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Abstract: In this paper, we determine some stability results concerning the cubitdnakequation

k(k* + 1)

5 @ty + fl@—y)]+ ¢ = Df),

Ef(x+ky) + f(kx —y) =

wherek > 2 is a fixed integer, in the setting of intuitionistic fuzzy normed spaces (IFR@}ther we study the intuitionistic fuzzy
continuity through the existence of a certain solution of a fuzzy stability pnolide approximately cubic functional equation.

Keywords: Intuitionistic fuzzy normed spaces, Cubic functional equation, Hydasraltability.

1. Introduction and preliminaries version of the theorem of Hyers for approximately linear
mapping was given by Th.M. Rassidf]. A number of

Sometime in modeling applied problems there may be e{‘?athema“daﬂs_ were attracted by th_e result of Th'M'. Ras-
degree of uncertainty in the parameters used in the modej @S- The stability concept that was introduced and inves-
or some measurements may be imprecise. Due to such fe gated by Rassias is called the Hyers-Ulam-Rassias sta-
e o o Sy ey st dcads, v Sty s o
equations in the fuzzy setting. The notion of fuzzy sets wa

firstintroguced by Zayderem ih 1065 which is & pgwerful gated by a number of authors (c.f, #-12,14,15, 21,23~
hand set for modeling uncertainty and vagueness in vari2> 27, 28]) and references therein. _

ous problems arising in the field of science and engineer- _Recently, Bae, Lee and Parg][established some sta-
ing. For the last four decades, fuzzy theory has becom@ility results for the functional equation

very active area of research and a lot of developments have

been made in the theory of fuzzy sets to find the fuzzy kf(z+ky) + f(kx —y)

analogues of the classical set theory. The notion of intu-

itionistic fuzzy norm (seel[3,16-19,22,29)) is also useful k(K2 +1) .

one to deal with the inexactness and vagueness arising in = ——— [f(z +y) + f(z —y)] + (K" = 1) (1),

modeling. There are many situations where the norm of a

vector is not possible to find and the concept of intuition-where £ > 2 is a fixed integer, in the setting of non-

istic fuzzy norm seems to be more suitable in such casesArchimedeanc-fuzzy normed spaces.

that is, we can deal with such situations by modeling the In this paper, we determine some stability results

inexactness through the intuitionistic fuzzy norm. concerning the above cubic functional equation in the
In 1940, S.M. Ulam 30Q] raised the following question. setting of intuitionistic fuzzy normed spaces (IFNS). We

Under what conditions does there exist an additive map-also study the intuitionistic fuzzy continuity through the

ping near an approximately addition mapping? The casexistence of a certain solution of a fuzzy stability problem

of approximately additive functions was solved by D.H. for approximately cubic functional equation.

Hyers [B] under certain assumption. In 1978, a generalized
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In this section we recall some notations and basic

definitions used in this paper.

Definition 1.2. A binary operationk : [0,1] x [0, 1] —
[0,1] is said to be aontinuous t-norm if it satisfies the
following conditions:

(a) = is associative and commutativ@, = is continuous,
(¢c)ax1=aforallaecl0,1], (d) ax*b< cx*dwhenever
a < candb < d for eacha, b, c,d € [0, 1].

Definition 1.3. A binary operation) : [0, 1] x [0, 1] —
[0,1] is said to be aontinuous t-conorm if it satisfies the
following conditions:

(a’) < is associative and commutativg)/) < is contin-
uous,(c’) a0 = a for all a € [0,1], (d') adb < c{d
whenever: < ¢ andb < d for eacha, b, c,d € [0, 1].

Using the notions of continuousnorm andi-conorm,
Saadati and Park2p] introduced the concept of intuition-
istic fuzzy normed space as follows:

Definition 1.4. The five-tuple(X, u, v, *, {) is said to
be anintuitionistic fuzzy normed spaces (for short, IFNS)
if X is a vector space,is a continuoug-norm, <) is a con-
tinuoust-conorm, andu, v are fuzzy sets oX x (0, o)
satisfying the following conditions. For every,y € X

ands,t > 0
(1) (1) +v(z,t) < 1, (id) p(x, ) > 0, (i) p(z, t) =
pwlax,t) = p(x, L) for each

if and only if z = 0, (iv) ) Ta

a#0,(v) p(z, t)xpu(y, s) < plz+y, t+s), (vi) p(z, ) :
(0,00) — [0, 1] is continuous(viz) hm w(z,t) =1 and

fli_r}r%u(x,t) =0, (viii) v(z,t) < 1, ( ) v(z,t) = 0ifand
only if z = 0, (z) v(ax,t) = v(z, |a‘) for eacha # 0,

(@i) v(z, )Ov(y,s) = v(z +y,t + ), (wid) v(z,) :
(0,00) — [0, 1] is continuous(xziii) fli{?o v(z,t) =0and

}ir% v(z,t) = 1.

t—>
In this cas€ u, v) is called arintuitionistic fuzzy norm.
Example 1.1.Let (X, ||.||) be a normed spacex b =

ab anda{b = min{a + b,1} for all a,b € [0, 1]. For all
x € X and everyt > 0, consider

if t>0
N
ui,t) {0 it t<o, and

lzll s
v(z,t) =< trlel if £>0
0 if t<0.

*,<») is an IFNS.

Then(X, u, v,

The concepts of convergence and Cauchy sequences in

an intuitionistic fuzzy normed space are studied2€][
Let (X, u, v, %, <) be an IFNS. Then, a sequence=

(x1) is said to bentuitionistic fuzzy convergent to L € X

if lim p(ay — L,t) = 1 andlimv(zy, — L,t) = 0 for all

t > 0. In this case we write;, I I ask — oo.

Let (X, u, v, *,<$) be an IFNS. Theny = (zy) is said
to beintuitionistic fuzzy Cauchy sequence if lim pi(zj4, —
x,t) = Landlimv(zg4, — zx,t) = 0 forall ¢ > 0 and
p=1,2,---

Let (X, u, v, *,<$) be an IFNS. ThelX, u, v, x, {) is
said to becompleteif every intuitionistic fuzzy Cauchy se-
quence in( X, u, v, x, $) is intuitionistic fuzzy convergent
in (X,ILL,I/,*,O)-

2. Intuitionistic fuzzy stability

The functional equation
kf(x+ky) + f(ka —y)

_ @mﬁw fla—y)+ & - 1)f(y), (2.1)

wherek > 2 is a fixed integer, is called theubic func-
tional equation, since the functiorf(z) = c2? is its so-
lution. Every solution of the cubic functional equation is
said to be aubic mapping.

We begin with a generalized Hyers-Ulam-Rassias type
theorem in IFNS for the cubic functional equation.

Theorem 2.1. Let X be a linear space and let

(Z,1',v') bean IFNS. Letp : X x X — Z be a function
such that for somer > &3

;/(so(i,om)z W (p(z.0),a1) and

(oG 0ne) <V e@0.an,  (22)
. ’ 3n x Y —
and nlgr;@p (k o, k,”)7t>1 and
: 3n Yy _
nh—>HoloV (k o5 ) t)— 0 for all 2,y € X and

t > 0. Let (Y, pu,v) be an intuitionistic fuzzy Banach
space and lef : X — Y be ay-approximately cubic
mapping in the sense that

u(kf(m +ky) + f(ka —y) — B0 [f(x +y)
e y>] . 1>f(y>,t> > W (p(a.y). 1),
v(kf(w T ky) + flke —y) - HOEED [f(w 1y

e y>] . 1>f<y>,t) <V (p(a,y).)

(2.3)
forallt > 0 and allz,y € X. Then there exists a unique
cubic mappingy : X — Y such that

(a— K3t

5 ) and

p(g(x) = f(x),t) = 1 (p(,0),
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: (o — k)t e
v(g(z) — f(z),t) < V' (p(2,0), #) (2.4)  forallz € X,t > 0andn > 0 where HO aj = ap xas *
j=

forall z € X and allt > 0.

Proof. Puty=0 in (2.3). Then for alk: € X andt > 0

p(f (k) — K2 f(x),t) = ' (p(2,0), ¢)

which implies that

Replacing: by z/k™ in (2.5), we get
(B ) — K, )
> (w(ki’ 0),at> > i/ (p(,0),0"*'t) and
o (B0 f i) B ) 0 )

</ (ol 00at) < V(o(a.0), ")

Replacingt by t/a™*1, we obtain

n—1
X Ay, H bj = b1<>b2<><>bn

7=0
By replacingz with z/k™ in (2.7), we get

n—1 ;
L3G+m) ¢
) D a]+m+1>

Jj=0

M<k3(n+m)f(kn+m) k?)mf(

> (@(,;,O)J>Z ' (@(x,0),t) and

n=lg3(54m)
3(n+m T 3m z k 4
V(’f O ) = K (), a]+m+1>

Thus,
n+m—1 3j
3(n+m) 3 T k>t
(i a3 )
j=m
>yt (¢(2,0),t) and
n+m—1 3j
3(n+m €z Sm k t
I/<I€ ( )f( kn+m) f(k‘m) . Oéj+1>
j=m

<V (p(x,0),1)
forallz € X,t > 0,m > 0andn > 0. Hence

(MWMﬂﬂwﬂn—kwvuzLQ

> M’(W(%O)’Hm_ﬂy) and
Z k2Jt

M kS(n+1)f(knx+l) k3nf( )7 5:1&)
, i ¥1
> i (p(x,0),t) and = (2.8)
BO) (W ) — B ().
V<k3("+1)f(;€f+1) k3nf( ), §Z+151> fntm k™
<V (p(2,0),1). </ (00t ).
P2y pEa
It follows from k*"f(:%) — f(a) = '
n—1 3(4) . forallz € X,t > 0,m > 0andn > 0.
J x J < .
]go (k Fleer) = kY f(5 ) and (2.6) that Sincea > k3 and > (%3) < oo, the Cauchy crite-
7=0
M(kgmf( s ) fa) n=1 ijt> rion for convergence in IFNS shows théd@”f(kﬁ)) is
)T v 2y Qifr
N J=0 ‘ a Cauchy sequence ifY, i, v). Since (Y, i, v) is com-
> EBUTD f(21) — B3 f(& ’k;“”fi) plete, this sequence converges to some pgin) € Y.
B H u( f(k' ) IG5 o Fix 2 € X and putm = 0 in (2.8) to obtain
> W (p(x,0),1) and
- )~ f@)t) = i (el 0), - — ) and
U(k?’"f ) Z 5:12) 1% kn x), Z B\ P, S m—1 i
T 3(3+1) 3j pray Kt =0 o
<o (0 ﬂ“‘k”“”““> (s = @) <o/ (4000 )
= v ) — T X)), S v\ ey, o )
(p(.0),1) k '
(2.7) =
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forall ¢ > 0 andn > 0. Thus we obtain

u(g(x)—f()t)>u<() B >t/2)

t )
)
n—1 135

*u(ksnf(;:;z) _f(a:),t/2>2 I <<p(x,0)7 =
j=0

vglo) - £2).0) < v (5() ~ K" £ 0/2)

t >
n—1 13

<>V<’f3nf(/:n) f(x),t/Q)S V’(Sﬁ(x,())a S
=0

for large n. Taking the limit asn — oo and using the
definition of IFNS, we get

o) = 1(0.0) 2 ¢ (90,0, 25 ) ang

(a— k?’)t)’

vlata) = 1.0 </ (.0, 05

forallz € X, t > 0. Replacer andy by «/k™ andy/k",
respectively in (2.3), we have

(kSnf(:L’+ky) kS”f(kziy) B k(k2+1)

|:k‘3nf($+y) k,an(xk_y

+k37L(k4 _

and

(k3"f(x+ky)+k3"f( y)_

')
_1)f(lgl)’t)gy/((p(lj“kyn)’;£n)

forall z,y € X and allt > 0. Since

R (=

[Wf(

+E3 (B

lim p <k3” (- ki),t):l and

n—oo

. 3n Y _
i v (Ko )=
forall z,y € X and allt > 0. We observe thag fulfills
(2.1). Thereforey is a cubic mapping.
To Prove the uniqueness of the cubic mappin@s-

sume that there exists a cubic mappingX — Y which
satisfies (2.4). For fix € X, clearlyk*"g(:%) = g()

andk*"h(%) = h(x) for all n. €. It follows from (2.4)
that
pla) = (a6 = (K0~ K. )
3n n L
Zu(kdg 7 ),2>
n n t
(I - ). 5 )
x (a — kg)
= H (‘p O o >
(o — k3)t
2 (0 )
and similarly
i3
vlata) ~ hont) < v (lo.0), G )

n 3
Since lim k) — o asa > k3, we get

n—oo 2k:3
a(a — k3)t>_ )

lim 4/ (w(ar, 0),

n—s 060 2k3n
and . 5
Jim v (ap(x, 0), W) =0.
Therefore
ulg(a) — h(z),t) = 1 and v(g(z) - h(x),t) = 0,

forallt > 0. Henceg(z) = h(x).
This completes the proof.

In the following theorem we considér< o < k3.

Theorem 2.2.Let X be a linear space and let
(Z,1/',v")beanIFNS. Letr : X x X — Z be a function
such that for somé < o < k?

p (e(kx,0),t) = p'(ap(x,0),t) and
V(p(kz,0),t) < v/ (ap(x,0),1),
and  lim g/ (o(k"x, k"y), k>"t) = 1
n— oo
lim v/ (p(k"z,k"y),k*"t) = 0 for all z,y in X
n— 00

andt > 0. Let (Y, i, v) be an intuitionistic fuzzy Banach
space and lef : X — Y be ay-approximately cubic
mapping in the sense that

and

u(kf(w T ky) + flke —y) - BOHD [f(m 1y
o y>] (k- 1>f<y>,t) > W (p(a.y). 1), and
v(kf(:c k)t f(ke - y) — B [ﬂx )

. y>] . 1>f<y>,t) <V (p(a.y). 1)
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forallt > 0 and allz,y € X. Then there exists a unique Z, respectively. Letp : X x X — Z be defined by

cubic mappingy : X — Y such that

o) = 121,02 ¢ (0,0, =) ang

-«
vlate) - font) < (it0), 5

forall z € X and allt > 0.

Proof. The techniques are similar to that of Theorem

2.1. Hence we present a sketch of proof.#ut 0 in (2.3),
we get

(P52 = 1@0t)2 (0(0.0).) and

(B8 = 1w)t) < v et 0n0)

forall x € X, t > 0. Therefore

n+1
”(W - f(k”m),t>> W <90(x’0)’0fn> and

y<f(k;1x) k), t) <V (ga(x, 0), t),

o n

forall x € X andt > 0. Foreache € X,n > 0,m > 0
andt > 0, we can deduce

Ertmy EMy
lu’ ( fk(:ii(n-%—m])/) - f(k,Bwn.L) 9 t)
> M’(@(%O)’Hm_lt,> and
ol
S k3G +1)
S )
V< L3(n+m) -

2.9
Sk ) t> 29
<v (30(1'70)7 +1t>

L3m
ol
. k3G

f(k"x)
k3n

forallz € X,t > 0,m > 0andn > 0. Thus,

pla,y) = ((k = 1)%[lkz — yl?> + k*|yl1*) 20, wherez,
is a fixed unit vector inZ. Definef : X — X by
f(x) = ||z||?2z + ||=||*x, for some unit vector, € X.
Then

k(k* +1)

u<kf(x+ky)+f(kx—y)— 5

[f(:c +9)

+ﬂx—y>—%4—nfwx0
t
Tk = 1) (he — 9) — k2]

t
>
—t+ (k= D[kx -yl + kY yl]?

t !/
N Pl ey PRy I P (plz,9),1)
and
2
V<kf(x+ky)+f ““”*y)*w {f (a+y)+f(z—y)

4#—nﬂwﬁswwmww.

Also
t

p (p(kx,0),t) = t+[lp(kz, 0)]

t
Tt (k- 1)2(k%2)?

and v'(p(kz,0),t) = v/ (k*¢(z,0),t). Thus,

= M/<k2¢(xv O)’ t)

lim g/ (p(k", k"y), k*"t)

n— oo

k3t
novoo B3+ k2e[[[(k — 1) (kz — )| + [¥2y]?]

is a Cauchy sequence in intuitionistic fuzzy Banach spaceand

Therefore, there is a functiop : X — Y defined by

g(x) = lim L2, (2.9) withm = 0 implies
.
o) = F(0).1) > o (lz.0). E 2 ) and

Wﬂ@—f@%ﬂéﬂ<ﬂxm,

forall z € X and allt > 0.
This completes the proof.

Example 2.3.Let X be a Hilbert space and be

a normed space. Denote By, ) and (x/,v') the intu-

itionistic fuzzy norms given as in Example 1.1 éhand

lim v/ (o(k™x, k"y), k*"t)

n—oo

o FIG =D =) P R
w5 K+ 2k = (ke — )] + [

Hence, conditions of Theorem 2.2 fer= k2 are fulfilled.
Therefore, there is a unique cubic mapping X — Y
such that

u(g(x) — f(x),t) > 1 (p(z,0),k*) and

v(g(x) — f(x),t) <V (p(,0), k).
This completes the proof.
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3. Intuitionistic fuzzy continuity n € N, we have

_ f(k"=x) _ g(k"z) _ f(k"=)
Recently, the intuitionistic fuzzy continuity is discusse 9(z) = Tt )= n| Fgew K t)

in [20). In this section, we establish some interesting = (g(k"z) — f(k"x), k3"t)

results of continuous approximately cubic mappings. 3n, 3
pp y pping > (ke Pz, ® (n2np)t>

Definition 3.1. Let f : R — X be a function, , b KT (nd—nP)t

where is endowed with the Euclidean topology atids = '\ 12|z, —5— ) and

an intuitionistic fuzzy normed space equipped with intu- Fm ) KO (8 )t

itionistic fuzzy norm(u, ). Then, f is calledintuitionis- V(g(ar) o t) <wv <x||on, %>

tic fuzzy continuous at a points, € R if for all e > 0 and (3.2)

gll 0<ax<l tr;ere exist® > 0 such that for each with Fix 2 € X ands, € R. Givene > 0and0 < a < 1. From

<ls = 50| < (3.2) it follows that

w(f(sz)—f(sox),€) > a andv(f(sx)—f(sox),€) < 1—a. f(k™sx k37 (n® — nP)t

pl g(sz) — (kgm )at > 2Pz, 2(|5|Pk;"l))

Theorem 3.2. Let X be a normed space and a3
(Z,u',v') be an IFNS. Let(Y,u,v) be an intuitionis- N M/<”x|pz k™ (n —nP)t>
tic fuzzy Banach space anfl : X — Y be a(p,q)- - 7 2(1 + |so|)PknP
approximately cubic mapping in the sense that for some

£k g, K0 =)t
p, g and some, € Z V(g(sx) - (kgjx),t>< v (:EH Zo; M)
) ] (o, Km0
M(kf(a:+ky)+f(kx y) 5 [f(33+y)+f($ y)] <v <||$| ZmMWp)v

37 (n®—nP)t

for all |$7$O| <1 ands € R. S|nce hm W =

—(k* — 1)f(y),t> w (]| + |yl D) 20, t), oo, there exists,, € N such that

f(k"esx) e)
,u(g(sx) - 55 |>a and
k,(k,2+ k3no 3

o (ke £ - o)

2 no
u(g<sx> - f“,j’3>< I—a
—(k4 — 1)f(y),t> <V ((|lz)|P + lyl|9) 20, 1), for all |s — so| < 1 ands € R. By the intuitionistic fuzzy
continuity of the mapping — f(k™°tx), there exist® <

) 1 such that for each with 0 < |s — s,| < ¢, we have
forallz,y € X and allt > 0. If p, ¢ < 3, then there exists

a unique cubic mapping: X — Y such that flkmsz)  f(k™sox) €
H’( k310 - k310 ’ 3) za and
, n3 —nP)t
plo(a) = £a).0) 2 (lalpze, 52 ) an s s €
V( k310 o k310 ’ 3) <l-a

It follows that

n® —nP
vlate) - fnt) </ (lalpze ). )
f(k™ sz) e)

forall + € X and allt > 0. Furthermore, if for some p(g(sz) — g(sox),€) > N<9( ) — T '3
x € X and alln € N, the mapping: : R — Y defined by

h(s) = f(k"sz) is intuitionistic fuzzy continuous. Then Josa) | fEesen) Fnosen) Noa

the mapping — g(sx) fromR to Y is intuitionistic fuzzy =~ *#| ~ %7 Be 03 |\ T e 9(s07), 5

continuous. and v(g(sxz) — g(sox),e) < 1 — «, for eachs with
Proof. If we definep : X x X — Zbyp(z,y) = 0 < |s — so| < ¢. Hence, the mapping — g(sx) is

(lz|I” + llyll*)z-. Existence and uniqueness of the cubic intuitionistic fuzzy continuous.

mappingg satisfying (3.1) are deduced from Theorem 2.2 This completes the proof.

(see Example 2.3). Note that for eache X,¢ € R and
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