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Abstract: This work aims to theoretically evaluate whether the numberk of partitions of a discrete variableX affects the sensitivity
Se(X) of a binary health outcomeY. The distribution of variableX was either unknown or the uniform. Thus, two discrete random
variablesXk andXk+1 with k andk+1 partitions, respectively, were considered. In addition, a random variableY that indicates the
actual health status of an individual was also considered. The case of the composite indexTk

m which is formed by the sum ofmvariables
Xk

j , j = 1,2, . . . ,meither when the distribution of each variableXk
j is unknown or the uniform was also investigated. This work suggests

that the sensitivity of an index is a non-decreasing function of the numberof partitions, under certain conditions.
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1 Introduction

Health related indices have long been used in biomedical research [1,2]. Health related indices are composite tools, based
on either discrete or continuous variables. This type of indices aims to measure a variety of clinical conditions, behaviors,
attitudes and beliefs, which are difficult and even impossible to be measured quantitatively and directly (e.g. emotions,
stress, depression, pain, diet quality, etc) [2,3]. In practice, a composite health related indexTk

m is created by the sum ofm
component variablesXk, each one withk partitions. Thus, a composite health related indexTk

m is given by the following
formula:

Tk
m =

m

∑
j=1

Xk
j (1.1)

Themcomponent variables reflect differentm aspects of a person’s clinical situation.
During the past years, indices have been extensively used invarious health fields such as in psychometry in order to

measure several conditions, like depression, anxiety, stress [4] as well as in cardiovascular prevention in order to measure
diet quality and adequacy [5]. Based on these tools, individuals were classified as beingrelated or non-related to the
investigated characteristics of a specific disease. Moreover, health related indices have been associated with several health
outcomes such as a diet scale being related to the likelihoodof developing cardiovascular disease [6]. In addition, an
index that measures stressful experiences has been relatedto sudden deaths, etc. As an example, MedDietScore [6] is a
dietary composite index that measures the degree of adherence to the Mediterranean diet. The consumption of each of the
11 food groups (fruits, vegetables, meat, fish, dairy, etc) is calibrated depending on the frequency of consumption (e.g.
never, rarely, 1-2 times per month etc). The calibration is either from 0 to 5 whether the food group is beneficial for health
or from 5 to 0 whether the opposite is true (e.g. meat). The total value of this dietary index is the sum of the individual
values received by the component food groups. A great value of this dietary index for a person means that, this person
is close to adherence of the traditional Mediterranean dietpattern and thus runs less risk of cardiovascular disease. Thus,
MedDietScore is a composite health related index withm= 11 components each of which hask= 6 partitions.

Despite the fact that health related indices have been used in many fields of biomedical research, there are several
unresolved issues as regards their construction [2]. One of these issues is the optimal number of partitions of the index
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needed, in order to increase, not only the information retrieved from the individual’s characteristics, but also the diagnostic
ability of the index as regards the health outcome that the index aims to evaluate. In a recent work by Kourlaba and
Panagiotakos [7], it has been shown using simulated and empirical data that the number of partitions each component of a
composite index has, is positively related to the diagnostic ability of the index as well as that the use of a continuous scale
is the optimal choice to achieve the maximum diagnostic accuracy. However, from a theoretical viewpoint, simulations are
not so robust to establish a methodology because not all possible cases, which may exist in a mathematical solution of a
research hypothesis, can be covered. Therefore, simulation methods are not considered as a mathematical proof, although
they are an analytical proof. As a result, such a proof is still missing in literature. Thus, the aim of this work was to
evaluate the research hypothesis which claims that the sensitivity of an index increases when the partitions of the index
also increase, based on a theoretical approach. The latter,has also been partially attempted, in a recent work by Maroulas
and Panagiotakos [8]. In order to examine both the nature and the intensity of therelation between the number of partitions
each component of a composite index has, as well as its diagnostic ability, a measure of the diagnostic accuracy of the
index was necessary. The sensitivity function of a composite index is suitable to be used in order for the aforementioned
research hypothesis to be investigated. It is known that sensitivity function itself is not sufficient enough to evaluate the
diagnostic accuracy of an index as well as that the increase of sensitivity leads to the reduction of specificity and vice versa,
by moving the diagnostic threshold. In this work the number of partitions is being examined according to the sensitivity
value.

This paper has been organized into four sections. The first section presents the first statement of this work
(Proposition1), as well as its mathematical proof, in the case of a discretevariableXk, which represents a health related
indexTk

1 with k partitions that follows an unknown distribution. The second section presents the special case where the
discrete variableXk follows the uniform distribution whereas the third sectionpresents the extension of Proposition1 in
the case that the indexTk

m is developed by the sum ofm variablesXk
j and their distribution is unknown (Proposition3).

Besides, the fourth section refers to the application of Proposition3 and also presents specific examples of the sensitivity
function’s monotony of a composite indexTk

m which is the sum ofm discrete variables, in the case that, variablesXk
j are

distributed uniformly.

2 Problem Setup - One discrete Variable - General Results

In this section, the first statement of this work is presented, as well as its proof, in the case of a discrete variableXk, which
represents a health related indexTk

1 . Thus, it is investigated, by the use of the sensitivity function, whether the number
of partitions of the discrete variableXk affects its predictive ability for a health outcome. Therefore, two discrete random
variablesXk andXk+1 are considered withk andk+1 partitions, respectively.

Notation: As ak-partition of a setA is considered a set ofk setsU = {Ui}, i = 1,2, . . . ,k that are pairwise disjoint,
not null subsets ofA and their union isA [9].

The discrete variablesXk andXk+1 take values from the following sets:

RXk = {1,2, . . . ,k} andRXk+1 = {1,2, . . . ,k,k+1}.

A random bivariate variableY is considered so as to follow the Bernoulli distribution [8]. VariableY expresses the
actual clinical status of a person as well as indicates the presence or not of a disease (healthyY = 0 or patientY = 1).

Sensitivity of a clinical test is the probability of a positive test result given the presence of the symptom [10]. Generally,
sensitivity measures the proportion of actual positives (diseased) which are identified as such by the test result.

The sensitivity functions of variablesXk andXk+1, in relation toY, are defined according to the following conditional
probabilities [10]:

Se(X
k) = P(Xk

> c0 |Y = 1) (2.1)

and
Se(X

k+1) = P(Xk+1
> c′0 |Y = 1) (2.2)

wherec0 andc′0 are selected thresholds in an appropriate statistical method (e.g. by the Receiver Operating Characteristic
Curve) andc0,c′0 ∈ R.

If πk
i andπk+1

i imply the conditional probabilities where the discrete random variablesXk andXk+1 take a fixed value
i, for an individual of the diseased population(Y = 1), thenπk

i andπk+1
i are given from the following formulas:

πk
i = P(Xk = i |Y = 1), i = 1,2, . . . ,k, andk∈ N,k> 1,

and
πk+1

i = P(Xk+1 = i |Y = 1), i = 1,2, . . . ,k,k+1, andk∈ N,k> 1.
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Therefore, according to definitions2.1 and 2.2 sensitivity’s functions of variablesXk and Xk+1 are given by the
formulas2.3and2.4:

Se(X
k) = P(Xk ≥ c |Y = 1) =

k

∑
i=c

πk
i (2.3)

and

Se(X
k+1) = P(Xk+1 ≥ c′ |Y = 1) =

k+1

∑
i=c′

πk+1
i (2.4)

wherec∈ RXk = {1,2, . . . ,k} is the lowest value ofXk greater thanc0 andc′ ∈ RXk+1 = {1,2, . . . ,k,k+1} is the lowest
value ofXk+1 greater thanc′0.

Proposition 1.For any k∈ N, the sensitivity of index Xk, is a non-decreasing function of k, under a specific condition
(condition 1).

Proof.In order the above proposition to be proved, it is sufficient to be shown that for anyk∈ N the following inequality
applies:

k< k+1⇔ Se(X
k)≤ Se(X

k+1) (2.5)

According to definitions2.3and2.4, relationship2.5becomes:

k

∑
i=c

πk
i ≤

k+1

∑
i=c′

πk+1
i (2.6)

A sequence of probabilities’ differencesαi , i = 1,2, . . . ,k is considered so as to satisfy the following equality:

αi = πk
i −πk+1

i (2.7)

Condition 1: The sequence of probabilities’ differencesαi , i = 1,2, . . . ,k satisfies the following inequality

c−1

∑
i=1

αi ≥
c′−1

∑
i=c

πk+1
i ≥ 0 (c1)

in the case thatc< c′.
The sum on the left side ofc1 refers to the difference between the probabilities of falsenegative values of indicesXk

andXk+1. On the other hand, the sum on the right side ofc1 refers to the probabilities of false negative values of index
Xk+1, betweenc andc′−1. Practically, condition 1 declares that the probabilities’ differences of false negative values,
between the index with fewer partitions and the index with more partitions, cumulatively, should be greater than or equal
to the probabilities’ sum of false negative values of the indexXk+1, betweenc andc′−1.

Therefore, the cases which are distinguished, according tothe relative position betweenc andc′ are the following:

–Case 1: c= c′ > 1
According to relation2.7, the sensitivity of variableXk becomes:

Se(X
k) =

k

∑
i=c

πk
i =

k

∑
i=c

(

πk+1
i +αi

)

=
k

∑
i=c

πk+1
i +

k

∑
i=c

αi

(c1)
≤

k

∑
i=c

πk+1
i +

c−1

∑
i=1

αi +
k

∑
i=c

αi

=
k

∑
i=c

πk+1
i +

k

∑
i=1

αi
(l1)
=

k

∑
i=c

πk+1
i +πk+1

k+1 =
k+1

∑
i=c

πk+1
i = Se(X

k+1)

⇔ Se(X
k)≤ Se(X

k+1)

And thus2.5 is established. ⊓⊔

Lemma 1.For the sequence of probabilities’ differencesαi , i = 1,2, . . . ,k applies:

k

∑
i=1

αi = πk+1
k+1 (l1)
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Proof.By summing fromi = 1 tok both sides in relation2.7 imply that:

αi = πk
i −πk+1

i ⇔
k

∑
i=1

αi =
k

∑
i=1

(

πk
i −πk+1

i

)

⇔
k

∑
i=1

αi =
k

∑
i=1

πk
i −

k

∑
i=1

πk+1
i = 1−

k

∑
i=1

πk+1
i =

k+1

∑
i=1

πk+1
i −

k

∑
i=1

πk+1
i = πk+1

k+1

–Case 2: c> c′ > 1
According to relation2.7, the sensitivity of variableXk becomes:

Se(X
k) =

k

∑
i=c

πk
i =

k

∑
i=c

(

πk+1
i +αi

)

=
k

∑
i=c

πk+1
i +

k

∑
i=c

αi ≤
k

∑
i=c′

πk+1
i +

k

∑
i=1

αi =
k

∑
i=c′

πk+1
i +πk+1

k+1 =
k+1

∑
i=c′

πk+1
i = Se(X

k+1)

⇔ Se(X
k)≤ Se(X

k+1)

Given that the quantityπk+1
i is a non-negative number as a probability, the following inequality∑k

i=c πk+1
i ≤∑k

i=c′ π
k+1
i

applies and thus2.5 is established.
–Case 3: c′ > c> 1 The following difference is considered:

Se(X
k+1)−Se(X

k) =
k+1

∑
i=c′

πk+1
i −

k

∑
i=c

πk
i =

k

∑
i=c′

πk+1
i +πk+1

k+1 −

(

c′−1

∑
i=c

πk
i +

k

∑
i=c′

πk
i

)

=
k

∑
i=c′

(

πk+1
i −πk

i

)

+πk+1
k+1 −

c′−1

∑
i=c

πk
i =

k

∑
i=c′

(−αi)+
k

∑
i=1

αi −
c′−1

∑
i=c

πk
i =

c′−1

∑
i=1

αi −
c′−1

∑
i=c

πk
i

=
c−1

∑
i=1

αi +
c′−1

∑
i=c

(

αi −πk
i

)

=
c−1

∑
i=1

αi +
c′−1

∑
i=c

(

−πk+1
i

)

=
c−1

∑
i=1

αi −
c′−1

∑
i=c

πk+1
i

(c1)
≥ 0

⇔ Se(X
k)≤ Se(X

k+1)

And thus2.5has been established, under condition 1.⊓⊔

Remark.In case 2 the inequality that given a probability space(Ω ,F,P), if A⊆ B thenP(A)≤ P(B), has been used.
The sensitivity,Se(Xk), is a non-decreasing function ofk, under condition 1.

3 The Case of Uniform Distribution - One Variable

In this section the special case where the discrete variableXk follows the uniform distribution is presented. Therefore,
two discrete random variablesXk and Xk+1 are considered withk and k+ 1 partitions, respectively. The conditional
probabilitiesπk

i andπk+1
i , where the discrete random variablesXk andXk+1 take a fixed valuei, for an individual of the

diseased population(Y = 1), are given by the following types:

πk
i = P(Xk = i |Y = 1) =

1
k
, i = 1,2, . . . ,k, k∈ N,k> 1

and

πk+1
i = P(Xk+1 = i |Y = 1) =

1
k+1

, i = 1,2, . . . ,k,k+1, k∈ N,k> 1.

Therefore, according to definitions2.3and2.4sensitivity, for each case, is equal to:

Se(X
k) =

k

∑
i=c

πk
i =

k−c+1
k

(3.1)

and

Se(X
k+1) =

k+1

∑
i=c′

πk+1
i =

k−c′+2
k+1

(3.2)

wherec∈ RXk = {1,2, . . . ,k} andc′ ∈ RXk+1 = {1,2, . . . ,k,k+1}.
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Proposition 2.For any k∈ N, the sensitivity of index Xk, is a non-decreasing function of k, in the case that variableXk is
distributed uniformly, under a specific condition (condition 2).

Proof.According to relations3.1and3.2 it is sufficient to be proved that:

k< k+1⇔ Se(X
k)≤ Se(X

k+1)⇔
k−c+1

k
≤

k−c′+2
k+1

(3.3)

Let the difference:

Se(X
k+1)−Se(X

k) =
k+1

∑
i=c′

πk+1
i −

k

∑
i=c

πk
i =

k−c′+2
k+1

−
k−c+1

k

=
(k−c′+2) ·k− (k−c+1) · (k+1)

k · (k+1)

=
k2−kc′+2k−k2−k+kc+c−k−1

k · (k+1)

=
−kc′+kc+c−1

k · (k+1)

⇔ Se(X
k+1)−Se(X

k) =
−kc′+kc+c−1

k · (k+1)
(3.4)

A sequence of probabilities’ differencesαi , i = 1,2, . . . ,k is considered so as to satisfy the following equality:

αi = πk
i −πk+1

i =
1
k
−

1
k+1

=
1

k · (k+1)
(3.5)

Condition 2: The sequence of probabilities’ differencesαi , i = 1,2, . . . ,k satisfies the following inequality

c
k
−

c′

k+1
≥

1
k · (k+1)

(c2)

in the case thatc< c′.
The variableXk is distributed uniformly and according to condition 1 from section2,

c−1

∑
i=1

αi ≥
c′−1

∑
i=c

πk+1
i ⇔

c−1

∑
i=1

1
k · (k+1)

≥
c′−1

∑
i=c

1
k+1

⇔
c−1

k · (k+1)
≥

c′−c
k+1

⇔
c−1

k
≥ c′−c

⇔ c−1≥ k ·c′−k ·c⇔ c+k ·c−k ·c′ ≥ 1

⇔ (k+1) ·c−k ·c′ ≥ 1⇔
c
k
−

c′

k+1
≥

1
k · (k+1)

It has been shown that conditionc2, is another expression of conditionc1, which is applied, in the case that the variable
Xk is distributed uniformly. Therefore, the cases which are distinguished, according to the relative position betweenc and
c′, are the following:

–Case 1: c= c′ > 1
According to3.4for this case, the differenceSe(Xk+1)−Se(Xk) becomes:

Se(X
k+1)−Se(X

k) =
c−1

k · (k+1)
> 0

becausec > 1 andk · (k+1) > 0. Thus, forc = c′ ≥ 1, 3.3 has been established, i.e. sensitivity is a non-decreasing
function ofk.

–Case 2: c> c′ > 1
According to3.4for this case, the differenceSe(Xk+1)−Se(Xk) becomes:

Se(X
k+1)−Se(X

k) =
−k ·c′+k ·c+c−1

k · (k+1)
=

(−c′+c) ·k+c−1
k · (k+1)

> 0

becausec> 1,c−c′ > 0 andk·(k+1)> 0. Thus,3.3has been established, i.e. sensitivity is a non-decreasingfunction
of k.
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–Case 3: c′ > c> 1
According to3.4for this case, the differenceSe(Xk+1)−Se(Xk) becomes:

Se(X
k+1)−Se(X

k) =
−k ·c′+k ·c+c−1

k · (k+1)
=

(k+1) ·c+k ·c′−1
k · (k+1)

> 0

Where (k+1)·c+k·c′−1
k·(k+1) is a non-negative quantity because of condition 2. The numerator of this fraction becomes:

(k+1) ·c+k ·c′−1≥ 0⇔ (k+1) ·c+k ·c′ ≥ 1⇔
c
k
−

c′

k+1
≥

1
k · (k+1)

And thus3.3has been established.⊓⊔

4 Sum of discrete variables - General Case

The indices mentioned in the introduction and used in practice for predicting the value of a binary health outcomeY that
indicates the clinical condition of a person, are usually composites, and often, are the sum of other discrete components
variablesXk

j , j = 1,2, . . . ,m. For this reason, the sensitivity of a composite health related indexTk
m = ∑m

j=1Xk
j is often

interesting to be examined because many decisions, especially in the field of health, depend on many factors.
In this section it is investigated whether the number of the partitions of each discrete variableXk

j influences the

sensitivitySe, or not, of the indexTk
m, in the case that the distribution of variablesXk

j , j = 1,2, . . . ,m is unknown. For this

purpose, two variablesTk
m andTk+1

m are considered as follows:

Tk
m = Xk

1 +Xk
2 + . . .+Xk

m =
m

∑
j=1

Xk
j andTk+1

m = Xk+1
1 +Xk+1

2 + . . .+Xk+1
m =

m

∑
j=1

Xk+1
j

The variablesXk
1 ,X

k
2 , . . . ,X

k
m andXk+1

1 ,Xk+1
2 , . . . ,Xk+1

m are considered as independent and follow the same distribution.
Therefore, variablesTk

m andTk+1
m take values from the following sets:

RTk
m
= {m,m+1, . . . ,mk} andRTk+1

m
= {m,m+1, . . . ,mk, . . . ,m(k+1)}

Then, the sensitivity functions of the variablesTk
m andTk+1

m , in relation toY, defined as the following conditional
probabilities [10]:

Se(T
k
m) = P(Tk

m > lk
0,m |Y = 1) (4.1)

and
Se(T

k+1
m ) = P(Tk+1

m > lk+1
0,m |Y = 1) (4.2)

wherelk
0,m andlk+1

0,m are thresholds selected in an appropriate statistical method andlk
0,m, l

k+1
0,m ∈ R.

If πk
m,t andπk+1

m,t imply the conditional probabilities that the random variablesTk
m andTk+1

m take a fixed valuet, for an

individual of the diseased population(Y = 1) thenπk
m,t andπk+1

m,t are given from the following formulas:

πk
m,t = P(Tk

m = t |Y = 1), t = m,m+1, . . . ,mk, andk∈ N,k> 1.

and
πk+1

m,t = P(Tk+1
m = t |Y = 1), t = m,m+1, . . . ,mk, . . . ,m(k+1), andk∈ N,k> 1.

Therefore, according to definitions4.1 and 4.2 sensitivity’s functions of variablesTk
m and Tk+1

m are given by the
formulas4.3and4.4:

Se(T
k
m) = P(Tk

m ≥ lk
m |Y = 1) =

mk

∑
t=lkm

πk
m,t (4.3)

Se(T
k+1
m ) = P(Tk+1

m ≥ lk+1
m |Y = 1) =

m(k+1)

∑
t=lk+1

m

πk+1
m,t (4.4)

where lk
m ∈ RTk

m
= {m,m + 1, . . . ,mk} is the lowest value of Tk

m greater than lk
0,m and

lk+1
m ∈ RTk+1

m
= {m,m+1, . . . ,mk, . . . ,m(k+1)} is the lowest value ofTk+1

m greater thanlk+1
0,m .
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Proposition 3.For any k∈ N, the sensitivity of index Tkm, is a non-decreasing function of k, under a specific condition
(condition 3).

Proof.In order the above proposition to be proved, it is sufficient to be shown that for anyk∈ N the following inequality
applies:

k< k+1⇔ Se(T
k
m)≤ Se(T

k+1
m ) (4.5)

According to definitions4.3and4.4, relation4.5becomes:

mk

∑
t=lkm

πk
m,t ≤

m(k+1)

∑
t=lk+1

m

πk+1
m,t (4.6)

A sequence of probabilities’ differencesαm,t , t = m,m+1, . . . ,mk is considered so as to satisfy the following equality:

αm,t = πk
m,t −πk+1

m,t (4.7)

Condition 3: The sequence of probabilities’ differencesαm,t , t = m,m+1, . . . ,mksatisfies the following inequality

lkm−1

∑
t=m

am,t ≥
lk+1
m −1

∑
t=lkm

πk+1
m,t ≥ 0 (c3)

in the case thatlk
m < lk+1

m .
The interpretation of conditionc3 is similar to the interpretation of conditionc1, except that the probabilitiesπk

m,t and

πk+1
m,t refer to the variablesTk

m andTk+1
m . More specifically, the sum on the left side ofc3 refers to the difference between

the probabilities of the false negative values of indicesTk
m andTk+1

m . On the other hand, the sum on the right side ofc3

refers to the probabilities of the false negative values of indexTk+1
m , between thresholdslk

m andlk+1
m . Practically, condition

3 declares that the probabilities’ differences of false negative values, between the index with fewer partitions and the index
with more partitions, cumulatively, should be greater thanor equal to the probabilities’ sum of false negative values of the
indexTk+1

m , between thresholdslk
m andlk+1

m .
Therefore, the cases which are distinguished, according tothe relative position, betweenlk

m andlk+1
m are the following:

–Case 1: lk
m = lk+1

m > m
According to relation4.7, the sensitivity of variableTk

m becomes:

Se(T
k
m) =

mk

∑
t=lkm

πk
m,t =

mk

∑
t=lkm

(

πk+1
m,t +αm,t

)

=
mk

∑
t=lkm

πk+1
m,t +

mk

∑
t=lkm

αm,t

≤
mk

∑
t=lkm

πk+1
m,t +

lkm−1

∑
t=m

αm,t +
mk

∑
t=lkm

αm,t =
mk

∑
t=lkm

πk+1
m,t +

mk

∑
t=m

αm,t
(l2)
=

mk

∑
t=lkm

πk+1
m,t +

m(k+1)

∑
t=mk+1

πk+1
m,t =

m(k+1)

∑
t=lkm

πk+1
m,t = Se(T

k+1
m )

⇔ Se(T
k
m)≤ Se(T

k+1
m )

And thus4.5 is established. ⊓⊔

Lemma 2.For the sequence of probabilities’ differencesαm,t , t = m,m+1, . . . ,mk applies:

mk

∑
t=m

αm,t =
m(k+1)

∑
t=mk+1

πk+1
m,t (l2)

Proof.By summing fromt = m to mkboth sides in relation4.7 imply that:

αm,t = πk
m,t −πk+1

m,t ⇔
mk

∑
t=m

αm,t =
mk

∑
t=m

(

πk
m,t −πk+1

m,t

)

⇔
mk

∑
t=m

αm,t =
mk

∑
t=m

πk
m,t −

mk

∑
t=m

πk+1
m,t

⇔
mk

∑
t=m

αm,t = 1−
mk

∑
t=m

πk+1
m,t ⇔

mk

∑
t=m

αm,t =
m(k+1)

∑
t=m

πk+1
m,t −

mk

∑
t=m

πk+1
m,t ⇔

mk

∑
t=m

αm,t =
m(k+1)

∑
t=mk+1

πk+1
m,t
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–Case 2: lk
m > lk+1

m > m
According to relation4.7, the sensitivity of variableTk

m becomes:

Se(T
k
m) =

mk

∑
t=lkm

πk
m,t =

mk

∑
t=lkm

(

πk+1
m,t +αm,t

)

=
mk

∑
t=lkm

πk+1
m,t +

mk

∑
t=lkm

αm,t

≤
mk

∑
t=lk+1

m

πk+1
m,t +

lkm−1

∑
t=m

αm,t +
mk

∑
t=lkm

αm,t =
mk

∑
t=lk+1

m

πk+1
m,t +

mk

∑
t=m

αm,t
(l2)
=

mk

∑
t=lk+1

m

πk+1
m,t +

m(k+1)

∑
t=mk+1

πk+1
m,t =

m(k+1)

∑
t=lk+1

m

πk+1
m,t = Se(T

k+1
m )

⇔ Se(T
k
m)≤ Se(T

k+1
m )

Given that the quantityπk+1
m,t is a non-negative number as a probability, the following inequality

mk

∑
t=lkm

πk+1
m,t ≤

mk

∑
t=lk+1

m

πk+1
m,t

applies and thus4.5 is established.
–Case 3: lk+1

m > lk
m > m

According to relation4.7, the sensitivity of variableTk
m becomes:

Se(T
k
m) =

mk

∑
t=lkm

πk
m,t =

mk

∑
t=lkm

(

πk+1
m,t +αm,t

)

=
mk

∑
t=lkm

πk+1
m,t +

mk

∑
t=lkm

αm,t =
lk+1
m −1

∑
t=lkm

πk+1
m,t +

mk

∑
t=lk+1

m

πk+1
m,t +

mk

∑
t=lkm

αm,t

≤
mk

∑
t=lk+1

m

πk+1
m,t +

lkm−1

∑
t=m

αm,t +
mk

∑
t=lkm

αm,t =
mk

∑
t=lk+1

m

πk+1
m,t +

mk

∑
t=m

αm,t
(l2)
=

mk

∑
t=lk+1

m

πk+1
m,t +

m(k+1)

∑
t=mk+1

πk+1
m,t =

m(k+1)

∑
t=lk+1

m

πk+1
m,t = Se(T

k+1
m )

⇔ Se(T
k
m)≤ Se(T

k+1
m )

And thus4.5has been established, under condition 3.⊓⊔

Remark.In case 2 the inequality that given a probability space(Ω ,F,P), if A⊆ B thenP(A)≤ P(B), has been used.

5 Sum of discrete variables - The Case of Uniform Distribution

In this section it is shown whether the number of partitions of each discrete variableXk
j , j = 1,2, . . . ,m influences the

sensitivity of a composite indexTk
m = ∑m

j=1Xk
j , in the case that the distribution of variablesXk

1 ,X
k
2 , . . . ,X

k
m is the discrete

uniform. In that case the conditional probabilitiesπk
m,t = P(Tk

m = t |Y = 1) andπk+1
m,t = P(Tk+1

m = t|Y = 1) of variablesTk
m

andTk+1
m become [11,12]:

πk
m,t = P(Tk

m = t |Y = 1) =
1
km

[ t−m
k ]

∑
r=0

(−1)r
(

m
r

)(

t −kr−1
m−1

)

and

πk+1
m,t = P(Tk+1

m = t |Y = 1) =
1

(k+1)m

[ t−m
k+1 ]

∑
r=0

(−1)r
(

m
r

)(

t − (k+1)r −1
m−1

)

A sequence of probabilities’ differencesαm,t , t = m,m+1, . . . ,mk is considered so as to satisfy the following equality:

αm,t = πk
m,t −πk+1

m,t (5.1)
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The sequence of probabilities’ differencesαm,t satisfies the conditionc3, from the previous section, in which the
m variables follow an unknown distribution. In the case that the distribution of variablesXk

1 ,X
k
2 , . . . ,X

k
m is the discrete

uniform, then the sensitivity functions of the variablesTk
m andTk+1

m become:

Se(T
k
m) =

mk

∑
t=lkm

πk
m,t =

mk

∑
t=lkm







1
km

[ t−m
k ]

∑
r=0

(−1)r
(

m
r

)(

t −kr−1
m−1

)







(5.2)

and

Se(T
k+1
m ) =

m(k+1)

∑
t=lk+1

m

πk+1
m,t =

m(k+1)

∑
t=lk+1

m







1
(k+1)m

[ t−m
k+1 ]

∑
r=0

(−1)r
(

m
r

)(

t − (k+1)r −1
m−1

)







(5.3)

Therefore, in order the sensitivity function’s monotony tobe investigated, the sign of the following difference must be
examined:

Se(T
k+1
m )−Se(T

k
m) =

m(k+1)

∑
t=lk+1

m

πk+1
m,t −

mk

∑
t=lkm

πk
m,t =

m(k+1)

∑
t=lk+1

m







1
(k+1)m

[ t−m
k+1 ]

∑
r=0

(−1)r
(

m
r

)(

t − (k+1)r −1
m−1

)







−
mk

∑
t=lkm







1
km

[ t−m
k ]

∑
r=0

(−1)r
(

m
r

)(

t −kr−1
m−1

)







Tables1, 2 and3 present the values of differenceSe(Tk+1
m )−Se(Tk

m) for three cases of the number of variables(m)
and partitions(k). More specifically, the cases form= 2 andk = 2, for m= 3 andk = 2 as well as form= 2 andk = 3
have been selected. In other cases, for greater values ofm andk, the corresponding tables are not practical enough to
be presented. Tables1, 2 and 3 list the values of differencesSe(T3

2 )−Se(T2
2 ), Se(T3

3 )−Se(T2
3 ) andSe(T4

2 )−Se(T3
2 ),

respectively.

Table 1: Values of differenceSe(T3
2 )−Se(T2

2 ) (m= 2 andk= 2) for all the possible values of the thresholdsl22 andl32 (For the thresholds
appliesl22, l

3
2 > 2)

l22 = l32
l22 = 3 l32 = 3 Se(T3

2 )−Se(T2
2 ) = 0.1389

l22 = 4 l32 = 4 Se(T3
2 )−Se(T2

2 ) = 0.4167
l22 > l32 l22 = 4 l32 = 3 Se(T3

2 )−Se(T2
2 ) = 0.6389

l22 < l32

l22 = 3 l32 = 4 Se(T3
2 )−Se(T2

2 ) =−0.0833
l22 = 3 l32 = 5 Se(T3

2 )−Se(T2
2 ) =−0.4167

l22 = 3 l32 = 6 Se(T3
2 )−Se(T2

2 ) =−0.6389
l22 = 4 l32 = 5 Se(T3

2 )−Se(T2
2 ) = 0.0833> 0

l22 = 4 l32 = 6 Se(T3
2 )−Se(T2

2 ) =−0.1389
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Table 2: Values of differenceSe(T3
3 )−Se(T2

3 ) (m= 3 andk= 2) for all the possible values of the thresholdsl23 andl33 (For the thresholds
appliesl23, l

3
3 > 3 )

l23 = l33

l23 = 4 l33 = 4 Se(T3
3 )−Se(T2

3 ) = 0.0880
l23 = 5 l33 = 5 Se(T3

3 )−Se(T2
3 ) = 0.3519

l23 = 6 l33 = 6 Se(T3
3 )−Se(T2

3 ) = 0.5046

l23 > l33

l23 = 5 l33 = 4 Se(T3
3 )−Se(T2

3 ) = 0.4630
l23 = 6 l33 = 4 Se(T3

3 )−Se(T2
3 ) = 0.8380

l23 = 6 l33 = 5 Se(T3
3 )−Se(T2

3 ) = 0.7269

l23 < l33

l23 = 4 l33 = 5 Se(T3
3 )−Se(T2

3 ) =−0.0231
l23 = 4 l33 = 6 Se(T3

3 )−Se(T2
3 ) =−0.2454

l23 = 4 l33 = 7 Se(T3
3 )−Se(T2

3 ) =−0.5046
l23 = 4 l33 = 8 Se(T3

3 )−Se(T2
3 ) =−0.7269

l23 = 4 l33 = 9 Se(T3
3 )−Se(T2

3 ) =−0.8380
l23 = 5 l33 = 6 Se(T3

3 )−Se(T2
3 ) = 0.1296> 0

l23 = 5 l33 = 7 Se(T3
3 )−Se(T2

3 ) =−0.1296
l23 = 5 l33 = 8 Se(T3

3 )−Se(T2
3 ) =−0.3519

l23 = 5 l33 = 9 Se(T3
3 )−Se(T2

3 ) =−0.4630
l23 = 6 l33 = 7 Se(T3

3 )−Se(T2
3 ) = 0.2454> 0

l23 = 6 l33 = 8 Se(T3
3 )−Se(T2

3 ) = 0.0231> 0
l23 = 6 l33 = 9 Se(T3

3 )−Se(T2
3 ) =−0.0880

Table 3: Values of differenceSe(T4
2 )−Se(T3

2 ) (m= 2 andk= 3) for all the possible values of the thresholdsl32 andl42 (For the thresholds
appliesl32, l

4
2 > 2 )

l32 = l42

l32 = 3 l42 = 3 Se(T4
2 )−Se(T3

2 ) = 0.0486
l32 = 4 l42 = 4 Se(T4

2 )−Se(T3
2 ) = 0.1458

l32 = 5 l42 = 5 Se(T4
2 )−Se(T3

2 ) = 0.2917
l32 = 6 l42 = 6 Se(T4

2 )−Se(T3
2 ) = 0.2639

l32 > l42

l32 = 4 l42 = 3 Se(T4
2 )−Se(T3

2 ) = 0.2708
l32 = 5 l42 = 3 Se(T4

2 )−Se(T3
2 ) = 0.6042

l32 = 6 l42 = 3 Se(T4
2 )−Se(T3

2 ) = 0.8264
l32 = 5 l42 = 4 Se(T4

2 )−Se(T3
2 ) = 0.4792

l32 = 6 l42 = 4 Se(T4
2 )−Se(T3

2 ) = 0.7014
l32 = 6 l42 = 5 Se(T4

2 )−Se(T3
2 ) = 0.5139

l32 < l42

l32 = 3 l42 = 4 Se(T4
2 )−Se(T3

2 ) =−0.0764
l32 = 3 l42 = 5 Se(T4

2 )−Se(T3
2 ) =−0.2639

l32 = 3 l42 = 6 Se(T4
2 )−Se(T3

2 ) =−0.5139
l32 = 3 l42 = 7 Se(T4

2 )−Se(T3
2 ) =−0.7014

l32 = 3 l42 = 8 Se(T4
2 )−Se(T3

2 ) =−0.8264
l32 = 4 l42 = 5 Se(T4

2 )−Se(T3
2 ) =−0.0417

l32 = 4 l42 = 6 Se(T4
2 )−Se(T3

2 ) =−0.2917
l32 = 4 l42 = 7 Se(T4

2 )−Se(T3
2 ) =−0.4792

l32 = 4 l42 = 8 Se(T4
2 )−Se(T3

2 ) =−0.6042
l32 = 5 l42 = 6 Se(T4

2 )−Se(T3
2 ) = 0.0417> 0

l32 = 5 l42 = 7 Se(T4
2 )−Se(T3

2 ) =−0.1458
l32 = 5 l42 = 8 Se(T4

2 )−Se(T3
2 ) =−0.2708

l32 = 6 l42 = 7 Se(T4
2 )−Se(T3

2 ) = 0.0764> 0
l32 = 6 l42 = 8 Se(T4

2 )−Se(T3
2 ) =−0.0486

In Tables1, 2 and3, wherever the thresholdslk
m andlk+1

m satisfy the relationslk
m = lk+1

m andlk
m > lk+1

m , all values of the
differenceSe(Tk+1

m )−Se(Tk
m) are non-negative. If thresholdslk

m and lk+1
m satisfy the relationlk

m < lk+1
m , the values of the

differenceSe(Tk+1
m )−Se(Tk

m) appear both negative and positive, but mostly negative. In the case that the above difference
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is negative, then thresholdslk
m andlk+1

m do not satisfy the condition

lkm−1

∑
t=m

αm,t ≥
lk+1
m −1

∑
t=lkm

πk+1
m,t ≥ 0

whereas the positive value appears when thresholdslk
m andlk+1

m satisfy the above condition. This remark is in agreement
with condition 3 of section3. That means that in those three examples, in which variablesXk

1 ,X
k
2 , ...,X

k
m follow the uniform

distribution, the proposition3 of section3 is satisfied.
All the values of Tables1, 2 and3 have been produced by using a suitable scientific mathematical program (Matlab).

6 Discussion

Health related indices have been extensively used for research in biomedicine, especially in cases where characteristics
of individuals such as attitudes and habits are difficult to be measured directly [1]. Although these indices are extremely
important in a wide scientific field, there has not been paid enough attention to establish a methodology for their
construction and especially for the selection of the optimal number of partitions of their scale.

Extending previous studies based on simulated and empirical data, in this work, it was proved that the sensitivity of
a health related index is a non-decreasing function in relation to the number of its partitions under a specific condition
(Propositions1 and3). Proposition1 was also verified in the case that variableXk follows the uniform distribution whereas
Proposition3 was applied in the case that the indexTk

m is the sum ofmvariablesXk
j , j = 1,2, . . . ,m that follow the uniform

distribution. The aforementioned Propositions give a further reason for concern in the case that the suitable number of
partitions of a health related index has to be chosen.This finding of the study is of particular methodological importance in
creating more accurate and reliable health related indices, which are designed to predict various health conditions (clinical
diagnosis of diseases without symptoms, psychological disorders, nutritional status) [13,14], as well as in being used for
various purposes in social science, biosciences etc [1,15,16]. Therefore, this work’s result gives a key element in creating
an accurate health related index in order to separate the truly diseased people from the untruly ones. The use of such
an index can lead to an appropriate treatment and thereby prolong the lifespan and improve the quality of life, or assess
different types of diets. Thus, more efficient public healthand other social programs may be formulated with a better
management of state resources in the field of health.

In a recent publication, which was based only on simulations, it was revealed that the sensitivity of an index is a
non-decreasing function of its scale’s partitions [7]. Nevertheless, the previous finding was proved in this work. However,
simulation methods have certain limitations. The most fundamental of all is that, when simulated data are used in order
to investigate a research hypothesis, the findings are basedon specific considerations the simulated environment assumes
and they are mostly led by the investigator [2]. In this work, it is established that the sensitivity of an index is a non-
decreasing function of the number of partitions used by the discrete variable, under a technical condition (i.e. Condition
1) and also the sensitivity of a composite index which is the sum ofmvariables is a non-decreasing function of the number
of partitions used under a technical condition (i.e. Condition 3).

Moreover, in a recent work by Maroulas and Panagiotakos [8], the research hypothesis tested was whether the number
of partitions of a discrete variable affects its sensitivity, by the use of one variable. In this work, the hypothesis tested was
the same, not only in the case of one discrete variable (Proposition 1), but also in the case of an index considered as the
sum ofm discrete variables (Proposition3). In addition, the current work presents the implementation of Proposition 1,
in the case of one variable which follows the uniform distribution, as well as three specific examples in the case that the
index is the sum ofm variables which are distributed uniformly. Therefore, this study is more extended compared to the
aforementioned.

Despite the fact that indices with a small number of partitions in their scale are easy for daily use, according to the
result of the mathematical proof of this work, as well as the results of the simulation, they do not achieve high diagnostic
accuracy. So, it is preferable to use indices with as many partitions as possible, in order to achieve high diagnostic
accuracy [7,8]. However, the excessive increase in the number of the partitions of a health related index may cause
practical difficulties in using it and may also cause the substantial problem of misclassification. A study using simulated
data showed that the presence of misclassification doesn’t affect the aforementioned relation between the number of
partitions and the sensitivity of the index. Generally, themisclassification issue can be reduced if the researcher utilizes
his clinical experience and selects the optimum number of partitions in accordance with the nature of the characteristic
the index is designed to evaluate.

Thus, in the future, what should be investigated, theoretically, is whether there is an appropriate number of partitions,
beyond which, the increase in diagnostic accuracy (i.e. sensitivity) of the index, is very small or negligible.
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Another issue that should be explored theoretically is the correlation between the components which generate the
index, as well as the correlation between each component andthe health outcome, which the index intends to assess.
In addition, a common phenomenon is that some components of the index are correlated with the health outcome more
powerfully than some others. Then, it should be further explored whether weights need to be assigned to each component,
because all the components of the health related index do notcontribute equally to the calculation of the total score
[16]. Nevertheless, the presented findings may have a considerable impact on assessing health related behaviors and
better exploring the pathophysiological mechanisms of a disease by developing accurate indices that describe human
characteristics.
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