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Abstract: In this paper, we initiate the study of bipolar fuzzy subacts of anS-act, whereS is a monoid with zero andS-acts are
representations ofS. We introduce the notions of pure bipolar fuzzy ideal, purely maximal bipolar fuzzy ideal and purely prime bipolar
fuzzy ideal of a monoid. It is shown that the set of purely prime bipolar fuzzy ideals ofSadmits the structure of a topological space.
We also define pure bipolar fuzzy subact of anS-act and call anS-act bipolar fuzzy normal if each of its bipolar fuzzy subact is pure.
Monoids, all of whichS-acts are bipolar fuzzy normal are characterized. It is shown amongother results that such monoids are right
weakly regular.
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1 INTRODUCTION

Zadeh in his pioneering paper [1] of 1965, first introduced
the notion of a fuzzy subset of a set. Since its inception,
the fuzzy set theory has developed in many directions and
found applications in a wide variety of fields, such as
engineering, medical science, social science, physics,
statistics, graph theory, artificial intelligence, signal
processing, multiagent systems, pattern recognition,
robotics, computer networks, expert systems, decision
making, automata theory and so on. Fuzzy sets are a kind
of useful mathematical structure to represent a collection
of objects whose boundary is vague. There are several
kinds of fuzzy set extensions in the fuzzy set theory, for
example, intuitionistic fuzzy sets, interval-valued fuzzy
sets, vague sets etc. Bipolar fuzzy sets are an extension of
fuzzy sets whose membership degree range is enlarged
from the interval[0,1] to [−1,1]. Bipolar fuzzy sets have
membership degrees that represent the degree of
satisfaction to the property corresponding to a fuzzy set
and its counter-property. In a bipolar fuzzy set, the
membership degree 0 means that elements are irrelevant
to the corresponding property, the membership degrees on
(0,1] indicate that elements somewhat satisfy the
property, and the membership degrees on[−1,0) indicate
that elements somewhat satisfy the implicit
counter-property (see [2,3,4,5]). Zhang [4,5] introduced
the notion of bipolar fuzzy set. Jun and Kavikumar [6]
applied the notion of bipolar fuzzy set to finite state

machines, and they introduced the notion of bipolar fuzzy
finite state machine. Jun and Park [7] introduced the
notion of a bipolar fuzzy filter and a bipolar fuzzy closed
quasi filter in BCH-algebras, and investigated several
properties. Bipolar fuzzy sets and intuitionistic fuzzy sets
look similar to each other. However, they are different
from each other (see [2,3]).

In this paper, we initiate the study of bipolar fuzzy
subacts of anS-acts, whereS is a monoid with zero and
S-acts are representations ofS. One object of this study is
to characterize monoids by the properties of their bipolar
fuzzy subacts. In sections 2,3, we give basic definitions
and preliminary lemmas. Section 4 consists of pure
bipolar fuzzy ideals, pure bipolar fuzzy subacts and we
establish some of their basic properties. In section 5, we
introduce purely maximal bipolar fuzzy ideals and purely
prime bipolar fuzzy ideals of monoidsSand show that the
set of all purely prime bipolar fuzzy ideals ofSadmits the
structure of a topological space. In section 6, we prove the
main theorem of this paper, which provides
characterizations of monoids in terms of their bipolar
fuzzy S-acts and bipolar fuzzy subacts. It is proved that a
monoid S is weakly regular if and only if each bipolar
fuzzy subact of anS-act is pure.

2 PRELIMINARIES

In this paper,Swill denote a monoid, that is, a semigroup
with an identity element 1, which also contains a
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two-sided zero 0. A semigroup S is called regular if, for
eacha∈ S, there existsx∈ Ssuch thata= axa. S is called
right (left) weakly regular if, for eacha ∈ S,a ∈ (aS)2
(

a∈ (Sa)2
)

(see [8,9]). Every regular semigroup is right

(left) weakly regular but the converse is not true.
However, ifS is commutative, then converse also holds. A
non-empty subsetA of S is called a right (left) ideal ofS if
AS⊆ A (SA⊆ A). If A is both a left and a right ideal ofS,
thenA is called an ideal ofS.

By a right S-act MS we mean a non-empty setM, a
monoid S and a functionM ×S−→ M, such that, ifms
denotes the image of(m,s) for m∈ M ands∈ S, then the
following conditions hold:

(1) (ms) t = m(st) for all m∈ M ands, t ∈ S.
(2) M contains a fixed elementθ , called the zero ofM,

such thatm0= θs= θ for all m∈ M ands∈ S.
(3) m.1= m for all m∈ M.
One can similarly, define a leftS-actSM. An S-subact

NS of MS is a non-empty subset ofM such thatns∈ N for
all n∈ N ands∈ S.

From the above definition, it follows that every monoid
Swith zero is a rightS-act as well as leftS-act over itself,
denoted bySS andSS, respectively.

A bipolar fuzzy setµ in S is an object having the form

µ =
{

(x, µP(x), µN(x)) : x∈ S
}

where µP : S−→ [0,1] and µN : S−→ [−1,0] are
mappings. The positive membership degreeµP(x)
denotes the satisfaction degree of an elementx to the
property corresponding to a bipolar fuzzy set
µ =

{

(x, µP(x), µN(x)) : x∈ S
}

and the negative
membership degreeµN(x) denotes the satisfaction degree
of x to some implicit counter-property of
µ =

{

(x, µP(x), µN(x)) : x∈ S
}

. If µP(x) 6= 0 and
µN(x) = 0, it is the situation thatx is regarded as having
only positive satisfaction for
µ =

{

(x, µP(x), µN(x)) : x∈ S
}

. If µP(x) = 0 and
µN(x) 6= 0, it is the situation thatx does not satisfy the
property of µ =

{

(x, µP(x), µN(x)) : x∈ S
}

, but
somewhat satisfies the counter-property of
µ =

{

(x, µP(x), µN(x)) : x∈ S
}

. It is possible for an
elementx to be µP(x) 6= 0 and µN(x) 6= 0 when the
membership function of the property overlaps that of its
counter-property over some portion of the domain. For
the sake of simplicity, we shall writeµ =

(

µP, µN
)

for
the bipolar fuzzy setµ =

{(

x, µP (x) , µN (x)
)

: x∈ X
}

.
Now we define some set theoretical operations on

bipolar fuzzy sets. Letµ =
(

µP,µN
)

andλ =
(

λ P,λ N
)

be two bipolar fuzzy subsets of a non-empty setX. Then
µ ⊆ λ means thatµP (x) ≤ λ P (x) and µN (x) ≥ λ N (x)
for all x∈ X.

The intersection and union of two bipolar fuzzy sets
µ =

(

µP,µN
)

andλ =
(

λ P,λ N
)

are denoted and defined
by, respectively

(µ ∩λ )(x) =
(

min
(

µP (x) ,λ P (x)
)

, max
(

µN (x) ,λ N (x)
))

,

(µ ∪λ )(x) =
(

max
(

µP (x) ,λ P (x)
)

, min
(

µN (x) ,λ N (x)
))

.

If A is a non-empty subset ofS, then the bipolar fuzzy
characteristic function ofA denoted and defined byχA =
(

χP
A ,χN

A

)

, whereχP
A andχN

A are defined by

χP
A (x) =

{

1 if x∈ A
0 otherwise

and

χN
A (x) =

{

−1 if x∈ A
0 otherwise

for all x∈ S.

2.1 Definition

Let µ =
(

µP,µN
)

andλ =
(

λ P,λ N
)

be bipolar fuzzy sets
in a semigroup S. Then the product
µ ◦ λ =

(

µP◦λ P,µN ◦λ N
)

is a bipolar fuzzy set inS
defined by

(

µP◦λ P)(x) =






∨
x=st

µP (s)∧λ P (t)

if ∃ s, t ∈ Ssuch thatx= st
0 otherwise

and

(

µN ◦λ N)(x) =






∧
x=st

µN (s)∨λ N (t)

if ∃ s, t ∈ Ssuch thatx= st
0 otherwise

for all x∈ S.

2.2 Lemma

Let A andB be non-empty subsets of a semigroupS and
χA =

(

χP
A ,χN

A

)

and χB =
(

χP
B ,χN

B

)

are the bipolar fuzzy
characteristic functions ofA andB, respectively. Then the
following holds:

(i) χP
A ◦χP

B = χP
AB andχN

A ◦χN
B = χN

AB
(ii) χP

A ∩ χP
B = χP

A∩B andχN
A ∩ χN

B = χN
A∩B

(iii ) χP
A ∪ χP

B = χP
A∪B andχN

A ∪ χN
B = χN

A∪B

Proof.Straightforward.
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2.3 Lemma

Let µ =
(

µP,µN
)

, λ =
(

λ P,λ N
)

, δ =
(

δ P,δ N
)

be bipolar
fuzzy sets inS. Then the following holds.

(1) λ P◦
(

µP∪δ P
)

=
(

λ P◦µP
)

∪
(

λ P◦δ P
)

andλ N ◦
(

µN ∪δ N
)

=
(

λ N ◦µN
)

∪
(

λ N ◦δ N
)

.
(2) λ P◦

(

µP∩δ P
)

⊆
(

λ P◦µP
)

∩
(

λ P◦δ P
)

andλ N ◦
(

µN ∩δ N
)

⊇
(

λ N ◦µN
)

∩
(

λ N ◦δ N
)

.

Proof.(1) Let x∈ S. Then,
(

λ P◦
(

µP∪δ P))(x) = ∨
x=yz

{

λ P (y)∧
(

µP∪δ P)(z)
}

= ∨
x=yz

{

λ P (y)∧
(

µP (z)∨δ P (z)
)}

= ∨
x=yz

{ {

λ P (y)∧µP (z)
}

∨
{

λ P (y)∧δ P (z)
}

}

=









{

∨
x=yz

{

λ P (y)∧µP (z)
}

}

∨
{

∨
x=yz

{

λ P (y)∧δ P (z)
}

}









=
((

λ P◦µP)(x)
)

∨
((

λ P◦δ P)(x)
)

=
((

λ P◦µP)∪
(

λ P◦δ P))(x) .

Thusλ P◦
(

µP∪δ P
)

=
(

λ P◦µP
)

∪
(

λ P◦δ P
)

.
And

(

λ N ◦
(

µN ∪δ N))(x) = ∧
x=yz

{

λ N (y)∨
(

µN ∪δ N)(z)
}

= ∧
x=yz

{

λ N (y)∨
(

µN (z)∧δ N (z)
)}

= ∧
x=yz

{{

λ N (y)∨µN (z)
}

∧
{

λ N (y)∨δ N (z)
}

}

=









{

∧
x=yz

{

λ N (y)∨µN (z)
}

}

∧
{

∧
x=yz

{

λ N (y)∨δ N (z)
}

}









=
((

λ N ◦µN)(x)
)

∧
((

λ N ◦δ N)(x)
)

=
((

λ N ◦µN)∪
(

λ N ◦δ N))(x) .

Thusλ N ◦
(

µN ∪δ N
)

=
(

λ N ◦µN
)

∪
(

λ N ◦δ N
)

.
(2) Let x∈ S. Then

(

λ P◦
(

µP∩δ P))(x) = ∨
x=yz

{

λ P (y)∧
(

µP∩δ P)(z)
}

= ∨
x=yz

{

λ P (y)∧
(

µP (z)∧δ P (z)
)}

= ∨
x=yz

{{(

λ P (y)∧µP (z)
)}

∧
{(

λ P (y)∧δ P (z)
)}

}

≤









{

∨
x=yz

{

λ P (y)∧µP (z)
}

}

∧
{

∨
x=yz

{

λ P (y)∧δ P (z)
}

}









=
((

λ P◦µP)(x)
)

∧
((

λ P◦δ P)(x)
)

=
((

λ P◦µP)∩
(

λ P◦δ P))(x) .

Thusλ P◦
(

µP∩δ P
)

⊆
(

λ P◦µP
)

∩
(

λ P◦δ P
)

.
And

(

λ N ◦
(

µN ∩δ N))(x) = ∧
x=yz

{

λ N (y)∨
(

µN ∩δ N)(z)
}

= ∧
x=yz

{

λ N (y)∨
(

µN (z)∨δ N (z)
)}

= ∧
x=yz

{{(

λ N (y)∨µN (z)
)}

∨
{(

λ N (y)∨δ N (z)
)}

}

≥









{

∧
x=yz

{

λ N (y)∨µN (z)
}

}

∨
{

∧
x=yz

{

λ N (y)∨δ N (z)
}

}









=
((

λ N ◦µN)(x)
)

∨
((

λ N ◦δ N)(x)
)

=
((

λ N ◦µN)∩
(

λ N ◦δ N))(x) .

Thusλ N ◦
(

µN ∩δ N
)

⊇
(

λ N ◦µN
)

∩
(

λ N ◦δ N
)

.

3 BIPOLAR FUZZY SUBACTS

3.1 Definition

Let MS be a rightS-act with zero elementθ . A bipolar
fuzzy setµ =

(

µP,µN
)

of M is called a bipolar fuzzy
subact ofMS if µP (ms) ≥ µP (m) andµN (ms) ≤ µN (m)
for all m∈ M ands∈ S.

If µ =
(

µP,µN
)

is a bipolar fuzzy subact ofMS, then
µP (θ)≥ µP (m) andµN (θ)≤ µN (m) for all m∈ M.

Analogously, one can define a bipolar fuzzy subact of
a left S-act SM. If MS = SS, then bipolar fuzzy subacts of
SS are called bipolar fuzzy right ideals ofS. Bipolar fuzzy
left ideals ofSare defined in a similar way. A bipolar fuzzy
subset of a monoidS, which is both a bipolar fuzzy right
ideal and a bipolar fuzzy left ideal ofS is called a bipolar
fuzzy ideal ofS.

3.2 Lemma

Let A be a non-empty subset of a rightS-actMS. ThenA is
a subact ofMS if and only if the bipolar fuzzy characteristic
function χA =

(

χP
A ,χN

A

)

of A is a bipolar fuzzy subact of
MS.

Proof.Let A be a non-empty subset of a rightS-actMS. For
anym∈ M ands∈ S, if m∈ A thenms∈ A, so we have

χP
A (m) = χ p

A (ms) = 1

and
χN

A (m) = χN
A (ms) =−1.

If m /∈ A then we have,

χP
A (ms)≥ 0= χ p

A (m)
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and
χN

A (ms)≤ 0= χN
A (m) .

Thus we have,χP
A (ms) ≥ χ p

A (m) andχN
A (ms) ≤ χN

A (m).
This shows thatχA =

(

χP
A ,χN

A

)

is a bipolar fuzzy subact
of MS.

Conversely, suppose thatχA =
(

χP
A ,χN

A

)

is a bipolar
fuzzy subact ofMS. Then for anym∈ A ands∈ S, we have
χ p

A (ms)≥ χP
A (m) = 1 andχN

A (ms)≤ χN
A (m) =−1. Thus

χ p
A (ms) = 1 andχN

A (ms) =−1. This implies thatms∈ A.
HenceA is a subact ofMS.

3.3 Corollary

Let A be a non-empty subset of a semigroupS. ThenA is
a right (left) ideal ofS if and only if the bipolar fuzzy
characteristic functionχA =

(

χP
A ,χN

A

)

of A is a bipolar
fuzzy right (left) ideal ofS.

3.4 Definition

Let µ =
(

µP,µN
)

be a bipolar fuzzy set in a rightS-act
MS andλ =

(

λ P,λ N
)

be a bipolar fuzzy set inS. Then the
productµ ◦λ =

(

µP◦λ P,µN ◦λ N
)

is a bipolar fuzzy set
in MS defined by

(

µP◦λ P)(m) =






∨
m=ns

{

µP (n)∧λ P (s)
}

if ∃ n∈ M ands∈ Ssuch thatm= ns
0 otherwise

and

(

µN ◦λ N)(m) =






∧
m=ns

{

µN (n)∨λ N (s)
}

if ∃ n∈ M ands∈ Ssuch thatm= ns
0 otherwise

for all m∈ M.

3.5 Proposition

If µ =
(

µP,µN
)

is a bipolar fuzzy subact of a rightS-act
MS andλ =

(

λ P,λ N
)

is a bipolar fuzzy right ideal ofS,
thenµ ◦λ =

(

µP◦λ P,µN ◦λ N
)

is a bipolar fuzzy subact
of MS.

Proof.Let µ =
(

µP,µN
)

be a bipolar fuzzy subact of a
right S-actMS andλ =

(

λ P,λ N
)

be a bipolar fuzzy right

ideal ofS. Let m∈ M ands∈ S. Then

(

µP◦λ P)(m) = ∨
m=nt

{

µP (n)∧λ P (t)
}

≤ ∨
m=nt

{

µP (n)∧λ P (ts)
}

for everys∈ S

≤ ∨
ms=ar

{

µP (a)∧λ P (r)
}

=
(

µP◦λ P)(ms)

and

(

µN ◦λ N)(m) = ∧
m=nt

{

µN (n)∨λ N (t)
}

≥ ∧
m=nt

{

µN (n)∨λ N (ts)
}

for everys∈ S

≥ ∧
ms=ar

{

µN (a)∨λ N (r)
}

=
(

µN ◦λ N)(ms) .

Thusµ ◦λ is a bipolar fuzzy subact ofMS.

3.6 Corollary

If µ =
(

µP,µN
)

andλ =
(

λ P,λ N
)

are bipolar fuzzy right
ideals of a semigroupS, thenµ ◦λ =

(

µP◦λ P,µN ◦λ N
)

is a bipolar fuzzy right idealS.

4 PURE BIPOLAR FUZZY IDEALS AND
PURE BIPOLAR FUZZY SUBACTS

4.1 Definition [10]

An ideal I of a semigroupS is called right pure if for each
x∈ I there existsy∈ I such thatx= xy.

4.2 Proposition [10]

An ideal I of a semigroupS is right pure if and only if
J∩ I = JI for any right idealJ of S.

4.3 Definition [9]

An S-subactNS of a rightS-actMS is pure ifN∩MI = NI
for each idealI of S, MS is called normal if each of its
subact is pure.

Extending the above notions to the case of bipolar
fuzzy sets, we have the following definitions.
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4.4 Definition

A bipolar fuzzy idealλ =
(

λ P,λ N
)

of a semigroupS is
called a pure bipolar fuzzy ideal ofS if µ ◦λ = µ ∩λ , that
is µP ∧ λ P = µP ◦ λ P and µN ∨ λ N = µN ◦ λ N, for each
bipolar fuzzy right idealµ =

(

µP,µN
)

of S.
More generally, ifλ =

(

λ P,λ N
)

is a bipolar fuzzy
subact of a rightS-act MS, thenλ =

(

λ P,λ N
)

is called a
pure bipolar fuzzy subact ofMS, if for each bipolar fuzzy
ideal µ =

(

µP,µN
)

of S, λ ◦ µ = λ ∩ (χM ◦µ), that is
λ P ∧

(

χP
M
◦µP

)

= λ P ◦ µP and
λ N ∨

(

χN
M
◦µN

)

= λ N ◦µN.
MS is called bipolar fuzzy normal if each bipolar fuzzy

subact ofMS is a pure bipolar fuzzy subact. In particular,
S is bipolar fuzzy normal ifSS is bipolar fuzzy normal.

4.5 Proposition

The following assertions are equivalent for an idealA of a
semigroupS:

(1) A is right pure inS.
(2) The bipolar fuzzy setχA =

(

χP
A
,χN

A

)

is a pure
bipolar fuzzy ideal ofS.

Proof.(1) =⇒ (2) SupposeA be a right pure ideal inSand
λ =

(

λ P,λ N
)

be a bipolar fuzzy right ideal ofS. Then by
Corollary3.3, χA =

(

χP
A
,χN

A

)

is a bipolar fuzzy ideal ofS.
Let x∈ S. Then
(

λ P◦χP
A

)

(x) = ∨
x=yz

{

λ P (y)∧ χP
A
(z)
}

≤ ∨
x=yz

{

λ P (yz)∧ χP
A
(yz)

}

= ∨
x=yz

{

λ P (x)∧ χP
A
(x)
}

=
(

λ P∧ χP
A

)

(x) , (i)

and
(

λ N ◦χN
A

)

(x) = ∧
x=yz

{

λ N (y)∨ χN
A
(z)
}

≥ ∧
x=yz

{

λ N (yz)∨ χN
A
(yz)

}

= ∧
x=yz

{

λ N (x)∨ χN
A
(x)
}

=
(

λ N ∨ χN
A

)

(x) . (ii)

If x /∈ A, then
(

λ P∧ χP
A

)

(x) = 0 ≤
(

λ P◦χP
A

)

(x) and
(

λ N ∨ χN
A

)

(x) = 0≥
(

λ N ◦χN
A

)

(x).
If x∈ A, then by hypothesis there existsy∈ A such that

x= xy, so we have
(

λ P◦χP
A

)

(x) = ∨
x=ab

{

λ P (a)∧ χP
A
(b)
}

≥ λ P (x)∧ χP
A
(y)

(sinceχP
A
(x) = 1= χP

A
(y) )

= λ P (x)∧ χP
A
(x)

=
(

λ P∧ χP
A

)

(x) ,

and
(

λ N ◦χN
A

)

(x) = ∧
x=ab

{

λ N (a)∨ χN
A
(b)
}

≤ λ N (x)∨ χN
A
(y)

(sinceχN
A
(x) = −1= χN

A
(y) )

= λ N (x)∨ χN
A
(x)

=
(

λ N ∨ χN
A

)

(x) .

Hence in any case
(

λ P◦χP
A

)

≥
(

λ P∧ χP
A

)

and
(

λ N ◦χN
A

)

≤
(

λ N ∨ χN
A

)

. Thus
(

λ P◦χP
A

)

=
(

λ P∧ χP
A

)

and
(

λ N ◦χN
A

)

=
(

λ N ∨ χN
A

)

, that is χA =
(

χP
A
,χN

A

)

is a
pure bipolar fuzzy ideal ofS.

(2) =⇒ (1) Suppose thatχA =
(

χP
A
,χN

A

)

is a pure
bipolar fuzzy ideal ofS. We show thatA is a right pure
ideal in S. Let B be a right ideal ofS. Then by Corollary
3.3, χB =

(

χP
B
,χN

B

)

is a bipolar fuzzy right ideal ofS.
Thus by hypothesis

(

χP
B ◦χP

A

)

=
(

χP
B ∧ χP

A

)

and
(

χN
B ◦χN

A

)

=
(

χN
B ∨ χN

A

)

. By Lemma 2.2,
χP

BA =
(

χP
B ◦χP

A

)

=
(

χP
B ∧ χP

A

)

= χP
B∩A and

χN
BA =

(

χN
B ◦χN

A

)

=
(

χN
B ∨ χN

A

)

= χN
B∩A, that is,

BA= B∩A. Hence by Proposition4.2, A is a pure ideal in
S.

4.6 Proposition

The following assertions for a monoidSwith zero are true:
(1) The bipolar fuzzy setsζ =

(

ζ P,ζ N
)

and
φ =

(

φP,φN
)

are pure bipolar fuzzy ideals ofS, where
ζ P, ζ N, φP andφN are defined as,

ζ P (x) = 1, ζ N (x) =−1 for all x∈ S,

φP (x) =

{

0 if x 6= 0
1 if x= 0

andφN (x) =

{

0 if x 6= 0
−1 if x= 0 , respectively.

(2) If λ =
(

λ P,λ N
)

andµ =
(

µP,µN
)

are pure bipolar
fuzzy ideals ofS, then so isλ ∩µ .

(3) If
{

µi =
(

µP
i ,µN

i

)

: i ∈ I
}

is a family of pure
bipolar fuzzy ideals ofS, then so is

⋃

i∈I
µi .

Proof.(1) We show that for any bipolar fuzzy right ideal
λ =

(

λ P,λ N
)

of S, we haveλ P◦ζ P = λ P∧ζ P, λ N ◦ζ N =

λ N ∧ζ N andλ P◦φP = λ P∧φP, λ N ◦φN = λ N ∧φN. For
this, letx∈ S. Then
(

λ P◦ζ P)(x) = ∨
x=yz

{

λ P (y)∧ζ P (z)
}

≤ ∨
x=yz

{

λ P (yz)∧ζ P (yz)
}

= ∨
x=yz

{

λ P (x)∧ζ P (x)
}

= λ P (x)∧ζ P (x)

=
(

λ P∧ζ P)(x) (i)
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and
(

λ N ◦ζ N)(x) = ∧
x=yz

{

λ N (y)∨ζ N (z)
}

≥ ∧
x=yz

{

λ N (yz)∨ζ N (yz)
}

= ∧
x=yz

{

λ N (x)∨ζ N (x)
}

= λ N (x)∨ζ N (x)

=
(

λ N ∨ζ N)(x) . (ii)

Again forx∈ S, we have
(

λ P∧ζ P)(x) = λ P (x)∧ζ P (x) = λ P (x)∧1

= λ P (x)∧ζ P (1)

≤ ∨
x=st

{

λ P (s)∧ζ P (t)
}

=
(

λ P◦ζ P)(x) , (iii )

and
(

λ N ∨ζ N)(x) = λ N (x)∨ζ N (x) = λ N (x)∨−1

= λ N (x)∨ζ N (1)

≥ ∧
x=st

{

λ N (s)∨ζ N (t)
}

=
(

λ N ◦ζ N)(x) . (iv)

From(i) ,(ii) ,(iii ) and(iv), we have thatζ =
(

ζ P,ζ N
)

is
a pure bipolar fuzzy ideal ofS.

Now we show thatφ =
(

φP,φN
)

is a pure bipolar
fuzzy ideal ofS. Let x∈ S. Then
(

λ P◦φP)(x) = ∨
x=yz

{

λ P (y)∧φP (z)
}

≤ ∨
x=yz

{

λ P (yz)∧φP (yz)
}

= ∨
x=yz

{

λ P (x)∧φP (x)
}

= λ P (x)∧φP (x)

=
(

λ P∧φP)(x) (v)

and
(

λ N ◦φN)(x) = ∧
x=yz

{

λ N (y)∨φN (z)
}

≥ ∧
x=yz

{

λ N (yz)∨φN (yz)
}

= ∧
x=yz

{

λ N (x)∨φN (x)
}

= λ N (x)∨φN (x)

=
(

λ N ∨φN)(x) . (vi)

Again forx 6= 0,
(

λ P∧φP)(x) = λ P (x)∧φP (x) = λ P (x)∧0

= 0≤
(

λ P◦φP)(x) , (vii)

and
(

λ N ∨φN)(x) = λ N (x)∨φN (x) = λ N (x)∨0

= 0≥
(

λ N ◦φN)(x) . (viii)

If x= 0, then
(

λ P∧φP)(0) = λ P (0)∧φP (0)

= ∨
0=yz

{

λ P (y)∧φP (z)
}

=
(

λ P◦φP)(0) , (ix)

and
(

λ N ∨φN)(0) = λ N (0)∨φN (0)

= ∧
0=yz

{

λ N (y)∨φN (z)
}

=
(

λ N ◦φN)(0) . (x)

From(v) ,(vi) ,(vii) ,(viii) ,(ix) and(x), we have thatφ =
(

φP,φN
)

is a pure bipolar fuzzy ideal ofS.
(2) Let λ =

(

λ P,λ N
)

and µ =
(

µP,µN
)

be pure
bipolar fuzzy ideals of S. We show that
γP ◦

(

µP∧λ P
)

= γP ∧
(

µP∧λ P
)

and
γN ◦

(

µN ∨λ N
)

= γN ∨
(

µN ∨λ N
)

for every bipolar fuzzy
right idealγ =

(

γP,γN
)

of S.
Now

γP∧
(

µP∧λ P) =
(

γP∧µP)∧λ P

=
(

γP◦µP)∧λ P

(becauseµ is a pure bipolar fuzzy ideal ofS),
and

γN ∨
(

µN ∨λ N) =
(

γN ∨µN)∨λ N

=
(

γN ◦µN)∨λ N

(becauseµ is a pure bipolar fuzzy ideal ofS).
By Corollary3.6, γ ◦µ is a bipolar fuzzy right ideal of

S. Sinceλ is a pure bipolar fuzzy ideal ofS, we have
(

γP◦µP
)

∧ λ P =
(

γP◦µP
)

◦ λ P and
(

γN ◦µN
)

∨λ N =
(

γN ◦µN
)

◦λ N. Thus we have,

γP∧
(

µP∧λ P) =
(

γP◦µP)◦λ P

= γP◦
(

µP◦λ P)

= γP◦
(

µP∧λ P) (xi)

(becauseλ andµ are pure bipolar fuzzy ideals ofS),
and

γN ∨
(

µN ∨λ N) =
(

γN ◦µN)◦λ N

= γN ◦
(

µN ◦λ N)

= γN ◦
(

µN ∨λ N) (xii)

(becauseλ andµ are pure bipolar fuzzy ideals ofS).
Equations(xi) and (xii) imply that λ ∩ µ is a pure

bipolar fuzzy ideal ofS.
(3) Let

{

µi =
(

µP
i ,µN

i

)

: i ∈ I
}

be a family of pure
bipolar fuzzy ideals ofS and γ =

(

γP,γN
)

be a bipolar

fuzzy right ideal ofS. Then we show thatγP ◦

(

∨
i∈I

µP
i

)

=

γP∧

(

∨
i∈I

µP
i

)

andγN ◦

(

∧
i∈I

µN
i

)

= γN ∨

(

∧
i∈I

µN
i

)

.
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Let x∈ S. Then
(

γP◦

(

∨

i∈I

µP
i

))

(x) = ∨
x=yz

{

γP (y)∧

(

∨
i∈I

µP
i

)

(z)

}

≤ ∨
x=yz

{

γP (yz)∧

(

∨
i∈I

µP
i

)

(yz)

}

= ∨
x=yz

{

γP (x)∧

(

∨
i∈I

µP
i

)

(x)

}

= γP (x)∧

(

∨
i∈I

µP
i

)

(x)

=

(

γP∧

(

∨
i∈I

µP
i

))

(x) ,

and
(

γN ◦

(

∧

i∈I

µN
i

))

(x) = ∧
x=yz

{

γN (y)∨

(

∧
i∈I

µN
i

)

(z)

}

≥ ∧
x=yz

{

γN (yz)∨

(

∧
i∈I

µN
i

)

(yz)

}

= ∧
x=yz

{

γN (x)∨

(

∧
i∈I

µN
i

)

(x)

}

= γN (x)∨

(

∧
i∈I

µN
i

)

(x)

=

(

γN ∨

(

∧
i∈I

µN
i

))

(x) .

Again,

(

γP∧

(

∨
i∈I

µP
i

))

(x) = γP (x)∧

(

∨
i∈I

µP
i

)

(x)

= γP (x)∧

(

∨
i∈I

µP
i (x)

)

= ∨
i∈I

(

γP (x)∧
(

µP
i (x)

))

= ∨
i∈I

((

γP∧µP
i

)

(x)
)

= ∨
i∈I

((

γP◦µP
i

)

(x)
)

(because eachµi is pure bipolar fuzzy ideal ofS)
Also,

(

γP◦µP
i

)

(x) = ∨
x=yz

{

γP (y)∧
(

µP
i

)

(z)
}

≤ ∨
x=yz

{

γP (y)∧

(

∨
i∈I

µP
i

)

(z)

}

=

{

γP◦

(

∨
i∈I

µP
i

)}

(x) .

Thus we have,
(

γP∧

(

∨
i∈I

µP
i

))

(x)≤

{

γP◦

(

∨
i∈I

µP
i

)}

(x).

And,
(

γN ∨

(

∧
i∈I

µN
i

))

(x) = γN (x)∨

(

∧
i∈I

µN
i

)

(x)

= γN (x)∨

(

∧
i∈I

µN
i (x)

)

= ∧
i∈I

(

γN (x)∨
(

µN
i (x)

))

= ∧
i∈I

((

γN ∨µN
i

)

(x)
)

= ∧
i∈I

((

γN ◦µN
i

)

(x)
)

(because eachµi is pure bipolar fuzzy ideal ofS)
Also,

(

γN ◦µN
i

)

(x) = ∧
x=yz

{

γN (y)∨
(

µN
i

)

(z)
}

≥ ∧
x=yz

{

γN (y)∨

(

∧
i∈I

µN
i

)

(z)

}

=

{

γN ◦

(

∧
i∈I

µN
i

)}

(x) .

Thus we have,

(

γN ∨

(

∧
i∈I

µN
i

))

(x)≥

{

γN ◦

(

∧
i∈I

µN
i

)}

(x) .

Consequently,

(

γP∧

(

∨
i∈I

µP
i

))

(x) =

{

γP◦

(

∨
i∈I

µP
i

)}

(x)

and

(

γN ∨

(

∧
i∈I

µN
i

))

(x) =

{

γN ◦

(

∧
i∈I

µN
i

)}

(x) .

Hence
⋃

i∈I
µi is a pure bipolar fuzzy ideal ofS.

From the above Proposition, it follows that the set of
pure bipolar fuzzy ideals ofS is a distributive lattice.

5 PURE BIPOLAR FUZZY SPECTRUM
OF S

We begin with the following definitions.

5.1 Definition

Let µ =
(

µP,µN
)

be a pure bipolar fuzzy ideal ofS. Then
µ is called purely maximal bipolar fuzzy ideal ifµ is a
maximal element in the lattice of proper pure bipolar fuzzy
ideals ofS.
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5.2 Definition

A proper pure bipolar fuzzy idealµ =
(

µP,µN
)

of S is
called purely prime bipolar fuzzy ideal if for any bipolar
fuzzy idealsλ =

(

λ P,λ N
)

andγ =
(

γP,γN
)

of S, λ ∩ γ ⊆

µ implies λ ⊆ µ or γ ⊆ µ , that is if λ P ∧ γP ≤ µP and
λ N∨γN ≥ µN thenλ P ≤ µP andλ N ≥ µN or γP ≤ µP and
γN ≥ µN.

5.3 Proposition

Any purely maximal bipolar fuzzy ideal ofS is purely
prime bipolar fuzzy ideal.

Proof.Let µ =
(

µP,µN
)

be a purely maximal bipolar fuzzy
ideal of S and λ =

(

λ P,λ N
)

and γ =
(

γP,γN
)

are pure
bipolar fuzzy ideals ofSsuch thatλ ∩γ ⊆ µ . Let us assume
that λ * µ . By Proposition4.6, µ ∪ λ is a pure bipolar
fuzzy ideal ofS. Sinceµ is purely maximal bipolar fuzzy
ideal ofS, we haveµP∨λ P = ζ P andµN∧λ N = ζ N. Then

γP = γP∧ζ P = γP∧
(

µP∨λ P)

=
(

γP∧µP)∨
(

γP∧λ P)

≤ µP∨µP = µP

and

γN = γN ∨ζ N = γN ∨
(

µN ∧λ N)

=
(

γN ∨µN)∧
(

γN ∨λ N)

≥ µN ∧µN = µN.

Henceµ is purely prime bipolar fuzzy ideal.

In the rest of this section,PBF(S) will denote the set
of all pure bipolar fuzzy idealsλ =

(

λ P,λ N
)

of S which
has the propertyλ P (0) = 1 and λ N (0) = −1, and
PPBF(S) the set of all purely prime bipolar fuzzy ideals
contained inPBF(S). As remarked earlier,PBF(S) is a
lattice with a least elementφ and greatest elementζ . For
anyµ ∈ PBF(S), we define

θµ =
{

λ ∈ PPBF(S) : µ * λ
}

.

Thusθµ is a subset ofPPBF(S), for eachµ ∈PBF(S). We
will show that the setPPBF(S), together with the subsets
θµ (µ ∈ PBF(S)), forms a topological space.

5.4 Theorem

The set PPBF(S) together with the subsetsθµ
(µ ∈ PBF(S)), forms a topological space.

Proof.Let τ = {θµ : µ ∈ PBF(S)}. By Proposition4.6, φ
is pure bipolar fuzzy ideal ofS. The subset

θφ =
{

λ ∈ PPBF(S) : φ * λ
}

= /0.

Thus the empty subset

/0= θφ ∈ τ.

On the other hand, for the pure bipolar fuzzy idealζ of S,

θζ =
{

λ ∈ PPBF(S) : ζ * λ
}

= PPBF(S)

This is true since purely prime bipolar fuzzy ideals are
proper. Hence the whole set

PPBF(S) = θζ ∈ τ.

Let θµ , θγ ∈ τ, whereµ ,γ ∈ PBF(S). Since

θµ ∩θγ =
{

λ ∈ PPBF(S) : µ * λ andγ * λ
}

=
{

λ ∈ PPBF(S) : µ ∩ γ * λ
}

becauseλ is purely prime bipolar fuzzy ideal. It
follows thatθµ ∩θγ = θµ∩γ ∈ τ, becauseµ ∩ γ ∈ PBF(S)
by Proposition 4.6. Let us now consider a family
{µk : k∈ K} of pure bipolar fuzzy ideals ofS. Since

∪
k∈K

θµk =

{

λ ∈ PPBF(S) :
there existsk∈ K such thatµk * λ

}

=

{

λ ∈ PPBF(S) :
⋃

k∈K

µk * λ

}

= θ ∪
k∈K

µk.

Now since
⋃

k∈K
µk is a purely prime bipolar fuzzy ideal of

S, it follows that ∪
k∈K

θµk ∈ τ. Thus the setPPBF(S)

together with the subsetsθµ (µ ∈ PBF(S)), forms a
topological space.

6 MONOIDS ALL OF WHOSE BIPOLAR
FUZZY S-ACTS ARE NORMAL

Recall that a semigroupSis called regular if for eacha∈S,
there existsx∈Ssuch thata= axa. Sis called right weakly
regular if, for eacha∈ S, a∈ (aS)2 (c. f . [9]). Thus ifS is
commutative thenS is right weakly regular if and if onlyS
is regular.

We prove the following characterization theorem for a
monoidS.

6.1 Theorem

The following assertions for a monoidS with zero are
equivalent:

(1) S is right weakly regular.
(2) Each right ideal ofS is idempotent.
(3) Each (two-sided) ideal ofS is right pure.
(4) Each rightS-act is normal.
(5) Each bipolar fuzzy right ideal ofS is idempotent.
(6) Each bipolar fuzzy ideal ofS is a pure bipolar

fuzzy ideal.
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(7) Each rightS-act is bipolar fuzzy normal.
If in addition, S is commutative, then the above

statements are also equivalent to:
(8) S is regular.

Proof.(1) ⇐⇒ (2) ⇐⇒ (3) ⇐⇒ (4) Follows from
([9], Proposition 3.4 and Theorem 4).

(1) =⇒ (5) Suppose thatSis right weakly regular and
µ =

(

µP,µN
)

be a bipolar fuzzy right ideal ofS. Letx∈S.
Then,

(

µP◦µP)(x) = ∨
x=yz

{

µP (y)∧µP (z)
}

≤ ∨
x=yz

{

µP (yz)∧µP (z)
}

(becauseµ is a bipolar

fuzzy right ideal ofS)

= ∨
x=yz

{

µP (x)∧µP (z)
}

≤ ∨
x=yz

{

µP (x)
}

= µP (x) ,

and

(

µN ◦µN)(x) = ∧
x=yz

{

µN (y)∨µN (z)
}

≥ ∧
x=yz

{

µN (yz)∨µN (z)
}

(becauseµ is a bipolar

fuzzy right ideal ofS)

= ∧
x=yz

{

µN (x)∨µN (z)
}

≥ ∧
x=yz

{

µN (x)
}

= µN (x) .

Thus
(

µP◦µP
)

(x) ≤ µP (x) and
(

µN ◦µN
)

(x)≥ µN (x).
Conversely, supposex ∈ S. SinceS is right weakly

regular so there exista,b∈ Ssuch thatx= xaxb. Thus we
have,

µP (x) = µP (x)∧µP (x)

≤ µP (xa)∧µP (xb)

(becauseµ is a bipolar

fuzzy right ideal ofS)

≤ ∨
x=yz

{

µP (y)∧µP (z)
}

=
(

µP◦µP)(x) ,

and

µN (x) = µN (x)∨µN (x)

≥ µN (xa)∨µN (xb)

(becauseµ is a bipolar fuzzy

right ideal ofS)

≥ ∧
x=yz

{

µN (y)∨µN (z)
}

=
(

µN ◦µN)(x) .

Thus µP (x) ≤
(

µP◦µP
)

(x) and
µN (x) ≥

(

µN ◦µN
)

(x). Hence µP = µP ◦ µP and
µN = µN ◦µN.

(5) =⇒ (2) Let A be a right ideal ofS. Then the
bipolar fuzzy setχA =

(

χP
A
,χN

A

)

is a bipolar fuzzy right
ideal of S. Hence by hypothesisχP

A
= χP

A
◦ χP

A
and

χN
A

= χN
A

◦ χN
A

. Since χP
A
◦ χP

A
= χP

AA
= χP

A2
and

χN
A
◦χN

A
= χN

AA
= χN

A2
, we have

χP
A2

= χP
A

andχN
A2

= χN
A

⇒ A2 = A.

Hence every right ideal ofS is idempotent.
(1) =⇒ (6) Suppose thatS is right weakly regular

semigroup. Letµ =
(

µP,µN
)

be a bipolar fuzzy ideal and
λ =

(

λ P,λ N
)

be a bipolar fuzzy right ideal ofS. Then for
x∈ S,
(

λ P◦µP)(x) = ∨
x=yz

{

λ P (y)∧µP (z)
}

≤ ∨
x=yz

{

λ P (yz)∧µP (yz)
}

(becauseµ is a bipolar fuzzy ideal

andλ is a bipolar fuzzy right

ideal ofS)

= ∨
x=yz

{

λ P (x)∧µP (x)
}

= λ P (x)∧µP (x) =
(

λ P∧µP)(x) ,

and

(

λ N ◦µN)(x) = ∧
x=yz

{

λ N (y)∨µN (z)
}

≥ ∧
x=yz

{

λ N (yz)∨µN (yz)
}

(becauseµ is a bipolar fuzzy ideal

andλ is a bipolar fuzzy right

ideal ofS)

= ∧
x=yz

{

λ N (x)∨µN (x)
}

= λ N (x)∨µN (x) =
(

λ N ∨µN)(x) .

Now, letx∈ S. SinceSis right weakly regular, so there
exista,b∈ Ssuch thatx= xaxb. Thus we have,
(

λ P∧µP)(x) = λ P (x)∧µP (x)

≤ λ P (xa)∧µP (xb)

(becauseµ andλ are bipolar

fuzzy right ideals ofS)

≤
∨

x=yz

{

λ P (y)∧µP (z)
}

=
(

λ P◦µP)(x) ,
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and
(

λ N ∨µN)(x) = λ N (x)∨µN (x)

≥ λ N (xa)∨µN (xb)

(becauseµ andλ are bipolar fuzzy

right ideals ofS)

≥ ∧
x=yz

{

λ N (y)∨µN (z)
}

=
(

λ N ◦µN)(x) .

Henceλ P∧ µP = λ P ◦ µP andλ N ∨ µN = λ N ◦ µN. This
impliesµ is a pure bipolar fuzzy ideal ofS.

(6) =⇒ (3) Let A be an ideal ofS. Then the bipolar
fuzzy setχA =

(

χP
A
,χN

A

)

is a bipolar fuzzy ideal ofS.
Hence by hypothesisχA =

(

χP
A
,χN

A

)

is a pure bipolar
fuzzy ideal of S. By Proposition4.5, A is a right pure
ideal ofS.

(1) =⇒ (7) Suppose thatS is right weakly regular
semigroup. Letµ =

(

µP,µN
)

be a bipolar fuzzy subact
of a right S-act MS andλ =

(

λ P,λ N
)

be a bipolar fuzzy
ideal of S. We show that,µP ∧

(

χP
M
◦λ P

)

= µP ◦ λ P and
µN ∨

(

χN
M
◦λ N

)

= µN ◦λ N. Let x∈ M. Then we have,
(

µP◦λ P)(x) = ∨
x=yz

{

µP (y)∧λ P (z)
}

≤ ∨
x=yz

{

µP (yz)∧λ P (z)
}

(becauseµ is abipolar fuzzy

subact of the rightS-actMS)

= ∨
x=yz

{

µP (x)∧λ P (z)
}

(i)

also
(

χP
M
◦λ P)(x) = ∨

x=yz

{

χP
M
(y)∧λ P (z)

}

= ∨
x=yz

{

1∧λ P (z)
}

= ∨
x=yz

λ P (z) . (ii)

Thus
(

µP◦λ P)(x) ≤ ∨
x=yz

{

µP (x)∧λ P (z)
}

= µP (x)∧

{

∨
x=yz

λ P (z)

}

= µP (x)∧
{(

χP
M
◦λ P)(x)

}

( by (ii))

=
(

µP∧
(

χP
M
◦λ P))(x). (iii )

And
(

µN ◦λ N)(x) = ∧
x=yz

{

µN (y)∨λ N (z)
}

≥ ∧
x=yz

{

µN (yz)∨λ N (z)
}

(becauseµ is abipolar fuzzy

subact of the rightS-actMS)

= ∧
x=yz

{

µN (x)∨λ N (z)
}

(iv)

also
(

χN
M
◦λ N)(x) = ∧

x=yz

{

χN
M
(y)∨λ N (z)

}

= ∧
x=yz

{

−1∨λ N (z)
}

= ∧
x=yz

λ N (z) . (v)

Thus
(

µN ◦λ N)(x) ≥ ∧
x=yz

{

µN (x)∨λ N (z)
}

= µN (x)∨

{

∧
x=yz

λ N (z)

}

= µN (x)∨
{(

χN
M
◦λ N)(x)

}

(by (v))

=
(

µN ∨
(

χN
M
◦λ N))(x) (vi)

Now
(

µP∧
(

χP
M
◦λ P))(x) = µP (x)∧

(

χP
M
◦λ P)(x)

= µP (x)∧

(

∨
x=yz

λ P (z)

)

(by (ii))

= ∨
x=yz

{

µP (x)∧λ P (z)
}

= ∨
x=yz

{

µP (yz)∧λ P (z)
}

≤ ∨
x=yz

{

µP (yza)∧λ P (zb)
}

(z= zazbfor somea,b ∈ S, becauseS is a right weakly
regular)

≤ ∨
x=y1z1

{

µP (y1)∧λ P (z1)
}

=
(

µP◦λ P)(x) . (vii)

And
(

µN ∨
(

χN
M
◦λ N))(x) = µN (x)∨

(

χN
M
◦λ N)(x)

= µN (x)∨

(

∧
x=yz

λ N (z)

)

(by (v))

= ∧
x=yz

{

µN (x)∨λ N (z)
}

= ∧
x=yz

{

µN (yz)∨λ N (z)
}

≥ ∧
x=yz

{

µN (yza)∨λ N (zb)
}

(z= zazbfor somea,b ∈ S, becauseS is a right weakly
regular)

≥ ∧
x=y2z2

{

µN (y2)∨λ N (z2)
}

=
(

µN ◦λ N)(x) . (viii)

From(iii ) , (vi), (vii) and(viii) we have the required result.
(7) =⇒ (6) We are given that each rightS-act is

bipolar fuzzy normal. HenceS, consider as anS-act, is a
bipolar fuzzy normal, that is, each bipolar fuzzy subact of
SS is a pure bipolar fuzzy subact. Letλ =

(

λ P,λ N
)

be a
bipolar fuzzy right ideal andµ =

(

µP,µN
)

be a bipolar
fuzzy ideal ofS. By hypothesisλ is pure bipolar fuzzy
subact of S, that is λ P ∧

(

χP
S
◦µP

)

= λ P ◦ µP and

c© 2013 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. Lett.1, No. 3, 57-67 (2013) /www.naturalspublishing.com/Journals.asp 67

λ N ∨
(

χN
S
◦µN

)

= λ N ◦ µN. Clearly χP
S
◦ µP = µP and

χN
S
◦ µN = µN which means thatλ P∧ µP = λ P ◦ µP and

λ N ∨ µN = λ N ◦ µN. Henceµ is a pure bipolar fuzzy
ideal ofS.

(1) ⇐⇒ (8) It is immediate from the definition (under
the assumption thatS is commutative).
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