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Abstract: In this work we deal with the fractional-order SIR and SIRS epidemic fsodih constant recruitment rate, mass action
incidence and variable population size. The stability of equilibrium points isestutlumerical solutions of these models are given.
Numerical simulations have been used to verify the theoretical analysis.
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1 Introduction order differential equations are generalizations of iateg
order differential equations. Also using fractional order
The epidemic models incorporates constant recruitmentdifferential equations can help us to reduce the errors
disease-induced death and mass action incidence rate. arising from the neglected parameters in modelling real
Some infectious disease confers permanent immunityife phenomena. _ _
and other diseases confers temporal acquired immunity. \We like to argue that fractional order equations are
This type of diseases can be modelled by SIR and SIRgnNOre suitable than integer order ones in modeling
models, respectively. The total populatidhis divided  biological, economic and social systems (generally
into three compartments witN = S+ 1 + R, whereSis ~ complex adaptive systems) where memory effects are
the number of individuals in the susceptible cldsis,the ~ important. In sec. 2 the equilibrium points and their

number of individuals who are infectious amlis the  asymptotic stability of differential equations of fractai
number of individuals recovered§). order are studied. In sec. 3 the models are presented and

The use of fractional-orders differential and integral discussed. In sec. 4 numerical solutions of the models are
operators in mathematical models has becomedVen.

increasingly widespread in recent years7][ Several ~ Now we give the definition of fractional-order
forms of fractional differential equations have been integration and fractional-order differentiation:
proposed in standard models. Definition 1 The fractional integral of ordef € R" of

Differential equations of fractional order have been the functionf(t),t > 0 is defined by
the focus of many studies due to their frequent . p-1
appearance in various applications in fluid mechanics, 1Bf(t) = (t-s) f(s)d 1

. . @ . . (t) (s)ds )

economic, viscoelasticity, biology, physics and o B
engineering. Recently, a large amount of literature has d the fractional derivati f ord f
been developed concerning the application of fractional";ln the racuofqa erivative of order € (n—1,n) 0
differential equations in nonlinear dynamias7. (t).t > O'is defined by

In this paper we study the fractional-order SIR and d
SIRS epidemic models. The stability of equilibrium DY f(t) =1""9D"f(t), D. = i (2)
points is studied. Numerical solutions of these models are
given. The following properties are some of the main ones of the

The reason for considering a fractional order systemfractional derivatives and integrals (se&7,8,10,14,16,
instead of its integer order counterpart is that fractional17]).
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LetB,y€ R" anda € (0,1). Then

@ 15 1! 5 LY and if f(y) € L1, then

g fy) =1XP ().

(i) gm Igf(y) = If(y) uniformly on [ab],
—n

n=1,23:",

wherellf(y) = [Y f(s) ds.
(iii) lim 18 (y) = f(y) weakly.

B—0
(iv) If f(y) is absolutely continuous orja,b], then
lim DY f(y) = &
a—1 Yy
(v) If f(y) =k+#0, kis a constant, theBD? k= 0.
The following lemma can be easily proved (s&@]].
Lemma 1 Let B € (0,1) if f € C[0,T], then
1P £(t)|t=0 = O.

2 Equilibrium points and their asymptotic
stability

Leta € (0,1] and consider the systent(R,3,11,12,13])

DIyi(t) = fi(y1,Y2,¥3),
DIya(t) = fa(y1,Y2,¥3), 3)
DIya(t) = fa(y1,Y2,3),
with the initial values
¥1(0) = Yor and y2(0) =Yoo and y3(0) =Yo3.  (4)

To evaluate the equilibrium points, let
Dfi(t) =0= fi(yy,y53'y5) =0, i=123

from which we can get the equilibrium poing§, y5,y3".
To evaluate the asymptotic stability, let

yi(t) =y +&(t),

So the the equilibrium pointy®,y5",y5') is locally
asymptotically stable if the

matrix A
ofy
dy1
oty

ay1
o

on

9Y>
df)

9y>
df3 of3

dy1 dyz dys
evaluated at the equilibrium point
(larg(A1)| > amr/2,|argAz)| > amt/2, [argAs)| > a11/2)
([2,3,13,15)).The stability region of the fractional-order
system with orden is illustrated in Fig. 1 (in whicho, w

ot

dy3
o0f,

dy3

satisfiesis (

ja@

stahle

unstable

ani?
stahle

vQ

- ani2

unstahle

stahle

Fig. 1. Stability region of the fractional-order system.

The eigenvalues equation of the equilibrium point
(v31,y5Ly5') is given by the following polynomial:

pA) =A3+ar?4ap) +ag=0, (5)
and its discriminanD(P) is given as:
D(P) = 18maaz+ (a1a2)2 — 4a3(a1)3
—4(ap)®—27(a3)?, (6)

using the results of Ref.2], we have the following
fractional Routh-Hurwitz conditions:

(i) If D(P) > 0, then the necessary and sufficient condition
for the equilibrium point (yi",y5,y3), to be locally
asymptotically stable, ia; > 0,a3 > 0,a1ap —ag > 0.

(i) If D(P) < 0, a3 > 0,a > O,a3 > 0, then
(v3,y5Ly5') is locally asymptotically stable far < 2/3.

roots of Eq. (5) satisfy the conditidarg(A)| < a /2.

(i) If D(P) < 0,8 > 0,a2 > 0,ya, —az = 0, then
(i, ¥y is locally asymptotically stable for alr €
(0.1)

(ivquhe necessary condition for the equilibrium point
yiLy5L y3h), to be locally asymptotically stable, g > 0.

3 Fractional-order SIR and SIRS epidemic

refer to the real and imaginary parts of the eigenvaluesmodels.

respectively, andj = v/—1). From Fig. 1, it is easy to

show that the stability region of the fractional-order case o ) )
is greater than the stability region of the integer-order:et S(t) be the number of individuals in the susceptible

case.

class at timd, | (t) be the number of individuals who are
infectious at time andR(t) be the number of individuals
recovered at time.

© 2013 NSP
Natural Sciences Publishing Cor.



Math. Sci. Lett.2, No. 3, 195-200 (2013)www.naturalspublishing.com/Journals.asp NS 2 197

The fractional-order SIRS epidemic model is given by A sufficient condition for the local asymptotic stability of
the equilibrium point

DSt = A =pS —uS+ R (Sl Rea) = (8.1 R) s
o e ) a2 )| > a2

larg(As)| > aim/2. 9)

where 0< a1 < 1 and the parameters, i, B,kanda are  The characteristic polynomial of the equilibrium point
positive constants, ands non-negative constant. Here we (S, leg, Reg) = (S, 14, Ry) is given by:
assume thak is the rate at which infectives recover. If

the individuals recovered acquired permanent immysait AL IBI, +2u—+ VA 2+
0 then one gets SIR model andyifz£ 0 the individuals P ety
acquired temporal immunity, then one gets SIRS model. (Bl + ) (U+Y)+ Bl (K+p+a)A+

Which, together witiN = S+ 1 + R, implies

DAN=A—puN-—al. Bl(k+p+a)(u+y)—Bl.ky=0. (10)

Thus the total population siZ¢ may vary in time.

To evaluate the equilibrium points, let .
q P 4 Numerical methods and results

DI1S=0,
D% —0 An Adams-type predictor-corrector method has been
DOTlR— 0’ introduced and investigated further irl(2,3,4,5,9]). In

this paper we use an Adams-type predictor-corrector
then (S, leq,Req) = (4.,0,0), (S.,1.,R.), are the (renqeutgggnfor the numerical solution of fractional integral

The key to the derivation of the method is to replace the
original problem (7) by an equivalent fractional integral
equations

equilibrium points where,

S.=S(k+u+a),

— R®|

- “BYZL[QLz;f;g(;iZ)?)]’ St)= S0)+1"A B —uS+yR|,
KIAB—p(k+p+a)] )= 1(O)+1[BS —(k+pu+a)l], (11)

_ — a1 _
T BlkuT (R a) U= RO LR,
For (Seqs legs Req) = (2,0,0) we find that and then apply the?ECE (Predict, Evaluate, Correct,
H Evaluate) method.
—u 0 y The approximate solutions are displayed in Figs. 2-12
A—| o % —(k+p+a) 0 7 for S(0) = 20.0, 1(0) = 1.0, R(0) = 1.0 and different 0<
0 ap <1.

K —(H+V) In Figs. 2-8 we takeA = 0.1, B =01, u —
02, y=03, a=01 «k=01and found that the
equilibrium  point (%,0,0) = (0.5,0,0) is local

A=—-u<0, asymptotically stable where the condition (8)

(BA=005< (k+u+a) =0.4) is satisfied.

In figs. 8 we found that in the fractional order case the
peak of the infection is reduced. But the disease take a
longer time to be eradicated.

o ] ] In Figs. 9-12 we takeA = 05, B =05 pu=

Hence the equilibrium pointSeq,leq,Req) = (4,000 is 01, y=03, a =01k =0.1 and found that the

and its eigenvalues are

A2=—(u+Yy) <0,

N . BA
/\3:[3“—(K+u+a)<0 if B‘1<(K+IJ+G).

local asymptotically stable if equilibrium point (4,0,0) = (5,0,0) is unstable where
the condition (8) is not satisfied
BA BA oo

< (K+u+a). (8) (5r =25> (k+u+a)=03) and the equilibrium
H point (S, l.,R,) is local asymptotically stable where the
For (Seq; leg, Req) = (S:, 1+, R.) we find that condition (9) is satisfied where the equilibrium point and

the eigenvalues are given as:
—Bli—p —(K+u+a) y (S, 1., R.) =(0.6,1.955560.488889,
A= Bl. 0 0 . A1 =—0.254728
0 K —(u+y) A2z = —0.244858+ 0.162515.
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The equilibrium pointS,, 1., R,) = (0.6,1.95556
0.488889 is local asymptotically stable where g

larg(A1)| = > oq11/2, K f\

larg(A23)| = 2.55564> a;711/2. ° [\

In figs. 12 we found that in the fractional order case * I\ _—
the peak of the infection is reduced. But the disease take * |\ =09
longer time to be eradicated. It ° R\N ——

: A
0 e
t
5 Conclusions Figure 8

In this paper we study the fractional-order SIR and SIRS
epidemic models with variable population size. The
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stability of equilibrium points is studied. Numerical

solutions of these models are given.

The reason for considering a fractional order system

differential equations can help us to reduce the errors
arising from the neglected parameters in modelling real
life phenomena.

We like to argue that the fractional order models are at
least as good as integer order ones in modeling biological,
economic and social systems (generally complex adaptive
systems) where memory effects are important.
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