∗.

It is worth stressing that nonconservative interactions
may not ensure the global existence of solutions.

A future research perspective is the derivation of
formal asymptotic limits for the derivation of
macroscopic equations by employing the mathematical
methods developed in papers [24,25,26] that use
parabolic and/or hyperbolic scaling.

Finally we would like to underline that the
introduction of particle refuge can be also performed in
the interaction rates. This is a work in progress and results
will be presented in due course.
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