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Abstract: Entanglement evolution for a classically pumped three-level atom interacting with an anisotropic structured reservoir is
studied. We demonstrate that entanglement decay is much slower in the reservoir with the memory effects. This point is beneficial
for the implementation of quantum computation in the non-Markovian environments. Unlike the free-space case, the unusual reservoir
stimulates stationary entanglement with amplitude depends strongly on the relative phase between the control laser coupling the two
upper levels and the pump laser pulse used to create an excited state of the atom in a coherent superposition of the two upper levels. An
optimal stationary degree of entanglement is achieved for negative relative phase, where both detunings - from the upper band gap and
driving laser - are the same. Moreover, a significant stationary degree of entanglement is reached, for high detuned upper levels with
the pump laser pulse, on resonant frequency near the edge of the PBG. For entanglement in stationary regime, the Rabi frequency of
the control laser field exceeds the rate of entanglement degradation or enhancement for tuned or detuned frequency from the band gap,
depending on the relative phase value.
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1 Overview

Entanglement [1,2,3,4,5,6], a characteristic feature of
quantum mechanics, plays a key role in many quantum
information tasks [7]. In order to implement those tasks,
one hopes that entanglement needed to be maintained for
sufficiently long time to fulfill the design. However,
entanglement is easily degraded due to the unwanted
interaction between the system and its environment,
where, decoherence of quantum entanglement is usually
inevitable [8]. Therefore, creating a long-lived
entanglement and avoiding disentanglement in a practical
way are what count in realistic quantum information
protocols. It would seem important to stabilize quantum
systems against this unwanted phenomenon. To achieve
this goal, it is efficient to devise schemes for the creation
of entangled states and to observe their dynamical
characteristics in the presence of environmental effects.
For a long time, the essential target of many proposals
was the control and manipulation of the quantum
information stored in the system while keeping the
detrimental environmental effects low [9,10,11,12,13].

Therefore, dynamical properties of quantum
entanglement have received much attention [14,15,16,17,
18,19,20]. It is well-known that the radiation properties
of atoms can dramatically be manipulated by changing
the environment where atoms emit photons. It is therefore
desirable to investigate the entanglement of the
three-level systems under environmental effects. The
decay of a three-level atom system with one shared
excitation is a fundamental problem of some importance.
In most cases, analytic progress can only be made under
the Markovian hypothesis, which requires decay of
correlation between the system and the environment [21,
22]. In addition, the Markovian approximation is used for
the study of dynamics of quantum systems that weakly
coupled to reservoirs without memory effects [23].
However, in realistic environments with memory effects,
time evolutions of quantum systems often obey the
non-Markovian dynamics. In this important case,
possibility of periodic re-excitation of the atom by the
spontaneously radiated field is allowed, hence, the
reservoir can be treated in a non-Markovian fashion in the
sense that energy is radiated into the field by the atom and
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can be at least partially recovered by the atom again [9].
In addition, in non-Markovian case, the information
transferred to the reservoirs is fed back to the atoms due
to the memory effect, which means the excited atomic
state will arise again [24]. For periodic dielectric media
predicted [25,26] that a suppression of spontaneous
emission can be achieved. This means that, the
entanglement-induced memory effects can persist for
arbitrary long times and affect the relaxation to
equilibrium, hence, strong non-exponential behavior can
arise.

Our aim, in this article, is to identify those
circumstances that allow for generating long-lived
entanglement, while filtering out decoherence effects, and
are therefore highly advantageous for optical
communications, data storage and processing, near or at
the quantum limit. Our scheme depends on the coherent
control by an external driving field and photon
localization by an action on spontaneous emission from a
three-level atom by locating the atom into a photonic
band structure (PBS). The atom and its unusual
(structured) reservoir now evolve as an effective
two-qubit system. With the full development and
application of cooling and trapping techniques on atoms,
controlling entanglement by applying laser field has
become the popular subject [27]. Note, the purely
classical field is not able to generate any kind of quantum
correlation between two subsystems [28].

PBS, also referred to as photonic crystals (PCs),
provide an important tool to realize, a strong localization
at the classical level and trapping, of light in bulk
material [29], and the complete inhibition of spontaneous
emission [30] over a broad frequency range. Moreover,
the driving of a multi-level atom with a sufficiently strong
resonant field alters the radiative dynamics in a
fundamental way, even in ordinary vacuum. In view point
of quantum information, the protected electric dipole
within the PBS provides a basis for a qubit to encode
information for quantum computations. It is demonstrated
that [21], storage of quantum information in a single
three-level atom is facilitated by the localization of light
in the vicinity of the atom, suggesting an application of
the model system as a memory device on the atomic
scale. For further detailed literature on the nature,
fabrication and applications of PBS see Refs. [29,30,21]
and papers therin. For such reasons, three-level atoms are
of particular interest in quantum optics and predictably
their behavior in the context of structured reservoirs has
been addressed [31,32].
The paper is organized as follows: Section2 contains a
description of the system Hamiltonian and the derived the
equations of motion for the amplitudes involved in the
wavefunction of the system atom+continuum. In section
3, we derived the reduced density operator used to
calculate entanglement measure we are going to use and
give a brief survey about this measure. In section4 the
dynamical behavior of the system in free space, supported
with a sample case, is thus investigated followed by

analysis of the obtained results. In section5 the same
problem is placed in the context of a photonic band
structure, while two special cases are considered, i.e, PBS
model with anisotropic dispersion relation and stationary
regime of evolution. The results are summarized in
section6.

2 Model Hamiltonian in the interaction
picture and equations of motion

The interaction of a multi-mode quantized field of
frequencyωk with a single pumped three-level atom is
described by the Hamiltonian

Ĥ=

2∑

i=0

h̄ωiσii +
∑

k,λ

h̄ωka
†
kλ akλ

+ih̄Ω
(

σ12e
i(ωLt+φL)−σ21e

−i(ωLt+φL)
)

+ih̄
∑

k,λ

gkλ

(
â†

kλ σ02−σ20âkλ

)
, (1)

We let |0〉, |1〉 and |2〉 denote, respectively, the ground,
and the two excited levels of the atom. The quantitiesωL,
Ω andφL define, respectively, the angular frequency, the
Rabi frequency and the phase of the driving laser.
The first two terms of Eq.(1), whose sum denotes the
Hamiltonian of the unperturbated system,Ĥ0, stand,
repectively, for the Hamiltonians of the bare atom and the
photon reservoir (neglecting the zero-point energy) with a
large amount of independent harmonic oscillators. The
last two terms, whose sum denots the Hamiltonian of the
perturbated system ,̂H1, respectively represent the
Hamiltonian, ĤAL, of the interaction between the atom
and the coherent monochromatic laser field driving the
transition |2〉 → |1〉, and that,ĤAR, of the interaction
between the atomic transition|2〉 → |0〉 and the
environment, with â†

kλ and âkλ are the creation and
annihilation operators of the reservoir, via the electronic
transition dipole moment d̂20 with the
frequency-dependent coupling constant (assumed to be
real),gkλ = ω20d20 êkλ .d̂20/

√
2ωkε0V.

Working in the interaction picture, the interaction
version Ĥint = eiĤ0t/h̄

Ĥ1e−iĤ0t/h̄, of the system
Hamiltonian (1) reads

Ĥint = ih̄Ω
(

σ12e
i(µLt+φL)−σ21e

−i(µLt+φL)
)

+ih̄
∑

k,λ

gkλ

(
â†

kλ σ02e
iµkt −σ20âkλ e−iµkt

)
, (2)
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whereµL = ωL −ω21 is the relative detuning of the
upper transition |2〉 → |1〉 from driving laser and
µk = ωk − ω20 is the detuning of the radiation mode
frequencyωk from the atomic transition frequencyω20.
We proceed to solve the Schrödinger equation of motion
for |ψ(t)〉, i.e.,

|ψ̇(t)〉=−i Ĥint |ψ(t)〉, (3)

where|ψ(t)〉 is the state vector of the system any later time
t, and can be written as

|ψ(t)〉=C1(t)|1,{0}〉+C2(t)|2,{0}〉

+
∑

k,λ

Bkλ (t)|0,{1k,λ}〉 (4)

Note, when there is no driving field, our model system
can be viewed as a two-level system consisting of levels
|2〉 and|0〉, with the transition frequencyω20.
The equations of motion for the probability amplitudes
C1(t), C2(t) and Bkλ (t) are obtained by applying the
Schr̈odinger equation (3), assuminḡh= 1, as

Ċ1(t) = ΩC2(t)e
i(µLt+φL), (5)

Ċ2(t) =−ΩC1(t)e
−i(µLt+φL)

−
∑

k,λ

gkλ Bkλ (t)e
−iµkt , (6)

Ḃkλ (t) = gkλC2(t)e
iµkt . (7)

With the initial conditions,Bkλ (0) = 0 andC1(t = 0) =
C1(0), it is not difficult to obtain

Ċ2(t) =−ΩC1(t)e
−i(µLt+φL)−

∫ t

0
dt′C2(t

′)F(t − t
′
), (8)

whereF(t − t
′
) is the memory kernel and given by

F(t − t
′
) =

∑

k,λ

g2
kλ e−iµk(t−t ′), (9)

The determination of the memory kernel is related to the
reservoir spectral density [34].

3 The reduced density operator and
entanglement measure

A major thrust of current research is to find an efficient
and quantitative measure of entanglement for bipartite
system. The concurrence [33,34], negativity, [35] and
relative entropy [36] are some of these measures. Also,

one of these approaches that based on the eigenvalue
spectra of the system density matrices is entropy method
[37,38,39]. Entropy, known as von Neumann
entropy [37], is related to the density matrix, which
provides a complete statistical description of the system.
It is a commonly accepted fact that von Neumann
entropy [37] is the unique entanglement measure for
bipartite systems in a pure state [40]. In order to calculate
the entropyS(t), we must obtain the eigenvalues of the
reduced density operator. Recalling Eq. (4), the full
density matrix ρ(t) = |ψ(t)〉〈ψ(t)|, needed for
calculating the reduced density matrixρA(t), after the
tracing of the reservoir variables, is expressed as

ρA(t) =




ρ11 ρ12 0
ρ21 ρ22 0
0 0 ρ00


 , (10)

where

ρ11 = |C1(t)|2, ρ12 =C1(t)C
∗
2(t) = ρ∗

21,

ρ22 = |C2(t)|2, ρ00 =
∑

k,λ

|Bkλ (t)|2. (11)

In terms of the eigenvalues,χy, (y = 1,2,3), entropy can
be defined as follows [38,41]

S(ρA) =−
3∑

y=1

χy ln χy (12)

where χy, (y = 1,2,3) are the roots of the charactersic
equation of degree three

χ3− [ρ11+ρ22+ρ00]χ2+[ρ11ρ22+ρ00(ρ11+ρ22)−|ρ12|2]

χ +(|ρ12|2ρ00−ρ11ρ22ρ00) = 0 (13)

The reduced density matrix is, however, calculated in a
general form, hence, entropy of the system can be easily
copmuted. The results will depend crucially on the shape
of the memory kernel (9). To gain clearer insight, a
comparison between various shapes of the memory kernel
(9) is, however, efficient. This is precisely what is done in
the next sections.

4 Entanglement in the Markovian regime

Markovian interactions, i.e., interactions with free space,
are characterized by delta-function-dependent memory
kernel [23]. Thus, for the electromagnetic vacuum which
is characterized by the dispersion relationω(k) = ck, the
memory kernel Eq. (9) takes the form

F(t − t
′
) = γ20δ (t − t

′
), (14)
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where, γ20 = ω3
20d

2
20/(6πc3ε0), is half the spontaneous

emission rateΓ for the transition |2〉 → |0〉 in the
Markovian model.

If initially the atom is in the coherent superposition of
its two upper levels|2〉 and |1〉 where the radiation-field
reservoir is initially in the vacuum state, the initial state
atom-reservoir system can be expressed as

|ψ(0)〉=C1(0)|1,{0}〉+C2(0)|2,{0}〉, (15)

where,C1(0) = eiφp sin(θ) andC2(0) = cos(θ), with the
parameterθ measures the degree of excitation of the levels
|2〉 and|1〉. In this case, on using the initial condition (15)
with Eqs. (5) and (8), the amplitudesC2(t) andC1(t) can
be easily expressed, respectively, as

C2(t) =
∑2

l=1
C2(0)(sl+iµL)−ΩC1(0)e

−iφL

sl−sk
exl t , k= 1,2; l 6= k.

(16)

C1(t) =
∑2

l=1
ΩeiφLC2(0)−C1(0)(sk+iµL)

sl−sk
e(xl+iµL)t , k= 1,2; l 6= k.

(17)
with

xl =− γ20+iµL
2 +(−1)l+1

√(
γ20−iµL

2

)2
−Ω 2, l = 1,2.

(18)
For resonance driving laser,µL = 0, we can distinguish
three stages in the dynamics of the populations and entropy
according to the rootsxl . From equation (18), we have

xl =

{
1. negative 2Ω/γ20 ≤ 1
2. complex (with a real part equal to− γ20/2) 2Ω/γ20 > 1

(19)
In particular, when 2Ω/γ20 = 1, equation (18) has a
double rootx1 = x2 = −γ20/2, and Eqs. (16, 17) reduced,
respectively, to

C2(t) = e−
γ20
2 t

[
C2(0)−

(
γ20
2 C2(0)+ΩC1(0)e−iφL

)
t
]
,

(20)

C1(t) = e−
γ20
2 t

[
C1(0)+

(
ΩC2(0)eiφL + 2Ω2

γ20
C1(0)

)
t
]
.

(21)
Integrating Eq. (7) with the substitution of Eq. (20), by
using (11) and employing the integration, after some
algebra, yields

ρ00(t) = (1−e−γ20t)− γ2
20t

2(1+cosφ)
2

e−γ20t , (22)

whereφ is the phase difference,φ = φp−φL between the
driving laser,φL, and the relative phase,φp between the
states|2〉 and|1〉.

Entropy, S(t) and magnitude|C∗
1(t)C2(t)|2 of the

coherence, are depicted againstγ20t for degree of
excitation,θ = π/4, double angles of the relative phaseφ
and different driving laser strengthsΩ/γ20 in Fig.(1).
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Fig. 1: Coherence|C∗
1C2|2, and Entropy, forφ = π/2 (red),φ = 0

(blue) and different values of 2Ω/γ20 = 1,0.8,4.0, whereθ =
π/4.
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From the figures, we see clearly the effect of the damping
term e−γ20t , where decay to normal vacuum occurs after
few oscillations, but with different degrees according to
the change of the parametersφ andΩ/γ20. It is noticed a
rapid (whenφ = π/2) and slow (whenφ = 0) decrease in
the entropyS before decay to zero (field in the vacuum,
the atom in the state|0〉) due to the different de-phasing
of the off-diagonal coherences caused by environmental
influences [42], Fig.(1a). When φ = 0, S maximum
shifted left noticeably with amplitude remain fixed, see
Figs. (1b). Note, the slow and rapid decrease inS is due to
the time difference of populations of the symmetric and
antisymmetric atomic statesζ |2〉±η |1〉 to the upper state
|2〉 which, accordingly, decays to ground state|0〉, thus,
an early or late occurrence of energy exchange between
the atom and reservoir, and so, slow or rapid full
entanglement can occur. The effect when 2Ω/γ20 < 1 is
more pronounced. There is a point at whichS doesn’t
decay completely and regenerates before decays to zero
when φ = π/2, Fig. (1d). At this point, coherence
amplitude still have a value, because the symmetric state,
ζ |2〉+ η |1〉, doesn’t populate completely to the upper
state|2〉. This is due to the weakness of the driving laser
generates an intermediate level (level shift) rather than the
upper state|2〉 at which full entanglement can occur. In
other words, weak driving causes the symmetric atomic
stateζ |2〉+η |1〉 to decay to the ground state|0〉 before
full population to the upper state|2〉, as a result,S
increases and decays on a faster timescale and then
regenerates before damping to zero, see Fig. (1d).
Moreover, entanglement revives for longer timescal
before decaying to zero in the case of weak driving laser.
On 2Ω/γ20 becomes more than unity, generally, the
previous behavior is noticed except for, increasing driving
laser strength induces oscillations in the coherence
amplitude which makesS to decay and regenerate
frequent times before damping to zero, see Figs. (1e,f).

5 Entanglement in the non-Markovian
regime

5.1 Case (1): Entanglement dynamics through a
PBS with an anisotropic dispersion relation

The decoherence of quantum system is always
unavoidable because of the interactions with its local
reservoir. To set up a reduced environmental effects, we
now turn our attention to an action where the three-level
atom is located within a PBS. In a real 3D dielectric
crystal with an allowed point-group symmetry, the band
edge wavevector varies ask is rotated throughout the
Brillouin zone. Thus, a more realistic picture of the band
edge behavior requires the incorporation of the
Brillouin-zone anisotropy. In this case, the dispersion
relation for the photons in the radiation reservoir is
modified, with a gap(s) in the photon density of states. In

the anisotropic effective mass approximation [43] the
photon dispersion relation in a PBG material is given by

ωk ≈ ωc+A(k −k0)
2, (23)

where, ωc is the upper band edge frequency,k is the
wavevector, andA ≈ f ωc/k0, with the dimensionless
scaling factorf , measures the curvature of the dispersion
curve [25]. For (t − t ′) large enough to satisfy
ωc(t − t ′)≫ 1, the memory kernel Eq. (9), reads [21]

F(t − t
′
) =−β

ei[δc(t−t
′
)+π/4]

√
4π(t − t ′)3

, (24)

whereβ 2 = ωcρ2
20/(16f 3ω2

20), and the relative detuning
of the upper and lower transitions from the band-edge is
δc = ωc−ω20.
Under this form of the memory kernel Eq. (24), applying
the Laplace transforms and their inverse on Eqs.(5) and
(8), the amplitudesC1,2(t) can be evaluated in the form

e−iµLtC1(t) = eiδct
∑

m=1,2

a1,m eiϖ2
mt

+
βΩeiπ/4 ei(δc+µL)t

π

∫ ∞

0
dx e−xt F1(x)

I(x)
, (25)

C2(t) = eiδct
∑

m=1,2

a2,m eiϖ2
mt

+
βeiπ/4 ei(δc+µL)t

π

∫ ∞

0
dx e−xt F2(x)

I(x)
, (26)

where

ϖ1,3=−σ1±
√

C−−σ2
1 , ϖ2=ϖ∗

4 =−σ2− i
√

C+−σ2
2 ,

(27)
with

C± =±r +
√

r2+(Ω 2−δcµL −δ 2
c ),

σ1,2 =
1
4

(
β ±

√
β 2−4(µL +2δc)+8r

)
, (28)

r = 1
6

(
3(B−q)1/3−3(B+q)1/3+η2

1

)
, B=

√
p3+q2,

(29)

p=−η2
1 +3η2, q=−3

[η3
1

9
+

1
2
(η1η2+3η3)

]
,

(30)

η1=(µL+2δc), η2=
β 2

2
(µL+2δc)+4(Ω 2−δcµL−δ 2

c ),

(31)
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η3= [β 2−4(µL+2δc)](Ω 2−δcµL−δ 2
c )−

β 2

4
(µL+2δc)

2.

(32)
and

F1(x) = {[−x+ i(δc+µL)]e
iφLA2(0)−ΩC1(0)}

√
x, (33)

F2(x) = {[−x+ i(δc+µL)]e
iφLA2(0)−ΩC1(0)}

(−x+ iδc+ iµL)
√

x, (34)

I(x)= {[−x+ i(δc+µL)]
2+Ω 2}2+ iβ 2[−x+ i(δc+µL)]

2.
(35)

The coefficientsa(1,2),m wherem= 1,2, corresponding to
wm, which depends onΩ , δc andCj(0), are given by the
expressions

a1,m =
2ϖm

ϖmkln
[(ϖ2

m+βϖm+δc)C1(0)− iΩeiφLA2(0)],

(36)

a2,m =
2ϖm

ϖmkln
[(ϖ2

m+δc+µL)A2(0)+ iΩe−iφLC1(0)],

(37)
where,k, l ,n= 1,2,3,4,m= 1,2, andm 6= k 6= l 6= n, and

ϖmkln= ϖmkϖmlϖmn; ϖxy = (ϖx−ϖy), (38)

Sinceϖ1 is real, andϖ2 is complex (with negative real
and imaginary parts), the first terms in the right-hand side
of equations (??) and (26) are non-decaying oscillatory
terms, whereas the second term is also oscillatory but
decays exponentially to zero ast → ∞. The last terms
containing the integral decay to zero ast → ∞ faster than
the second term, so their contribution to the interaction is
eventually trivial and can be ignored, in this case the
amplitudesC1(t) andC2(t) read

C1(t)≈ ei(δc+µL)t
∑

m=1,2

a1,m eiϖ2
mt , (39)

C2(t)≈ eiδct
∑

m=1,2

a2,m eiϖ2
mt . (40)

Figure (2), illustrates the dynamical evolution of|2〉
population |C2|2 and entropyS, where the effects of
memory kernel function on the entanglement are
considered, for same initial relative phaseφ as in last
figures, but the driving laser strength is nowΩ/β 2 = 2,
where, we preserved the atom in an equal superpostion;
θ = π/4, and the detuning of the transition frequency
from the band-edge is assumed to have values
δc/β 2 = 0,1 while various detunings from driving laser,
µL/β 2, are considered.
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Fig. 2: Population|C2|2, and Entropy, whenΩ/β 2 = 2.0 andθ =
π/4, andµL/β 2 = 0.0 (red),µL/β 2 = 1.0 (green),µL/β 2 = 2.0
(violet), for δc/β 2 = 1.0 and different values ofφ = π/2,π/4,0
and−π/2. For (i, j),δc/β 2 = 0 andφ =−π/2.
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Fig. 3: Fig. 2 continued.

We note that, forφ = π/2, a highly non-Markovian
decay of both |C2|2 and S is exhibited where the
difference for varyingµL/β 2 is negligible, Fig. (2a,b),
while for other φ values, there is no decay to zero of
either |C2|2 or S. This can be illustrated as follows: As it
is known from the coupling of a two-level atom to the
PBS reservoir, the dressing of the atom by its own
radiation causes splitting of the atomic levels. This
splitting is sufficiently strong to push one level of the
doublets outside the gap and the other inside. The dressed
state outside the gap looses all its population in the
long-time limit, while the one inside the gap is protected
from dissipation and thus is stable [44]. This can be clear
from Eq. (40) which shows that level|2〉 is split into two
dressed states. This dressed-state splitting is the combined
effect of vacuum-field Rabi splitting by the gap [45] and
the Autler-Townes splitting [46] by the external field. The
dressed states occur at frequencies [noting that rootϖ1 is
real, whereas Re(ϖ2

2)< 0]

ω20− [δc+ Im(iϖ2
1)] = ωc− Im(iϖ2

1) = ωc−ϖ2
1 (41)

ω20− [δc+ Im(iϖ2
2)] = ωc− Im(iϖ2

2)

= ωc−Re(ϖ2
2) = ωc+ |Re(ϖ2

2)| (42)

The dressed state at the frequencyωc + |Re(ϖ2
2)| lies

outside the gap and decays at a rate of Im(ϖ2
2) which

resulted in the highly non-Markovian decay of the atomic
population, and as a result, a rapid decay of entanglement.
In contrary, the dressed state at frequencyωc − ϖ2

1 lies
inside the gap and corresponds to the photon-atom bound
dressed state with no decay in time, which means very
different spontaneous emission dynamics -from free
space- that depends strongly on the detuning
δc = ω20−ωc of level |2〉 from the upper band edge. In
other words, as the relative phaseφ decreases, thus, the
atom becomes more near to be in a superposition of its
two states. This is a novel behavior, due to the fact that
both transitions and not only one, are coupled to the same
structured continuum and we have the formation of a
”photon+atom” bound state [26,43,25,44,32], which
exhibits population trapping in both excited states, in the
long-time limit [44]. In this case, specially for symmetric
and antisymmetric statesζ |2〉±η |1〉, S grows up clearly
and reaches its steady-state value more quickly for
µL/β 2 ∈ [0,1]. This is due to the possibility of stimulated
transitions between either symmetric or antisymmetric
states and state|2〉. Note, an optimal entanglement with
the highest steady-state maximum can be reached on
negative relative phaseφ while µL/β 2 = δc/β 2 = 1, see
Figs. (2e,f) and (2g,h) , while for tunedω20 into the gap,
this feature can be seen whenµL/β 2 > 1, which means
that, pumping with classical laser of matching frequency
may suppresses efficiently the effect of the detuning from
the band gapδc/β 2, Fig. (2i,j). In the language of dressed
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states, the oscillations in|C2|2, hence inS, reflect the
interference between the dressed states of the atom. The
new feature that the PBS brings is in the creation of
long-lived correlations between the modified reservoir
and the atom that depend crucially on both PBS and
driving laser parameters and can increase above its initial
value. We see from the figures, how the correlation
evolves to this steady-state. This is due to the
phenomenon of population trapping which, in
consequence, is due to the presence of a PBG material
and is absent in free space. This trapped population gives
rise to the asymptotic correlation between the atom and
the field [9,19].

5.2 Case (2): Non-Markovian Entanglement in
the stationary regime

In the long-time limit, only the first terms in equations
(39) and (40) remain dominant, sinceϖ1 is real whereas
ϖ2 is complex with a negative real part. The steady-state
amplitudesCj(t) of the upper levels|2〉 and |1〉 are thus
given by

Cst
1 = a1,1 =

2ϖ1

ϖ1kln
[(ϖ2

1 +βϖ1+δc)C1(0)− iΩeiφLC2(0)]

(43)

Cst
2 = a2,1 =

2ϖ1

ϖ1kln
[(ϖ2

1 +δc+µL)C2(0)+ iΩe−iφLC1(0)]

(44)
Putting in mind that the quantity 2ϖ1/ϖ1kln in Eqs.

(43) and (44) is real, asϖ1 is real andϖ1kln is real too,
leads us to expect that the development of both
steady-state population,|Cst

2 |2, and steady-state entropy,
Sst, will evolve maximally or minimally according the
change inφ sign, while the shape of their behavior will be
determined and controlled by the driving laser strength
Ω . The detailed analysis is given in Figs. (4 and5).

Figures (4) and (5) show, respectively, the variation of
the stationary state evolution with respect to the detuning
δc/β 2 and driving laser strength parameterΩ/β 2, where
atomic degree of excitationθ = π/4 remains fixed for all
plots.

Generally, we can notice that, forφ = π/2, the
detuningµL/β 2 controls|Cst

2 |2 andSst to behave similar
to each other, see Figs. (4a,b,4g,h,5a,b and5g,h), where
as|Cst

2 |2 exhibits increasing,Sst shows increasing too, and
vice versa forφ = 0, Figs. (4c,d,4i,j, 5c,d and5i,j).

Figures (4e,f, 4k,l, 5e,f and5k,l), whereφ = −π/2,
show increase in both|Cst

2 |2 and Sst when µL/β 2

increases. A fine look at these figures can shed light on
some important details and give us a deeper insight into
the efficient effects of these parameters.

First of all, for a strong driving laser,Ω = 3β 2, as
δc/β 2 increases from zero (that is, as level|2〉 is pushed
farther away from the band edge into the continuum),
|Cst

2 |2 initially increases and attains its maximum value at
about δc ≈ 0.5β 2 before it begins to decrease very
rapidly, whileSst appears to be less sensitive in this stage,
specially forδc/β 2 < 0, where it decays very slowly from
its stationary value (of about 0.69 atδc = −2β 2). At the
point where |Cst

2 |2 begins to decrease,Sst decays very
rapidly too, Fig. (4c,d). This is because, there is a
fractionalized|Cst

2 |2 on the excited state|2〉 even when the
bare excitation frequency of this level lies outside of the
PBG, but not far from the band edge [21,30].

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.002

0.004

0.006

0.008

0.01

  δ/β2

|C
2|2

a

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.02

0.04

0.06

0.08

0.1

  δ/β2

En
tr

op
y 

b

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

0.1

0.12

0.14

0.16

0.18

  δ/β2

|C
2|2

c

c© 2013 NSP
Natural Sciences Publishing Cor.



Quant. Inf. Rev.1, No. 2, 23-34 (2013) /www.naturalspublishing.com/Journals.asp 31

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0.4

0.45

0.5

0.55

0.6

0.65

  δ/β2

En
tr

op
y 

d

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

0.2

0.25

0.3

0.35

  δ/β2

|C
2|2

e

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0.45

0.5

0.55

0.6

0.65

0.7

  δ/β2

En
tro

py
 

f

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

1

2

3

4

5

x 10
−3

  δ/β2

|C
2|2

g

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.02

0.04

0.06

  δ/β2

En
tro

py
 

h

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

0.165

0.17

0.175

0.18

0.185

0.19

  δ/β2

|C
2|2

i

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

0.655

0.66

0.665

0.67

0.675

0.68

  δ/β2

En
tr

op
y 

j

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

0.33

0.34

0.35

0.36

0.37

0.38

  δ/β2

|C
2|2

k

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

0.45

0.5

0.55

0.6

  δ/β2

En
tr

op
y 

l

Fig. 4: Population|C2|2, and Entropy in the steady state against
δc/β 2, when θ = π/4 and µL/β 2 = 0.0 (red), µL/β 2 = 1.0
(green), µL/β 2 = 1.5 (violet), for different values ofφ =
π/2,0,−π/2, whereΩ/β 2 = 3.0 for (a-f) andΩ/β 2 = 5.0 for
(g-l).
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In other words, asω20 is detuned further into the gap
(i.e. asδc/β 2 becomes more negative), a greater fraction
of the light is localized in the gap dressed state.
Conversely, asω20 is moved out of the gap, total emission
intensity from the decaying dressed state is increased [25,
47].

A comparison with Fig. (5i,j), where both|Cst
2 |2 and

Sst are function ofΩ/β 2, it is apparent that it is a limiting
case of Fig. (4c,d), where both|Cst

2 |2 and Sst begin to
increase to attain stationary state in the limit of stronger
driving laser. This is a general and common property that
can be noticed easily by comparing Figs. [(4a,b) and
(5g,h)], [(4e,f) and (5k,l)], [(4i,j) and (5c,d)] and [(4k,l)
and (5e,f)]. This is not the whole thing, where the effect
when the driving laser is detuned farther fromω21 is,
however, interesting. For fixed driving strength, the point
at whichSst begins to decrease from its maximum value,
of about 0.69 at aboutδ/β 2 = 1.5, asµL/β 2 increases, is
shifted left noticeably, see Figs. (4e,f), while an opposite
situation can be noticed for fixed detuning from the upper
band edgeδ/β 2, where, this point, at aboutΩ = 3.5β 2, is
shifted right remarkably, see Figs. (5k,l).
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Fig. 5: Population|C2|2, and Entropy in the steady state against
Ω/β 2, whereθ = π/4 and µL/β 2 = 0.0 (red), µL/β 2 = 1.0
(green), µL/β 2 = 1.5 (violet), for different values ofφ =
π/2,0,−π/2, whereδc/β 2 = 0.0 for (a-f) andδc/β 2 = 2.0 for
(g-l).

6 Conclusion

In summary, we present a scheme for preserving
entanglement in the steady state between parts of a
bipartite system ofΛ -type three-level atom coupled to a
vacuum reservoir. To achieve this goal, the upper levels of
the atom were coupled through a classical control laser
while the reservoir was engineered through locating the
atom into PBS, that allows for the formation of
non-Markovian effects. The analysis showed that,
engineering the reservoir, initial laser pulse strength, and
detuning from upper band edge frequency of the PBS,
play a crucial role in this process. We demonstrated that,
opposite to interaction in free space (the non-Markovian
effect is neglected), where entanglement sudden death
(ESD) is dominant, the existence of bound state of atom
and its reservoir and the non-Markovian effects supresses
decoherence noticeably, where, entanglement
preservation can be simply achieved. Moreover, the
process interplay near an off-resonance interaction with
upper band edge frequency is more advantageous than
that operating near on-resonance interaction. In the
longtime limit, the stationary entanglement evolves
towards maxima or minima according to the change in the
sign of the relative phase regardless of the value of the
relative detuninig between the upper levels and the pump
laser pulse, while its shape will be controlled by the
driving laser strength.
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