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Abstract: This paper deals with the topic of numerical integration on scattered d&f3 th< 10, by a class of spline functions, called
Lobachevsky splines. Precisely, we propose new integration forrhakesd on Lobachevsky spline interpolants, which take advantage
of being expressible in the multivariate setting as a product of univariéégrads. Theoretically, Lobachevsky spline integration
formulas have meaning for amye N, but numerical results appear quite satisfactorydfer 10, showing good accuracy and stability.
Some comparisons are given with radial Gaussian integration formudbea quasi-Monte Carlo method using Halton data points sets.
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1 Introduction RY, for d = 1,2, in this paper we focus on the use of
Lobachevsky spline integration formulas for3d < 10.
The idea of using Lobachevsky splines to construct

The topic of numerical integration on multivariate . on f | 4 d b
scattered data has recently gained popularity and interedptegration formulas on scattered data turns out to be

in various areas of applied mathematics and scientificiuite natural, not only for the recent interestrireshfree
computing, such as multivariate interpolation numerical integration, but also for the performance and

approximation theory, and computer physics (sa3, computation easiness qf Lopachevsky spline integrals. In
14,15,19,20,23,24]), although it has been much less fact, Lobachevsky spline interpolation formulas take
developed with respect to the construction of integration2dvantage of being expressible in the multivariate setting

formulas on data with a prefixed distribution (see, e.g.,@S @ Product of univariate functions. This makes simple
[12)). the computation of d-dimensional integrals on

hypercubes: at first, the integrand function is
approximated by a Lobachevsky spline interpolation
formula; then, thed-variate integral is evaluated as a

In particular, we consider the problem of constructing
new integration formulas for high-dimensional scattered

data by a class of spline functions, calledbachevsky product ofd univariate integrals. The proposed formulas

splines arisen in probability theoryl]7,21] and then also ) X : .
proposed in multivariate interpolation on scattered data &Y. b'e interesting becauge other effective techniques for
[4 and landmark-based image registration,36] multidimensional integration on scattered data such as

Lobachevsky splines consist in an infinite sequence O]J\/Ionte Carlo methods, which are usually used in high

univariate spline functions depending on a shaped'menS'onS’ have poor convergence rates (see &gy [

parameter, which are compactly supported, strictlyzz])'
positive definite, and enjoy noteworthy theoretical and  Moreover, we remark that Lobachevsky spline
computational properties, such as the convergence to thiaterpolation formulas are neither mesh-based formulas
Gaussian function and the convergence of the sequence ¢fio grid is here considered) nor radial ones, but they
their integrals and derivatives to integrals and deriestiv. asymptotically behave like Gaussian interpolants (see
of the Gaussian, respectively (s&@)] [4]). This feature, together with the uniform convergence
Now, starting from the previous worle], where we  of Lobachevsky splines to the Gaussians, allows us to
investigate the integration problem on scattered data irgive error estimates for Lobachevsky splines integration
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formulas. Numerical experiments point out that is symmetric and depends on the choic@aihda in (2).
Lobachevsky spline interpolants are comparable inSince Lobachevsky splines are strictly positive definite fo

accuracy with Gaussian interpolants, but they are usuallyany evem > 2, the interpolation matriAin (5) is positive

much better conditioned than the Gaussians.
The paper is organized as follows. In Sectdmwe

definite for any set of distinct nodes.
From the central limit theorem (sed721]), we

consider the problem of scattered data interpolation byremark that thed-variate Lobachevsky spline converges

Lobachevsky splines, recalling their analytic expression
and some properties. In Secti@nwe firstly describe the

resulting integration formulas obtained by Lobachevsky lim
spline interpolants, then we analyze conditioning and

errors of Lobachevsky spline integration formulas,
discussing the role of two essential quantities: the spkectr
norm of the inverse of the interpolation matrix and the
1-norm of the weight vector. SectioA summarizes

several numerical experiments in order to verify
performances of Lobachevsky spline

for n — o to thed-variate Gaussian, i.e.
d 2/cd 2
—0° (Y %)

2 )

Hence Lobachevsky splines asymptotically behave like

radial functions, though they are not radial in themselves.
Finally, we observe that, since Lobachevsky splines are

(univariate) strictly positive definite functions for evepr

2, we can construct multivariate strictly positive definite

n—eod

fr(ax) = (27'3"/2 exp(

integration functions from univariate ones (see, e.g5]], expressing

formulas, focusing on both accuracy (integration errors)them as products of Lobachevsky splindfs [

and stability (condition numbers) and comparing

Lobachevsky spline results with those of radial Gaussian
integration formulas and a quasi-Monte Carlo considering3 L obachevsky spline integration

Halton point sets. Finally, Sectiorb deals with

conclusions and future works.

2 Lobachevsky splineinterpolation

Let us consider a continuous functign: Q — R on a

compact domain Q C RY, d > 1, a set
2 = {5 = (X, %2,.--,%i),i = 1,2,...,N} € Q of

Scattered data points and the vector
g={g(x),i =1,2,...,N} of the corresponding function
values.

For evenn > 2, we construct the Lobachevsky spline
interpolant ofg at the nodeg; in the form

N
X) = Cithj(x)
=1

requiring Fh(xi) = g(x;), i = 1,2,...,N. The interpolant
F, is a linear combination of products of univariate shifted
and rescaled functionﬁf;

xeQ, (1)

i (X) = @nj(x;a) |j a(Xnh —Xnj)), 2)
where forj =1,2,... /N
: N M s ("
i@t —) = 3y 5.0 (7)
n-1
X \/za(xh—xhj)Jr(n—Zk)} , (3)
+

anda € R" is a shape parameter. The coefficiants{c; }
are computed by solving the linear system

Ac=g, @)
where the interpolation matrix
A={aij} ={gix)}, 1i=12...N, (5)

3.1 Approximation of d-variate integrals

Let us now consider the problem of computing an
approximate value of the integral

/g X) dx, xeQcRY,

whereg(x) is an integrable function, which is generally
known only on a scattered data set.

Solving this problem consists in integrating a formula
of type (1), which interpolates the given data, that is,

(6)

Since we consider numerical integration on the unit
hypercubeQ = [0,1]¢ c RY, d > 1, we have

/O /o /0 hj (X1, %2, - .-, Xd
/ fo(a(xa —xaj)) dx
/ fx(

/ fr (0 (Xd —Xaj)) dXg.
Thus, the problem consists in evaluating thiategrals

/1fx<a<xl—xlj>>dxl, AL

/ £

(@) ) dxzdxgp -

X2 — ij)) dXz

X2 — ij)) dX2,

a (g —Xdj)) dxg,

© 2014 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.8, No. 1, 145-151 (2014)www.naturalspublishing.com/Journals.asp NS 2 147

and theh-th integral,h = 1,2,....d, is computed by the errors obtained by approximating the vector of integrals

relation I = {lI(gnj)}1<j<n are less influenced than for the
1 Gaussians by the weights computed solving the linear

/fﬂwm—%md& system 4).

10 Now, referring to integration formulas ir8 and 0),
= = [®5(a(1—Xnj) — Pi(a(—xnj))] , (7)  we can take into account the presence of errors in the

a evaluation of the integrals of Lobachevsky splines, i.e.
where the explicit form ofp;(x) is . .

{Hnj)}=T=1,
* 1 - k(N n

(%) 2! k;( Y (k) e (n = 2K)J3. which generates a vectov of approximate weights and

Hence, we can approximate a multiple integral byfrom (8) the perturbed integration formula

evaluatingd simple integrals, whose integrands are given N
by polynomial functions of degrea — 1. Note that a [(F)) = <c,f) = (g,W) = Z W;g;j,
numerically equivalent technique, despite =1
computationally less efficient, to evaluate Lobachevsky .
spline integrals is given irb]. wherew = A~1.
In error investigation it must also be considered the
parameter||A~%||,, which measures the sensitivity to
3.2 Conditioning and errors perturbations of the interpolation processes based on the
Gaussian or Lobachevsky splines. Now, in the literature
In this subsection, referring to the error analysisijfve ~ lower bounds for the smallest eigenvalue of the
focus on stability and accuracy of Lobachevsky splineinterpolation matrix A of the Gaussian have been
integration formulas, firstly considering the uniform extensively studied (see, e.g.25]), providing upper
convergence of Lobachevsky spline to the Gaussian antiounds for||A~1|; in terms of the so-calledeparation
then discussing the role of two important parameters. distanceof the nodes
Taking into account the convergence results of
Gaussian interpolation (see, e.g@p]), we can deduce q= —mioni —xjH

that, for sufficiently regulag, the error|l (g) — I (F,)| may 2 i#] 2
decrease exponentially as— o and h — 0, whereh ) )
denotes the so-calldfil distance i.e. When q tends to zero, it happens thga |, diverges
. exponentially andA tends to become singular due to
h:feug? Xrig'gr}HX—Xin collapsing of two rows. Considering the convergence

property of the Lobachevsky splines to the Gaussian, we

Moreover, we note that the convergence rate depends ogan reasonably expect that the upper bounds|fort||,

the functiong, the Lobachevsky spline regularity degree relating to Lobachevsky splines are closed to Gaussian

and the form of the domaif®. ones; in fact, numerical tests show that in the case of
In order to get useful information for numerical Lobachevsky splines the values assumed|By?|, are

implementation, we want to develop a further analysis ofquite acceptable and, generally, considerably smaller tha

the error of the integration formulab), which can be those of the Gaussian.

written by @) in the form Then, an error estimate of the Lobachevsky spline

N integration formula &) may be expressed as follows
(@) ~1(F) = (c.1) = (A*g.l) = (gw) = 5 wigj, (8)
=1

1(9) — (W, )| < meagQ)||g—Fnllc
with + 1A Y2l = T2llgll2-

Aw=1, ©) Finally, taking into account the effect of perturbations on
where (-,-) denotes the scalar product iRY, and the data values, that is, considering the perturbed data
I = {l(¢hj)}i<j<n is the vector of integrals of .

Lobachevsky splines. It is clear from8)( that the {G(Xj)}=8~g,

quantities]wj\ play a central role both in the study of the i _

integration error and in the effect of perturbations in the We obtain the error estimate

data valueg; [23]. Moreover, the computational trouble .

caused by the Gaussian ill-conditioning is significantly |'(9) — (W.8)| < (meagQ) + [w|[1)E2 4(9)

reduced for Lobachevsky splines, because for small + 19— 8l W1+ A7 2011 = T]|2118l2,
values of n Lobachevsky splines are much better

conditioned than Gaussiand][ As a consequence, the whereEy- ¢ (9) = infzespam%ﬁ llg—2||, (see B)).
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4 Numerical experiments In Table 1 we show the behavior of Lobachevsky
spline integration errors for 3 d < 6 by varying the

In order to test accuracy and stability of tldevariate  value of the shape parameterc [1,9]. Numerical results
integration formulas obtained by Lobachevsky spline highlight that the variation ofr may greatly influence the
interpolants, we investigate their performancesquality of approximation results, though the behavior of
considering some scattered data sets C Q = such errors turns out to be uniform for ary. In
(0,19 ¢ RY, 3 < d < 10, which are given by Halton particular, we remark that the best level of accuracy is
points and generated by using the MATLAB program reached whemr € [1,4]. Moreover, as already remarked
hal t onseq. m[16]. Precisely, we firstly consider some in [5] for d = 1,2, these tests point out reliability and
sets of Halton points whose siz® depend on the robustness of Lobachevsky spline integration formulas in
dimensiond, i.e. we takeN = 49, for 3< d < 6. Then, we  high dimensions as well.

keep fixed the point number takifg= 1024, but varying

the dimensiord, for 6 < d < 10. The choice of taking\ Using thenor mfunction of MATLAB, in Figures2-3
depending ond is done to analyze the behavior of we report the values of two crucial quantities considered
integration rules maintaining a strict connection betweenin Subsection3.2 the spectral norm|A=Y||, and the

N andd. However, since we need to solve a linear systeml-norm ||W|;. The former gives us a measure of the
N x N, which (for largeN) turns out to be quite expensive absolute conditioning of the considered linear systems,

from a computational standpoint, we fikfor 6 < d < 10.

Thus, we focus on Lobachevsky spline integration
formulas forn = 2, 4,6, that are denoted by L2, L4, L6,
respectively, also considering the Gaussian (G)
integration formula for comparison. In Figutewe show

whereas the latter provides useful information on the
conditioning of the integration formula.

Thus, for each of the Lobachevsky splines we observe
that increasing the shape parameter produces more
peaked (or localized) basis functions with the effect of

the convergence property of Lobachevsky splines to theébetter conditioning, but losing accuracy (and vice versa).

Gaussian.

0.45

el ]
-—=12]]
L4
L6

041

0.35F

0.31

Fig. 1 Example of convergence of Lobachevsky splines to the
Gaussian fod = 1 anda = 1.

All the results reported below are obtained by using the
following d-variate test function (see, e.glf)

d
ga(x) = 4° [1x0(1=x0), x=(x1,%,....Xd) € Q,
h=1

whose exact integral of? is | (gg) = (2/3)9. Obviously,

Note that, the values of quantitigfA~2|, and ||/,
strongly depend on the distribution of nodes, while they
are independent of function values.

Furthermore, analyzing all the taken tests, we remark
that the Lobachevsky splines are comparable in accuracy
with the Gaussians, though they are usually much better
conditioned than the Gaussians (see Fig@r8} it holds
above all whero € [1,4] where we have the hightest level
of accuracy. Note that there is an exact correspondence
between the Lobachevsky and Gaussian shape parameter
a.

Then, in order to strengthen the effectiveness of the
Lobachevsky spline integration formulas, in TalZeve
report the obtained errors by applying a quasi-Monte
Carlo method, which in literature is considered as the
most practical integration technique in high dimensions.
These results confirm once more the goodness of our
approach, because for suitable values of the shape
parameteir we are able to obtain errors which are lower
of one or even two orders of magnitude than those of the
guasi-Monte Carlo method.

Finally, in Table 3 we report Lobachevsky spline
integration errors wittN = 1024 for 6< d < 10, obtained
by varying the value ofr € [1,5] and, for comparison,
also considering the results obtained by applying a
guasi-Monte Carlo method. These tests (and other ones
not reported here for shortness) show that, for a suitable
choice of the shape parameterthe Lobachevsky spline
integration formulas turn out to be effective for any
d < 10. Conversely, by further increasing, i.e. for
d > 10, we observe a gradual loss of accuracy due to the

other integrands have been tested obtaining a unifornparticular feature of this type of integration formulas,

behavior as regard to accuracy and stability.

which are expressed as a product of univariate integrals.
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Table 1 Integration errors for 3 d < 6. — —
-0-12 -o-12
d N a L2 L4 L6 G = =
1 514E-3 912E-3 213E-3 974E-4 ) )
2 115E-3 285E-3 367E-3 397E-3 Z E
3 121E-4 147E-3 310E-3 273E-3 =T
4 311E-3 371E-4 300E-4 322E-4 Rk S CETETR e 4T
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6 215E—2 844E-3 960E-3 127E-2 A
7 AT2E—2 252E-2 269E—2 318E-2 D Lo s e e
8 726E—2 484E—2 505E-2 570E—2 . .
9 086E-2 749E—2 776E—2 853E—2 (d=3 (id=4
1 324E-3 230E-3 152E-3 275E-4 = =
2 261E-3 114E-3 114E-3 949E-5 —u it
3 136E-3 126E-3 595E-4 260E—4
4 137E-3 140E-4 126E-3 119E-3
4 256 5 391E-3 716E-4 102E-3 114E-4 - =
6 120E-2 367E-3 421E-3 651E-3 - -
7 288E—2 153E—-2 167E—-2 206E—2 P BN
8 499E-2 337E-2 357E-2 410E-2 TV R SR ekt o
9 727E-2 56l1E-2 584E—2 6.45E-2 R N
1 245E—4 172E-3 105E—-4 135E-5 e e g e e rr e gt
2 284E-5 354E—-4 178E-5 102E—4 .
3 459E-5 313E-4 294E-4 290E-4 (i) d=5 (ivyd=6
4 393E-4 110E-5 180E—-4 373E-4
5 1024 5 140E-4 105E-3 125E-3 124E-3
6 309E-3 694E—4 504E—4 348E—4 ) .
7 118E—-2 424E-3 502E-3 727E-3 Fig. 3 1-norm ofw for 3<d < 6.
8 264E-2 154E-2 168E—-2 206E—2
9 453E-2 319E-2 338E-2 388E-2
1 276E-4 379E-4 433E-4 451E-5 ) )
2  940E-5 112E—4 124E—4 148E-5 Table 2 Integration errors of quasi-Monte Carlo for3d < 6.
3 105E-6 773E-5 536E-5 125E—4
4  264E—-4 216E-5 324E-5 833E-5 d N quasi-Monte Carlo
6 4096 5 538E-4 581E-4 650E-4 7.15E—4
6 741E-4 981E-4 973E-4 T741E-4 3 64 191E—3
7 518E-3 563E-4 905E—-4 207E-3
8 146E-2 660E—-3 754E—-3 102E-2 4 256 343E-3
9 286E—-2 183E—-2 199E-2 239E-2 5 102 27E 4
6 4096 337E—4
% ——G
-9-L2

-
1A,

-
1A,

()d=3
——0c
-o-12
R
=
\.&-..,__‘__0__0__’__ _
e
:
(iiiy d =5

187,

1A~

- o-

-0 -9--6--6=

(iv)d=6

Fig. 2 Spectral norm oAlfor3<d<e.

5 Conclusions

In this paper, thinking of the problem of the curse of
dimensionality, we investigated the performance of
Lobachevsky spline integration formulas on scattered data
in R4, 3 < d < 10, thus extending the work5[ In
particular, we used the remarkable property of these
formulas of being defined in thd-variate setting as a
product of univariate functions. Moreover, we analyzed
accuracy (errors) and stability (conditioning) of such
integration formulas as well as those of the Gaussian ones
for comparison, referring to two crucial parameters: the
spectral norm of the inverses of interpolation matrices and
the 1-norm of the computed weight vectors. Numerical
experiments confirmed the good performances of
Lobachevsky spline integration formulas for3d < 10,

as already observed i][for d = 1,2. To further check
our integration technique, we reported results obtained on
the same data point sets by applying a quasi-Monte Carlo
method, a standard procedure in multidimensional
integration.

© 2014 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

150 NS 2 G. Allasia et al: Multidimensional Lobachevsky Spline Integration...

Table 3 Integration errors wittN = 1024 for 6< d < 10. [8] R. Brinks, Comput. Appl. Math27, 79-92 (2008).
[9] R. Cavoretto and A. De Rossi, J. Comput. Appl. Maftg4,
d a L2 L4 L6 | quasi-Monte Carlo 1505-1521 (2010).
1 560E-4 285E-2 373E-2 [10] R. Cavoretto and A. De Rossi, Appl. Math. Left5, 1251—
2 334E-3 T718E-3 298E-3 1256 (2012).
° 2 %f;E:g igig:; iggE:g 20783 [11] R. Cavoretto and A. De Rossi, Math. Methods Appl. Sci.,
5 140E-2 139E-2 120E-2 (2013).
1 133E-4 26562 104E_1 [121 R. Cools and D. Laurie (Eds.), Numerical evaluation of
2 105E-3 140E—-3 153E-2 integrals, J. Comput. Appl. Mathl12, (1999).
7 2 %ggg—g 4-435—3 4»925—3 8.97E-3 [13] R. Cools, J. Comput. Appl. Mathl49, 1-12 (2002).
5 946E_2 i‘ggE:Z 3?18E:2 [14] R. Cpols, D. Huybrechs and D. Nuyen, Int. J. Quantum
T Ry — Chemistry,109, 1748-1755 (2009).
5 SGAE-3 E593F_ o 1658 > [15] G. EndiBdi, Comput. Phys. Comrrﬂ.82,_l30_7—1314 (2011)._
8 3 56lE-2 412E-3 111E-2 1.40E—2 [16] G. E. Fasshauer, Meshfree Approximation Methods with
4 150E-2 468E—-2 459E-2 MATLAB, World Scientific Publishing, Singapore, (2007).
5 275e-1 1I9E-1 138E-1 [17] B. V. Gnedenko, The Theory of Probability, MIR, Moscow,
1 395E-3 7.89E-2 141E-2 (1976).
o % ﬁggj %ggg:; gg;g:g LB1E 2 [18] A. R. Krommer and C. W. Ueberhuber, Computational
4 48IE-2 G513E-2 412E-2 ’ Integration, SIAM, Philadelphia, (1998).
5 527E-1 333E-1 364E-1 [19] D. Levin, J. Comput. Appl. Math112, 181-187 (1999).
1 105E_2 187E—1 255E_1 [20] A. Punzi, A. Sommariva and M. Vianello, J. Comput. Appl.
2 519E-2 174E—1 195E-1 Math.,221, 430—436 (2008).
10 3 174E-1 769E-2  826E-2 2.55E-2 [21] A. Rényi, Calcul des Probabiéts, Dunod, Paris, (1966).
g SWED ez SiEl [22] R. Sctiirer, Math. Comput. Simulatios?, 509-517 (2003),
[23] A. Sommariva and M. Vianello, Computingg, 295-310
(2006).

[24] A. Sommariva and M. Vianello, Appl. Math. Comput83,
10981107 (2006).
In a work still in progress, we are going to apply [25] H._ We_ndland, Scattere_d Data Approximation, Cambridge
Lobachevsky splines in local methods for fast University Press, Cambridge, (2005).
computation in multivariate and spherical interpolation
(see, e.9.,4,9,10,11]).
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