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Abstract: The aim of this paper is to study the oscillatory behavior of general thirerareutral delay differential equations by using
a generalized Riccati transformation. New sufficient conditions faitlagons of solutions are established.The obtained results extend
and improve some known results in the literature. lllustrative examplegae to support our main results.
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1 Introduction One of our main goal of this paper is to establish new

oscillation criteria for Eq.(1.1) without the traditional
There has been considerable interest in studying th&ondition(c) . The paper is organized as follows .In sec. 2
oscillation of solutions of neutral delay differential We give our main results, we establish sufficient
equations in the last two decades. Although the oscillatiorconditions guarantee the oscillation of Eq.(1.1). In sec.3
of third-order equations has received less attentiongve give some examples for which our criteria applied
relatively comparing with those of second-order, howeverwhile some of the others in the literature fail. _
there is an increasing interest in studying the oscillationWe say that a functiomp(t,s,|) belongs to the function
of neutral delay third-order equations ( s&, [4], [8],  class Q, denoted byp € Q if ¢ € C(E,R), where
[10]) The aim of this paper is to study the oscillation of E = {(t;s]) 1 to <1 < s <t < o}, which satisfies
solutions of the third order neutral differential equation ~ @(t.t,1) =0,¢(t,1.1) >0, andg(t,s,I) > 0for | <s<t

, and has the partial derivati\% , defined by

(r®)Z'(t))" + f(t,2(t),Z(t)) =0 (11) 5
wherez(t) = x(t) 4 p(t)x(t(t)) under the assumptions Tz =¢(tshet,sl),¢cQ (12)
(H1) r(t), p(t) € C([to,),(0,00)),r'(t) > 0O,r"(t) >
0, [“r~Y(s)ds= =, and Further we define the operatéf.;1,t] by
0< p(t) < po < . . f ]
L S T P U

(Ha) f e C(Rx RE,R), 1Y) > i > 0,

Many efforts were done to deduce sufficient conditions
for the oscillation of differential equations of the type ) . .
(1.1) (see B], [10], [12,[13)). To the best of our It is easy to see tha[;1,t] is a linear operator and
knowledge most of those papers considered a commonatisfies

condition on the nonlinear functioh,namely

fort >s>1>tg,where ds) € Cltg, ).

Alg;1,t] = —2Agg;1.t] for  g(s) € Clfto, ). (see
f(x) [11]). In what follows we use the notation
- 2K>0 (©) D = {(ts) : tp < s < t < o} and
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Do = {(t,s) :tg < s<t < o} .We say that a continuous oscillatory.

function H:D — [0,o) belongs to the function clasé

denoted byH € X if Proof. Suppose that there exists a nonoscillatory
(OH(t,t) =0,H(t,s) >0 for (t,s) € Do. solutionx(t) such thatx(t) > Ovt > t; > tg. Thenz(t) >0
(iD)H(t,s) has a continuous partial derivative with . Now, from Eq. (1.1) andHs) , we get

t ts defined b
respect te defined by (rZ'(t)) < —KZ(t) (22)

(
OH(ts) —h(t,s)\/H(t,s) forsome e C(Do,R).(1.4) HZ'(t)

ds Definew(t) =~ tm) >0

The key idea in our proofs makes use of the idea used ifPifferentiatingw(t) , we obtain

O (r(t)z'(t))
r(t)z'(t))
wW(t) = 0 —r(t)z(t)

2 Main Results _
Using (2.2), we have

Before starting our main results, we begin with Following

the lemma Which depends org][and will play an W(t) < —K — WO sy 2.3)

important role in the proof of main results. T

Lemma 2.1 If X(t) is a nonoscillatory solution of Eq. Applying the operatoA[.;1.t] to (2.3), we get
(1.1), then either @) > 0,Z(t) > O,r(t)Z’(t) > O
eventually or #) < 0,Z(t) < 0,r(t)Z'(t) < 0 eventually AW(9):1.t] < —AK + \’\’2(5).| vt >ty

where %t) be as defined in Eq.(1.1). r(s) "

Proof. Without loss of generality we may assume that
X(t) > O,x(t(t)) >0 fort > t; >tp . Thenzt) >0 . Thus, by the properties of the operafdr;1,t] , we obtain
Firstly we claim thatr(t)Z’(t) is monotone and of one W ()
signe. If r(t1)Z’(t1)) = 0  for somet; > to .Then ) B S) .
(FOZ') [ity— — F(t2,2(t1),Z (t2)) < O from which we KLt s ATy —2ueeilt 2t
can prove that(t)Z’(t) cannot have another zero after it
vanishes once (se&]j . Hencer (t)Z’(t) is monotone and 1
of one signe, so either(t)Z’(t) > 0, orr(t)Z’(t) < 0 for = —Al(y [ ==W(S) —/1(5)9)% 1.t + Arp %1 t]
t >t . If r(t)Z’(t) <0, then there exists > t; such that r(s)
rt)z'(t) <r(t)z'(t2) <0 2.
=-cc>0 Vt>t <Are=1.
ThusZ'(t) = =5,t >t by integration, we get Therefore

o AK — 121, <0

Z(t) = Z(ta) — ¢y, rds t > t, , therefore we see that R
Z(t) — —o ast — o , for which it follows thatz(t) is limsupAK —r¢?1,t] <0
eventually negative Which contradicts the fact that e

z(t) > 0. Hence we conclude thaeft)Z’(t) >0 Vt>t,  This contradicts with (2.1). Hence Eq. (1.1) is oscillatory
. Now we claim thatZ(t) > 0. Sincer(t)Z’(t) > 0 and

r(t) > 0, thenZ’(t) > 0. ThusZ(t) is monotone and of Theorem 2.2 Assume that there exists a functiok g
one signe (i.eZ(t) > 0 or Z(t) < 0 ). Assume that C([to,%),R) such that for some Hh € X

Z(t) < 0. Sincer(t)Z’(t) > 0, thenr(t)Z’(t) >c >0 .

Th . t 1 e
It (“)5_ P imsup s /to (H(t.9%(s)— 5T (SVSN(L,5)ds=

By integration, We get ) .
Z(t) > Z(t2) + cfyy 5.t > to . Therefore we see that Where (1) V([K + r(t)g=(t) — (r(t)g(t))],v(t) =
2 s). Then Eq. (1.1) is oscillatory.

Z(t) — o ast — o . This contradicts withZ(t) < O . exp(— th 9(s)d
HenceZ(t) > 0 . The case whex(t) < 0 is similar.
Theorem 2.1 Suppose that for each> tg there exists a
functiong(t,s,l) € Q such that

Proof. Let x(t) be a nonoscillatory solution of (1.1),
then there exists t; > fg such that
X(t) > 0,x(1(t)) > 0, vt > t1 . As in the proof of Theorem
lim supA[K — r92:| >0 (2.1) 2.2 we arrive (3/.(%). Now, define

t—eo u(t) = v(t)r(t)[ +g( )>0,t>1

where the operator |X1.t] is defined by (1.3) and the D|fferent|at|ngu( ; we obtain
functiong = ¢ (t,s 1) is defined by (1.2). Then Eq. (1.1)is U'(t) = v(t)( ()0()) 2v(t )g(t)[m - riHg)] —
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FOV() [riaety — 902+ V(O [ (Hg()) — 2v(Dr (HG(D)
Using (2 2), we get

(2.5)

Multiplying (2.5) byH (t,s) and integrating with respect to

sfromT tot , we get

/Hts s)ds< H(t, T)u(T)— /t( HLS)

T\ V(9)r(s)

u(s)

+3 L AETEN,s) 2ds+/ (92(t, s)ds
/t[H(t,s)L[J(s) — %v(s)r(s)h(t,s)z]dsg H(t, T)u(T)

T

lim supﬁ /tot(H (t,s)w(s)

t—o
—%r(s)v(s)hz(t,s))dsg u(ts)| < ,t3>T >to

This contradicts (2.4). Hence Eq. (1.1) is oscillatory.
In Theorem 2.2, if we takeH(t,s) = (t —s)"—1 for
(t,s) €D,n> 2, thenh(t,s) = —(n—1)(t —s)(n—3)/2.
Hence we get the following result.

Coroallary 2.3 Suppose that there exists a functioa g
C!(Jto, ), R) such that for some integer=s 2 if

I|msup
t—oo -1

_1)\2
/t:<ts><n3>[<ts>2w<s> =D gu(s]ds=os

limsupAK —r¢?1,t] =0 >0

t—o0

Hence by Theorem 2.2 Eq. (3.1) is oscillatory.
One may note that Theorem 1 i [fails to apply to Eq.
(3.1) withq(t) =1,y=1.

Example 3.2 Consider the D.E.
(%z”(t))’—s—z’sinz(t)—i—(z’)B _ot>1 (3.2)

Herer (t) = &, (t zz’) Zsirf(t) + (Z)3
Choosingg(t) = ==,n= 3 in Corollary 2.4, we get
t) = 2, g(t) = — 4

Itis clear that"'#2) — sir?(t) + (Z)2 > K>0

Now

1 (n—1)2

4

1 (t— s)'n—3)[(t —9)*w(s) — r(s)v(s)lds

1 s a9 2
S t2'30 3 2 t 5

limsup——
t—o0 n-1

t _1)2

L9392 - " rsusjds=c
to

Hence by Corollary 2.4 Eq. (3.2) is oscillatory.

Note that, if we pug(t) =L, a =B=K=L=1p(t) =

2 | then we see that Theorem 1 ihJ fails to apply to

Eq.(3.2).
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