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Abstract: Scale-spaces play an important role in many computer vision tasks. Atitosgale selection is at the foundation of multi-
scale image analysis, but its performance is still very subjective andrieatpTo automatically select the appropriate scale for a
particular issue, a scale selection model based on information theorggeged in this paper. The proposed model utilizes mutual
information as a measuring criterion of similarity for the optimal scale seledtionulti-scale analysis, with applications to image
denoising and segmentation. Firstly, we focus on the morphologicahtmpédrased scale selection to image denoising. This technique
does not require the prior knowledge of the noise variance and cactiefly eliminate the variation of illumination. Secondly, we
develop a clustering based unsupervised image segmentation algoritteculsively pruning the Huffman coding tree. The proposed
clustering algorithm can preserve the maximum amount of informatioseeific clustering number from the information-theoretical
point of view. Finally, for the feasibility of the proposed algorithms, its tle¢ionl properties are analyzed mathematically and its
performance is tested by a series of experiments, which demonstraiteyibhls the optimal scale for our developed image denoising
and segmentation algorithms.

Keywords. scale selection, mutual information, denoising, segmentation

1 Introduction dynamics, cellular automatag{6]. Recently, effects have
been made to build the connection between macroscopic
Scale is of an important concept in the mathematical@"d  microscopic  level  in  physicochemical

modeling process for a variety of modeling fields. But the Modeling [-9].

choice of scale is quite complex. In a wide range of Itis vast for the application of scale-space theory and
chemical, physical, and biological systems, macroscopicits relationship among scales is complex. This study
coherent behavior emerges from interactions betweerocuses only on the optimal scale selection for the image
microscopic entities (molecules, cells, individuals in a processing task. Scale analysis is one of the most useful
population) among themselves and with their frameworks for many image processing task€-{12].
environment. In many cases, a macroscopic model (sucﬂ—he fundamental ideal behind hierarchical multi-scale
as the Navier-Stokes equations for fluid flow or a representation is to analyze with respect to scal@sly]
reaction-diffusion equation) has been formally derivedand itis commonly defined as the collection of the filtered
that quantitatively describes behavior at this level toimage.

perform a variety of tasks (e.g. simulation, optimization, In  some classical literatures,  multi-scale
bifurcation analysis) using analytical and numerical representation could be distinguished as three types. The
techniques I-3]. For many complex systems, however, first one is the wavelet transforml1§], which is
although evolution is observed at a macroscopic scale ofvidespread used in the field of image processing, such as
interest, accurate models are only given at a more detailedmage denosing  1[g], image and video
(fine-scale, microscopic) level of description (e.g.,it&t compression 17, 1§, and multi-modality
Boltzmann, kinetic theory of active particles, molecular registration L9]. By employing the windowing technique
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with variable-size region, wavelet transform is capable oftwo random variableX andY. We model an image(x)
decomposing a signal into multi-scale representation. Thes a random variable. Thus, the probability densityi(cj
second type is derived from the diffusion process andis denoted byp,(i) and is usually estimated from image
based on partial differential equatior®0]. It originates  histogram bins. Given two imagesx) andv(x), and then
from the conventional isotropic heat flow equation andthe mutual informatior(u,v) is written as follows:

has been widespread used in image filteri2d—p4],

segmentation J5-27] and inpainting 28-30]. And the I(u,v) = H(u) +H(v) —H(u,v), 1)
third type is based on the mathematical

morphology B1-33]. Most of the morphological filters n

generate nonlinear scales, which have exhibited H(u) = — Z\pU(i)log(pU(D)’ 2)
excellence performance in most image processing tasks i

comparing with the linear scale analysis. For example, the nom

features (e.g. edges, corners) of an image could be well H(u,v) = — ZZ puv(i, og(puv(i, j)), (3)
preserved by the nonlinear operator. as ’

Scale is the key parameter in the application of
multi-scale analysis and its performance critically whereH (u) denotes the Shannon entropy. It expresses the

determines the success of a multi-scale algorithm. Severdlverage information or uncertainty of a random variable
existing techniques for selecting the proper scale in imagéd obtains its maximum entropy only in the case of
denoising have been proposed recently by using optimafdually occurrence of the probability bind(u,v) is the
control theory B4, 35, asymptotic perturbation IOt entropy of u(x) and v(x) and expresses the
methods B6], minimization of the correlation of signal Misalignment between thempy,(i,j) is the joint
and noise 37], statistical model 38, 39, and Markov  Probability and measures the similarity betwegr) and
random field model 40]. However, all these methods V(X)- The joint probability is defined by:

require some prior of noise variance and its evaluation is . .
time-consuming and sometimes impractical. To improve Puv(i,j) = Xu(x) =1AVO%) = | : 4)

the robustness of scale selection, we extend the Quy

information-theoretic mode#[l] and propose a new scale . . -
selection algorithm, which is based on the maximization. The mutual information maximizes the amount of

of mutual information for morphological multi-scale |nformat|on_ if _random vanablesu(x)_ and_ v(x) are
representation correctly aligned. To express the relationship between the

Further, our proposed scale selection model is usecﬁ)”g'.naI Image g(x) and th? proc'essed image W'th
for unsupervised image segmentation, where themultl-scale algorithm, we define an information-theoretic

determination of number of cluster (NC) is treated as thefumt'on""l‘]t as follows:

selection of optimal scale. And the measuring criterion is -
from the computation of mutual information. Such = 1{u(), R (u(x))), ®)

criterion has been adopted towards image segmentatiofherep is an operational operator parameterized by scale
along with binary space partition method], simulated ¢ ¢4 instance, the morphological open operator for image
annealing method 48] and fuzzy C-means method yengising and clustering operator for image segmentation.
(FCM) [44,45]. Differ from those methods, our proposed — \yg seek to estimate the scalthat parameterizes the

algorithm could maintain the maximum amount of o, scale operator by maximizing its mutual information
information between the original image and segmente(i;n

X ) ) ver the scalé by:

images, and the convexity of solution could be guarantee

by employing the Huffman coding strategy. And all these t = arg maxd. (6)

well-pose properties are proved mathematically. t
The remainder of this paper is organized as follows.

Section 2 describes the proposed scale selection modﬁelln

and its application to image denoising and segmentation

We denote the mutual information between the original
age and the processed image as follows:

based on the objective functional of mutual information I, = 1 (u,Ru). @)
maximization. Experimental results are presented in ’
section 3 and conclusions are drawn in section 4. And the computation for the mutual information

between the original image and the residual of the
processed image is formulated as:

I =1(u,u—Ru). (8)

With the increase of the scale variab)ét is observed
In the information theory, the mutual information is that the growth for the amount of mutual information
defined as a measuring metric of statistical correlation forbetween ) and @) is opposite. One is increasing while

2 The proposed model

2.1 The model description

© 2013 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.7, No. 5, 1731-1742 (2013)www.naturalspublishing.com/Journals.asp NS 2 1733

16

the other is decreasing. For the convenience of Using Taylor expansion tdl@), we have:
comparison between7) and @), we normalize and

rewrite them as follows: Qu(x) = Sl;giBn fu(y) = u(x) —t-7u(x) +o(t), (14)
I (u,Ru)
l1= TR (90 whereo(t) is an infinitesimal of higher order to scalend
’ VU(x) is the derivative with respect to original image).
and Thus, we obtain the limit of the open operator as stale
= U= Ru) (10)  Vanishes:
[(u,u) tIiﬂ;l)otu(x) = u(x). (15)

In the following sections, we apply the above
normalized equations as a determining criterion for the
problem of scale selection in image denoising and

Meanwhile, we obtain easily the limitation of the open
operator as scaletends to infinite:

segmentation, respectively. lim Quu(x) = lim sup inf u(y)=C, (16)
t—oo =B ot yex+B

2.2 Maximization of mutual information for whereC is a constant. Equatiorl§) indicates that if the

denoising selected scale is sufficiently large, the filtered image by

open operator is a flat (or constant) image.
The residual of the opening compared to the original

2.2.1 Description of the denoising algorithm . .
image represents the top-hat transformation:

In this section, we focus on the denoising algorithm in the
multi-scale representation of morphological open Tiu(x) = u—Gu. (17)
operator. Accordingly, we rgplace the function operatorin = ¢ open operator suppresses fine details in the
(9) and Q0) with the specific open operatd. Open  jnages successively. Thus, when the opened image is
operation is a combination of dilation and erosion gypracted from the original, the desired detail is
operators, ~which —are fundamental operators iNgpiained #6). One of the potential applications for the
mathematical morphology. And the selection of the shapgq_pat transformation is to estimate uneven background
and size of the structuring element (SE) is Veryjymination. However, top-hat transformation would
fundamental and crucial. Unfortunately, the selection of ,nqerestimate the uneven background for small scale.
SE is subjective and empirical to a specific image gihenwise, it would overestimate the uneven background
processing task. To automate the selection of SE, W§o |arge scale. In other words, if the selected scale is too
parameterize the size of SE with scaland re-formulate  gq| “the result obtained from the top-hat transformation
the fundamental morphological operator from the s sensitive to noise. On the other hand, if the selected
multi-scale point of view. Then the problem of gcqie s too large, the top-hat transformation has no effect
determining the size of the SE becomes the problem of), the original image, since the opening is a flat image.

selecting the proper or optimal scale for a specific imageUtiIizing (16) and (L7), we formulated previous remark as
processing task.

i . followings:
The dilation operatob that computes the maximized
gray value over a given size of SB with scalet is - Tu . u-0u
described as: lim === lim ——— = u(x), (18)
Diu(x) = sup u(y). (12)
yex+tB and
When an image is dilated by the dilation operator, lim Tu(x) = Jim (u—Ou) =u—C. (19)

finer details (or noise) whose size is smaller than thé8SE

il be eliminated f the i o Bv i ing_the In order to choose the proper scale in the top-hat
wi eliminated from Imageé. by Increasing € . ansformation based image denoising, we utilize the

scalet from O to larger scale, a stack of filtered images IS hutual information of 9) and (0) as the quantitative

Obtggﬁdérsel the erosion operatd computes the criterion and present the following scale selection
versely, I p pu __algorithm {-De).

minimized gray value near the neighborhood and is
defined as follows:

Eu(x) = inf u(y). (12)  Algorithm: i-De
yex+tB
Parameter:
Then the open operatdd is defined as the dilation DenoteT as the number of iteration,
operator applied after the erosion: € as a small threshold parameter.
. Calculatel! (u, O¢u) at the initial scaleé = 1.
Owu(x) = sup inf u(y). (13) 1 (40w
B ctB yEX-‘rB/ DO fOf t - 2, 7-I—
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1.Compute top-hat transformation as v) the opened image could be viewed as a smoothed version
2.Calculate mutual informatiols andl; as follows: to the original image. Conversely, the top-hat transformed
image is the residual of the opened image to the original
I = I (u,Cru) (20) image. In other words, top-hat transformed image is

[(uu) ’ comparable to noise at small scale, just as demonstrated

in (18). Such an oscillation is caused by the existence of
noise, but the trend of the mutual information @fL) is
increasing.

Proposition 2. The formula of mutual information defined
in (20) and 1) will intersect at a certain scale.

Proof. By substituting 15) and (6) into (20), we could
easily conclude that the mutual information &f0) is
} ) decreasing from maximum mutual information (i.e.1) to
In the following experiments, we set the small minjimum mutual information (i.e. 0). Similarly, by
threshold parameterto 0.01. substituting {8) and (L9) into (21), we conclude that the
(21) is increasing from 0 to 1. Thus there is an
intersection for 20) and @1) at a certain scalé.l.

Remark. According to proposition 2, there is an
intersection point for the curves 02@ and @1) as the
scalet increases. And this point is indeed a turning point
firstly introduce the following theorem3pB] upon the as both of the mutual information become' convergent.
open (or sup-inf) operator. However, the gcale at th|s_p0|nt is not optlmal_as it is
) _ . demonstrated in our experimental results. And itize
Theorem 1. Let F(u € F) be a set of functions and itis  5igorithm gives a more optimized answer.
stable under contrast change, a@l be a function Not only does the scale model resolve the

operator  having a sup-inf form,  namely morphological denoising but also  unsupervised
Gru(x) = sup inf u(y). Then the sup-inf operator is ¢jystering. Next we present another algorithm of using the

B'etB yex+B' . . .
monotone and contrast invariant. scale model to determine the NC in unsupervised
segmentation.

According to monotonicity of the open operator given
in theorem 1, we introduce the following two propositions

that describe the monotonicity d2@) and @1). T . .
» y ey) 2.3 Maximization of mutual information for
Proposition 1. Let O be an open operatof, be a top-hat

transformation, andi(u,v) be the mutual information for segmentation
two random variablesi(x) and v(x). Then the mutual
information defined byZ0) is monotonically decreasing,

and the mutual information defined by21) is . . .
: : : Most of the unsupervised segmentation algorithms
monotonically increasing. ; : 9
, require some prior knowledge on the determination of
Proof. Equations 15) and (16) show that the opened NC. For example, we have the prior that the brain image
image is the original image at scale 0 and it tends to a flaf magnetic resonance imaging (MRI) can be classified
image at infinite scale. Combining with the monotonicity into cerebrospinal fluid, white matter, grey matter and
stated in theorem 1 we tell that the opened im@ge(X)  packground. However, it is sometimes difficult or

is decreasing monotonously from original image to thejmpossible for us to know the true NC without the
flat image as the scale increasing from O to infinite. specific domain knowledge.

pnly Wheq we galculate the mutual information of the {,e problem of selecting the proper or optimal NC in
image to itself, i.e.J(u,u) > I(u,v). Thus we conclude ynsupervised image segmentation, where level set
that the mutual information of 20) is decreasing fynctions are commonly used to describe the contrast
monotonously. Similarly, the mutual information &1)  jnvariant properties33]. The level set of an imaga(x)

is increasing monotonousiyl. with level t is written as &u(x) = {x:u(x) >t}, for
Remark. In our experimental results, we observed thatt € R. Here we treat a specific levelas a threshold for
the mutual information of 20) is indeed decreasing image segmentation. By adopting the Huffman entropy
monotonously, which conforms to our proposition 1. coding methodology, our algorithm subdivides an image
However, the mutual information of2{) is increasing into similar regions recursively according to a predefined
gradually with very small oscillation, but not criterion. The algorithm and its analysis are based on the
monotonicity. Such a phenomenon comes from the facinformation-theoretical functional described in section
that the computation of2Q) is insensitive to noise since 2.1 and the Huffman coding methodology. The Huffman

_ I(u,u—Gu)

l2= I (u,u) (1)

3l <1y andabs(l}‘1 —1}) < &, then output selected
scalet.

2.2.2 Analysis of thé-De algorithm

For the feasibility of the-De algorithm, we give some
proofs for the monotonicity of the proposed formula. We

2.3.1 Description of the segmentation algorithm
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sorting for the histogram bins in each stage guarantee2.3.2 Analysis of the segmentation algorithm

that our solution to the problem of mutual information

maximization is not a local one, but a global one. We The main idea behind the analysis feBe algorithms is
denote our proposed segmentation method i«  to derive monotonic and smooth properties on the mutual
algorithm and its pseudo-code is described as follows.  information based formula o26) and further to point out
that the solution to theSealgorithm is convex. We begin
with the following two inequality equations (proofs for the
following two lemmas are given in the appendix).

Algorithm: i-Se Lemma 1. Let p, g be the probability density function and
r = p+q, then we have-rlog(r) < —(plog(p) +qlog(q)).

Lemma 2. Let Su(x) be the segmented image at the level
of t for an imageu(x). Then the joint entropyH (u, Su) is

Parameter:
DenoteT as the number of maximum intensity bin for an

imageu(x), Sas the clustering operation. . : .
geu(x) gop invariable at any clustering level bf

t _
Calculatel; (u, Su) atscald =T. With the two lemmas, we have the following
Dofort=T-1,...,2,1 proposition.
. NP _ Proposition 3. Let Su(x) be the segmented image at the
1.Calculate probability density (i), i € [1,t]; clustering level of for a random variable af(x). With the

2.Sortpy(i) in descending order; ", attenuation of level variableg the mutual information for
3.Combine the lowest two ordered probabilities, and|(u Su) is monotonically decreasing.

produce a weighted intensity as follows: Proof. To prove the above proposition, we only need to
: N : prove that the mutual information dfu,Su) is greater
_ p”(l.) X P”(J)‘ (22) than  I(u,S_1u). From (1),( v3e have
Pu(i) + pu() l(u,Su) = H(u) + H(SuU) — H(u,Su) and
I(u,S-1u) = H(u) + H(S-1u) —H(u,S_1u). According
to the definition of Shannon entropy and lemma 1, we
haveH(Su) > H(S_1u). With the proved lemma 2, we

k

Now the probability of intensitk becomes:

Py (k) = p (k) + py(k), (23)  immediately have(u,Su) > | (u,S_1u). .
Construction of Huffman coding tree in theSe
where ) algorithm plays an important role in obtaining global
pu(K) = pu(i) + pu(j)- (24)  minima. Otherwise, the convexity for the mutual

) ) ) _information of @5) is not guaranteed. Such non-convex
And the following diagram illustrates our clustering spjution is commonly existed in classical FCM algorithm
process based on Huffman coding strategy: and could be obviously observed in our following
experimental result for the classification of the
computerized tomography (CT) phantom image. In other
words, the solution for FCM is local minima. Thus, to

t t1 t—2 find globally minima solution, théSe algorithm adopts
2.(r) 2.(r) the method for the construction of minimum-redundancy
codes in Huffman entropy coding by merging the lowest
. : : two ordered probability density bins successively.
: p (k)} Meanwhile, from proposition 3 we have:
p.(J) Pu(s)
p.(1) di' =1{(u,Su) — 17 H(u,S-1u) = AHY(Su).  (27)

Equation 27) indicates that it is redundancy to
) ) o compute some of the terms for the mutual information in
4.Calculate following mutual information: (25). Thus, we simplify thei-Se algorithm to increase

computation speed by deleting redundancy term.

I = (u.S), (25)
Algorithm: i-Se (simplified version)
t — J—
2= (uu=-Su). S —
5.If 11 < I andabs(I*1 —It) < ¢, then output selected DenoteT as the number of maximum intensity bin for an
NCt. imageu(x), Sas the clustering operation.

Calculate entropyd! (Su) at scalet = T.
Dofort=T-1,...,2,1
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1.Calculate probability densityy(i),i € [1,t];

2.Sortpy(i) in descending order;

3.Combine the lowest two ordered probabilities, and
produce a weighted intensity as 22;

4.Calculate Shannon entropy as follows:

H'=H'(Su). (28)

5.1f AH' = H*! — H! < ¢, then output selected NIC

3 Experimental results

3.1 Denoising results

Fig. 1: Denoising for rice grains image. (a) Original image. (b)
In the experiments of multi-scale-De denoising  Opened image at scale 6. (c) Opened image at scale 10. (d)
algorithm, we focus on the non-uniform background, Threshold image at scale 0. (e) Threshold image at scale 6. (f)
which could be effectively subtracted from the original Threshold image at scale 10.
image through top-hat transformatiod€]. And the
transformed images are further segmented to validate the
i-De scale selection algorithm.

Figure 1(a) is an original rice grains image with 0.7
uneven illumination. After the threshold segmentation
applied to the original image, we obtain the segmented
result in Fig. 1(d), where we could observe that the rice
grains at the bottom of the image could not be extracted
ideally from the uneven background. It is pointed out
in [46] that as long as the SE is large enough, a reasonable
estimation of the background illumination could be
obtained by opening the original image. But it is
subjective to select the appropriate scale. Figure 2
demonstrates the diagram for the mutual information of 0.1}
(20) and @1) with the increasing scaleand it conforms
to our prediction to thel; and I3 in proposition 1:I; 00 5 10 15 20 25 30
decreases monotonously ahdincreases monotonously. Scale t
However, I; and |, are not convex functions. Its
non-convex property is demonstrated in Fig. 3, where itFig. 2. Mutual information of 20) and 1) for grains image at
illustrates the oscillation for the difference bf and I-. various scales.

Figure 1(b) illustrates the opened image at scale 6, where

the mutual information of Z0) and @1) is intersected.

And it is envisaged that the scale at this intersection point

is not optimal. It is incorrect for the estimation of a rice algorithm predicts that the optimal scale is 15. For
grain marked out in a circle in Fig. 1(b). Conforming to comparison with other scales, we have chosen the
the empirical selection of the scale g, thei-De scale  representative scales at 5 and 30. The images in the first
selection algorithm has chosen the scale 10 and theow of Fig. 4 are the top-hat transformed images at scale
promising results are illustrated in Figs. 1(c) and (f). 0, 5, 15, and 30, respectively. The images in second row

Figure 4(a) is an X-ray vessel medical image with are the corresponding segmentation results using level set
uneven background. Figure 4(e) demonstrates thenethod. The third row shows the estimation of uneven
segmentation result by using the level set methbd {o background. From these images, we could conclude that
the original image. The level set stop evolving to the leftif the scale is not sufficiently large, it would produce an
bottom part of the vessel and fail to segment such a vesselnderestimated image, which could lead to some leakages
image with uneven background. In this study, top-hatin the vessels boundary marked as circles in Fig. 4(f). On
transformation is used to eliminate the uneventhe other hand, larger scale selection would come to an
background. The mutual information and its difference of overestimation to the background. Only the proper scale
(20) and Q1) for the vessel image are demonstrated incould result in the promising segmentation result
Figs. 5 and 6, respectively. And thée scale selection demonstrated in Fig. 4(g).

o
3]

o©
~

o
)

Mutual information

o
)
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Fig. 3: Difference of mutual information for Fig. 2. Fig. 5: Mutual information of 20) and @1) for vessel image at
various scales.

0.05

-0.057

-0.1y

Difference of mutual information

——dI2

-0.15 : :
0 10 20 30
Scale t

Fig. 6: Difference of mutual information for Fig. 5.

(i) () (k)

Figures 7 and 8 illustrate the segmentation results by

Fig. 4: Denoising for vessel image. The images in first row are using the FCM and the-Se clustering methods. The
Tiu at scale 0, 5, 15, and 30, respectively. The images in secondielationship between mutual information and NC are
row are the segmentation results corresponding to the first rowllustrated in Figs. 9 and 10, where the mutual
using level set method. The third row shows the estimation ofinformation of formulas 25) and @6) are plotted. It
uneven backgroundu, corresponding to the scate5, 15, 30.  verified to our proposition 3 that the mutual information

of 11 is increasing monotonously and convergent to 1.0 as

the NC increases. Meanwhilel, is decreasing

) monotonously and reaches to 0.0 as the NG.

3.2 Segmentation results Figure 11 demonstrates that the amount of mutual

information for thei-Se algorithm is more than for the
The first experiment for testing théSe clustering FCM clustering algorithm when the NC is 2 or 3. It
algorithm is conducted on a Shepp-Logan head phantonrmeans that the segmented result from s algorithm
image, which is used widely by researchers for validatingcontains more detail information in the image, which is
their numerical accuracy of any two-dimensional CT envisaged by comparing Figs. 7 (b) and (c) with Figs. 8
reconstruction algorithms. We choose such a test imagéb) and (c). Meanwhile, the FCM method is a local
for its six known clusters, which has the intensity value of algorithm and leads to different segmentation results due
0, 26, 51, 77, 102, and 255, respectively. to the different initialization for clustering center. $uc
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0.8f

0.67

(a) Original image (b) NC=2 (c) NC=3

0.41

Mutual information

0.2¢

—o— |2

(d) NC=4 (e) NC=5 (f) NC=6

Fig. 7. Segmentation of head phantom image using FCMirnage
algorithm. ’

2 3 4 5 6
NC

Fig. 9: Mutual information of FCM algorithm for head phantom

0.8f

0.61

(a) Original image (b) NC=2 (c) NC=3

0.41

Mutual information

0.2+

—o— |2

(d) NC=4 (e) NC=5 (f) NC=6

NC

Fig. 10: Mutual information ofi-Sealgorithm for head phantom

Fig. 8: Segmentation of phantom image usirgealgorithm. image.

local phenomenon is illustrated in Fig. 12, where such
local method could not guarantee the monotonicity for the
difference of mutual information. On the contrary, Fig. 12 0.8}
demonstrates that the curve of the difference of mutual
information for thei-Se algorithm is smoother. More
importantly, it is monotonically decreasing.
The second experiment for testing th8e algorithm

is conducted on a real cerebral CT image. It is not a
synthetic image and we have no prior knowledge to its
exact NC. Figure 13 shows the testing CT image and the .2}
segmentation results using FCM airfealgorithms. The
relationships between mutual information and NC, and

0.67

0.41

Mutual information

——FCM
—o—j-Se

between the difference of mutual information and NC are 1
demonstrated in Figs. 14 and 15, respectively. As shown
in Fig. 14, with the growth of NC, the mutual information

2 3 4 5 6
NC

of equation 25) is increasing both for theSeand FCM Fig. 11: Comparison of mutual information for FCM arne

algorithms. But it could also be observed that the mutuaf@gorithms.
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Fig. 12: Comparison of the difference of mutual information for Fig. 14: Comparison of mutual information for CT image using
FCM andi-Sealgorithms. FCM andi-Sealgorithms.

0.2
c ——FCM
0 .
g —o—j-Se
5 0.15(
kS
©
=
5 I
2 0.1
S
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Fig. 13: Segmentation for CT image. (a) Original image. (b) 5
FCM segmentation result. (€Sesegmentation result. E ?
O 1 L
0 5 10 15

NC

Fig. 15: Comparison of the difference of mutual information for

information is greater for theSe algorithm than for the ~ CT image using FCM andSealgorithms.
FCM algorithm in the case of the same NC. In
comparison, more detail information is preserved in the
i-Se segmented image compared with the FCM
segmentation result. Such advantage is even more obviou
with the increase of NC. As is shown in Fig. 15, with the
growth of NC, the difference of mutual information for
the FCM algorithm is oscillatory decreasing, while the
decreasing for thei-Se algorithm is monotonically
decreasing.

(a) (b) ()

The third experiment for testing theSe algorithm is
conducted on the Lena image. The experimental result
are demonstrated in Figs. 16-18. To compare the results
between cerebral CT image and Lena image, our method
can effectively preserve the detailed information in the
segmented images. More intensive experiments are
conducted on other testing images to validate the
effectiveness of thd-Se algorithm, which reveals the
internal relationship among the original image and the
segmented images.

Fig. 16: Segmentation for Lena image. (a) Original image. (b)
CM segmentation result. (eSesegmentation result.
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Using thei-De algorithm, we are capable of selecting the

o©
3

——FCM proper scale to eliminate uneven background. Such
0.6 ——i-Se | non-uniform illumination is a common phenomenon in
most camera or medical images. Finally theSe
§05 algorithm outputs the proper level for -clustering
g segmentation. At such scale we can obtain the maximum
S 0.4 amount of information for segmented image.
=03 A weakness of ourSealgorithm is that only the grey
g~ feature is considered in the model, while other features
g 0.2 (such as spatial correlation among pixels, boundary, and
texture) are not taken into account. A more detailed
0.1 model for their local correlation would be needed in order
to produce more reliable results.
0,¢ 5 10 15 20 Many other modeling tasks, such as chemical,

NC physical, and biological modeling, could have been
explored using the scale-space theory. However, in the
Fig. 17: C_ompariso_n of mutual information for Lena image using present study our main aim was to develop a scale
FCM andi-Sealgorithms. selection criterion for image denoising and segmentation
tasks. In the future, we will do more investigation for the

application of our algorithm to other modeling tasks. And

014 most of these limitations will be dealt with in future

c research.

2 0.12]

£

£ 0.1y .

£ Appendix

S 0.08f

g 0.06! Following we give the detailed proof for the lemmas in

I section 2.3.

()

% 0.04r Lemma 1. Let p, q be the probability density function and

g 0.02 | r = p-+q, thenwe have-rlog(r) < —(plog(p) +qlog(q)).

[a > Proof. As p, g are probability functions, we have
00 5 10 15 0< p<1and0<g<1. By an increasing argument for

NC the function f(x) = x3, a € [0,1], x € (0,0), it can be

shown that{p+q)P > pP and(p+q)9 > g9. So we have

Fig. 18: Comparison of the difference of mutual information for " — (p+Q) p+a pP x . Applying log operator to both

Lena image using FCM arigSealgorithms. side yieldsrlog(r) > (plog(p) + glog(q)). The lemma
follows immediately[].

Lemma 2. Let Su(x) be the segmented image at the level

4 Conclusion and discussion of t for an imageu(x). Then the joint entrop¥ (u, Su) is
invariable at any clustering level of

In this paper, we make use of mutual information as aProof. For the self-joint entropyH(u,u), we have
measuring criterion of similarity for the optimal scale pyy(i, j)li=j # 0 andpyy(i, j)|i+j = 0. In other words, the
selection in multi-scale analysis, with applications to self-joint entropy is a diagonal matrix. Providing that we
image denoising and segmentation. Firstly we express theombine any of two intensity probabilities estimated from
image processing operator in multi-scale space andi(x), e.g.i andj, it produces a weighted intensity &2).
propose a mutual information based functional. ToNow the probability of intensityk for Su(x) becomes
morphological open operator, we preseni-Be scale (23). So we have the following shifting for the joint
selection algorithm, whose advantage is that it canhistogram in the diagonal matrix ofH(u,u):
automate the scale selection for the multi-scalepyy(k.k) — pusu(k.K), puu(i,i) — Ppusui,k) and
representation of images. To clustering operator, wepuu(j,j) — Pusu(],K). As clustering only shifts the
present a-Seclustering algorithm by treating the specific element in the joint distribution, it does not change the
level t as a threshold for image segmentation. For thetotal value for the joint entropy. That means
feasibility of thei-De andi-Se algorithms, we make the H(u,u) = H(u,Su). Similarly, we have H(u,u) =
detailed mathematical analysis, mainly to the H(u,S_1u). So we haveH (u,Su) = H(u,S_1u) and the
monotonicity and smoothness of the objective formulas.lemma follows immediately.].
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