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Abstract: In this paper, we extend the some results of Abbas and Ju@€iB) and Jungclet al. (2009) under the concept ofca
distance in cone metric spaces. Also, we improve the reesnttrof Wang and Guo (2011) by omitting the assumption ofiradity for
cones and using the concept of weakly compatible for magpingparticular, we give some examples for which our resudtessfully
detects a common fixed point in contrast to the some resulébbés and Jungck, Jungek al. and Wang and Guo which are not
applied to show the existence of a common fixed point.
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1 Introduction coincidence point theory, its applications, comparison of
different contractive conditions and related results, we

Let X be an arbitrary nonempty set arfid X — X be a referto [7,8,9,10].

mapping. A fixed point forf is a pointx € X such that _
fx = x. Fixed point theory, one of the very active research I 2008, Abbas and Jungckl4], have studied
areas in mathematics as well as quantitative scienceommon fixed point results for noncommuting mappings
focuses on maps and abstract spaces for which one cafithout continuity in cone metric space with normal cone.
assure the existence and/or uniqueness of fixed point$N€ concept of a cone metric space was introduced in the
when they are put together. Many useful mathematicalWork of Huang and ZhanglB] which is more general
facts can be expressed by assertions that say that certaiian the concept of a metric space. In 2009, Jungck et al.
mappings have fixed points. It has applications in manyl19 generalized the results of Abbas and Jungbi| by
fields such as chemistry, biology, statistics, economicsOmMitting the assumption of normality in the results. For

computer science and engineering (see, elg2,3,4]). more details about common fixed point results on cone
metric spaces se@%,26,27,28,29]

The study of common fixed points of mappings
satisfying certain contractive conditions has been at the In 2011, Cho et al.J6] introduced a new concept of a
centre of Vigorous research activity_ In 1976, ‘]ungtj_iy[ c-distance in cone metric spaces which is a generalization
proved a common fixed point theorem for commuting Of w-distanceof Kada et al.L2] with some properties and
maps, generalizing the Banach contraction principle.proved some fixed point theorems in ordered cone metric
Jungck 5’ 6] defined a pair of self mappings to be Weak|y spaces. For recent results undatistance Seép,21,22,
compatible if they commute at their coincidence points.23
In recent years, several authors have obtained coincidence
point results for various classes of mappings on a metric  Wang and Guo 7] proved the following common
space, utilizing these concepts. For a survey offixed result underc-distance in cone metric space. They
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assumed that the conR is normal and they did not
require thatf and g are weakly compatible.

Theorem 1.1([17]) Let(X,d) be a cone metric space and
P is a normal cone with normal constant K where q is a
c-distance on X. Letjae (0,1)(i = 1,2,3,4) be constants
witha +2ay+az+ag< 1, let f: X — Xandg: X — X

be two mappings satisfying the condition

q(fx, fy) = arkq(gx, gy) + axq(gx, fy) +asa(gx, fx) +asq(gy, fy)

for all X,y € X. Suppose that(K) C g(X) andg(X) is a
complete subspace of X. If f agdatisfy

inf{{la(fx,y)[[+ la(gx.y)[| +[[algx, fX)|| :x € X} >0

for all y € X with y# fy or y# gy, then f andy have a
common fixed point in X.

Example 2.1([24]) Let E = C}[0,1] with [|X|| = ||X]|e +
IX|| andP = {x € E : x(t) > 0}. This cone is nonnormal.
Consider, for examplen(t) = ‘ﬁ" andyn(t) = % Thenf =<
Xn = Yn, and limeyn = 6, but [[Xq|| = maxcgy |tﬁ"| +
maXe(o, [t = %+ 1> 1; hencex, does not converge
to zero. It follows by Conditior2.2thatP is a nonnormal
cone.

Definition 2.1 ([13]) Let X be a nonempty set and E be
a real Banach space equipped with the partial ordering
=< with respect to the cone P . Suppose that the mapping
d: X x X — E satisfies the following condition:

1.6 < d(x,y) for all x,y € X and dx,y) = 6 if and only
ifx=y,

2.d(x,y) =d(y,x) forall x,y € X,

3.d(x,y) = d(x,y)+d(y,z) forall x,y,ze X.

Then d is called a cone metric on X af¥l, d) is called
a cone metric space.

In above theorem, even it was without assumption ofExample 2.2([13]) LetE =R? andP = {(x,y) € E: x,y >
weakly compatible for mappings, but we can not apply it 0}. Let X = R and define a mapping: X x X — E by
in the case of nonnormal cones. The aim of this paper isi(x,y) = (| x—y|,a | x—y]) for all x,y € X wherea >0
to contribute in the study of common fixed points for self is a constant. The(X,d) is a cone metric space (The cone
mappings on the part af-distance in cone metric spaces. P is normal with normal constait = 1).

In this paper, we improve Theorerh.1 by removing
normality condition in it formulation but we assume that

the mappings are weakly compatible. Also, our theorem

extends some results of Abbas and JungtH] [and
Jungck et al. 15] underc-distance in cone metric spaces
by omitting the assumption of normality in the results.
Some examples to support our results are given.

2 Preliminaries

Let E be a real Banach space afddenote the zero
element inE. A coneP is a subset oE such that

1. Pis nonempty set closed aftt~ {6},

2. If a,b are nonnegative real numbers agg € P then
ax+bye P,

3. xe Pand—x e P impliesx= 6.

For any coneP C E, the partial ordering= with
respect taP is defined byx <y if and only if y—x € P.
The notation of< stand forx <y butx #y. Also, we used
X < y to indicate thay — x € intP, where inP denotes the
interior of P. A coneP is called normal if there exists a
numberK such that

6 < x =y =[x <K]ly] (2.1)

for all x,y € E. Equivalently, the con® is normal if

(VM) X0 X ¥n = Zn and limx, = lim z, =ximply lim yn=x.

(2.2)
The least positive numbé( satisfying Condition2.1 is
called the normal constant Bf

Definition 2.2 ([13]) Let (X,d) be a cone metric space,
{Xn} be a sequence in X andxX.

1. For all c € E with 8 < c, if there exists a positive
integer N such that tky,Xx) < ¢ for all n > N, then x
is said to be convergent and x is the limit{o,}. We
denote this by x— Xx.

2. For all c € E with 8 < c, if there exists a positive
integer N such that kn, Xm) < ¢ for alln,m> N, then
{Xn} is called a Cauchy sequence in X.

3. A cone metric spacgX,d) is called complete if every
Cauchy sequence in X is convergent.

Lemma 2.1([15])

1. If E be a real Banach space with a cone P angl Aa
where ac Pand0< A < 1,thena=6.

2.1fceintP, 8 < a, and g — 0, then there exists a
positive integer N such thatax ¢ for all n > N.

Definition 2.3 ([16]) Let (X,d) be a cone metric space. A

function g: X x X — E is called ac-distanceon X if the

following conditions hold:

(91) 6 < q(xy) forallx,y € X,

(92) axy) =a(x,y) +q(y.2) forall x,y,.z€ X,

(93) for each»x X and n> 1, if q(x,yn) < u for some u=
ux € P, then dx,y) < u whenevefy,} is a sequence
in X converging to a point ¥ X,

(g4) forall ce E with 8 < c, there exists € E with6 < e
such that §z,x) < e and dz y) < e imply dx,y) < c.

Example 2.3 LetE = R? andP = {(x,y) € E : x,y > 0}.
Let X = [0,) and define a mappind: X x X — E by
d(x,y) = (| x=y|,|x—y]|) forall x,y € X. Then(X,d) is
a cone metric space. Define a mappind x X — E by
q(x,y) = (y,y) for all x,y € X. Theng is ac-distance orX
(see [L8,19)).
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Example 2.4 Let X = [0,1], E = C1[0,1] (the set of all
real valued functions otX which also have continuous
derivatives orX), P={¢ € E: ¢(t) > O}. A cone metric
d on X is defined byd(x,y)(t) := |x—VY]| - ¢(t) where
@ € Pis an arbitrary function (e.gg(t) = €). This cone
is nonnormal (see Exampl2.1). It is easy to see that

Theorem 3.1Let (X,d) be a cone metric space over a
solid cone P and g is a c-distance on X. LetX — X
and g : X — X be two self mappings satisfies the
contractive condition

a(fx, fy) < awq(gx, gy) +axq(gx, fx) +-asq(gy, fy) +asq(gx, fy),

(X,d) is a complete cone metric space. Define a mappingdor all x,y € X, where i =1,2,3,4 are none negative real

q: X xX — Ebyq(x,y)(t):=y-€ forall x,y € X. Itis
easy to see thatis ac-distance orX.

The following lemma is useful in our work.

Lemma 2.2[16]) Let(X,d) be a cone metric space and
g is ac-distance on X. Le{x,} and {y,} be sequences
in X and xy,z € X. Suppose thatquis a sequences in P
converging tof. Then the following hold:

1. 1f g(Xn,Y) =< Un and qXn,z) < up, theny= z.

2.1fq(%n,Y¥n) < unand gxn,2) < up, then{y,} converges
to z.

3. If q(%n,Xm) = un for m > n, then{x,} is a Cauchy
sequence in X.

4. 1f q(y,%n) =< Un, then{x,} is a Cauchy sequence in X.

Remark 2.1([16])

1. q(x,y) = q(y,x) does not necessarily for allyx € X.
2. g(x,y) = 6 is not necessarily equivalent to=xy for
all x,y e X.

Recall the following definitions:
Definition 2.4 An element x X is called

1. a coincidence point of mappings K — X and g:
X — X if w=gx= fx and w is called a point of
coincidence.

2. a common fixed point of mappings X — X and
g: X — Xifx=gx= fx.

Definition 2.5 The mappings fX — X and g: X — X
are called weakly compatible if g ¢ fgx whenever gx
fx.

Theorem 2.[14]) Let (X,d) be a cone metric space,
and P is a normal cone with normal constant K. Let f
X — X andg : X — X be two self mappings satisfying
the contractive condition

d(fx, fy) < kd(gx,gy)

for all X,y € X,where ke [0,1) is a constant. If {X) C
g(X) and g(X) is a complete subset of X, then f agd
have a unique point of coincidence w in X. Moreover, if f
andg are weakly compatible, then f amghave a unique
common fixed point.

(2.3)

3 Common fixed Point results

In this section, we will prove common fixed point theorem

under the concept c-distance on cone metric spaces wit
out assumption of normality cones. The only assumptions

numbers such thata+ ap + ag + 2a4 < 1. If f(X) C g(X)
andg(X) is a complete subspace of X, then f grfthve a
coincidence point’in X. Further, if w= gx* = fx* then
g(w,w) = 6. Moreover, if f andg are weakly compatible,
then f andg have a uniqgue common fixed point.

Proof. Let xg be an arbitrary point itX. Choose a point;
in X such that g; = fxg. This can be done because
f(X) C g(X). Continuing this process we obtain a
sequencéxn} in X such that g,.1 = fX,. Then we have

q(9%n, P%n+1) = A(fXn-1, FXn)

= a10(9¥n-1,9%n) + @20(9¥n-1, FXn—1) + a3a(9xn, FXn)
+a49(9%n-1, FXn)

= a10(g%n-1,9%n) + @20(9¥n—1,9%n) + a3q(9%n, O%n+1)
+ a40(9%n—1, P*n+1)

= a10(g%n-1,9%n) + 820(9%n—1,9%n) + a30(9%n, P¥n+ 1)
+ a4(d(9n-1,9%n) + A(Pn, Prn+1))-

So,

q(Q¥n, Pnt1) = 0(9%n—1,9%n)

= ho(g%n-1,9%n)
= hZQ(an—L OXn-1)

=< h"q(gxo, 9x1),

_ ytaxt+ay
whereh = Taray < 1.

Note that

q(Pn, PXnr1) = q(FXn—1, FXn) < ha(g%n—1,0%). (3.1)

Letm> n> 1. Then it follows that

q(9%n, 9%m) = A(G%n, PXnr1) + A(PKnt-1, PXnt2) + ... + A(DPKm—1, GXm)

< (" 4+ h™ L+ h™Y)g(gxo, gx1)

n

=<
—1-h

a(g%o, 9x1).

Thus, Lemma2.2 (3) shows that{gx,} is a Cauchy
aequence inX. Since ¢X) is complete, there exists
* € X such that g, —> gx* asn — . By q3 we have:

are that, the mappings are weakly compatible and the cone hn

P is solid, that is inP £ 0.

G(gxn, ") = 7 A(9X0, Px).- (3.2)
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On the other hand and by using.{):

a(9%n, IX°) = q(Fxq_1, fX7)
= hg(gxn-1,9x")

n—1
= hy—a(9%0, 9x1)
n
= 7 7A(9%0.9x1). (3.3)

Thus, Lemma2.2 (1), 3.2 and .3 show that
ox* = fx*. Thereforex* is a coincidence point of and g
and w is a point of coincidence off and g where
w=gx* = fx* for somex* in X.

Suppose thatr = gx* = fx*. Then we have

aw,w) = q(fx*, fx*)

=< ar q(gx",ox") + axq(gx*, fx*) + azq(gx*, fx*) +
asq(gx*, fx*)
= a10(W, W) + axq(W, W) + agq(W, w) + asq(w, w)
= (ag +az +az+ aq)q(w,w).

Since(a; +ax+az+a4) < 1, Lemma2.1 (1) shows
thatg(w,w) = 6.

Finally, suppose there is another point of coincidence

u of f and g such that = fy* = gy* for somey* in X.
Then we have

q(w,u) = q(fx*, fy*)
= aq(ox,gy) + apq(oxt, fx*) + agq(gy”, fy*) +
asq(gx*, fy")
= a1q(w, u) + axq(w, w) + agq(u, u) + a4q(w, u)
= a1q(w, u) +asq(w, u)
= (a1 +as)q(w,u).

Since (a1 + a4) < 1, Lemma 2.1 (1) shows that
g(w,u) = 6. Also, we haveq(w,w) = 8. Thus, Lemma
2.2(1) shows thatv = u. Thereforew is the unique point
of coincidence. Now, letv= gx* = fx*. Sincef and g are
weakly compatible, we have

gw=ggx* = gfx* = fgx* = fw.

Hence, gv is a point of coincidence. The uniqueness of
the point of coincidence implies thatvwg= gx*. Therefore,
w=gw = fw. Hencew s the unique common fixed point
of f and g.

The following corollaries can be obtained as consequences

of Theorem3.1which are the extension of some results of
Abbas and JungcKif] and Jungck15] under the concept
of c-distance.

Corollary 3.1 Let (X,d) be a cone metric space over a
solid cone P and q is a c-distance on X. LetX — X

and g : X — X be two self mappings satisfies the
contractive condition

q(fx, fy) < ka(gx,ay),

for all x,y € X, where ke [0,1) is a constant. If
f(X) C g(X) andg(X) is a complete subspace of X, then
f and g have a coincidence point‘xin X. Further, if
w=gx" = fx* then dw,w) = 6. Moreover, if f andy are
weakly compatible, then f arglhave a unique common
fixed point.

Corollary 3.2 Let (X,d) be a cone metric space over a
solid cone P and g is a c-distance on X. LetX — X
and g : X — X be two self mappings satisfies the
contractive condition

a(fx, fy) < ka(gx, fx)+la(ay, fy),

for all x,y € X, where kl are none negative real numbers
such that k-1 < 1. If f(X) C g(X) andg(X) is a complete
subspace of X, then f amghave a coincidence point xn
X. Further, if w= gx* = fx* then dw,w) = 6. Moreover, if

f andg are weakly compatible, then f agdave a unique
common fixed point.

Corollary 3.3 Let (X,d) be a cone metric space over a
solid cone P and q is a c-distance on X. LetX — X
and g : X — X be two self mappings satisfies the
contractive condition

a(fx, fy) < k(a(gx, fx) +q(ay, fy)),

for all x,y € X, where ke [0, %) is a constant. If
f(X) C g(X) andg(X) is a complete subspace of X, then
f and g have a coincidence point‘xin X. Further, if
w=gx" = fx* then w,w) = 6. Moreover, if f andg are
weakly compatible, then f arglhave a unique common
fixed point.

Now, we present two examples to illustrate our results. In
first example (the case of a normal cone), the conditions
of Corollary 3.1 are fulfilled, but Theoren2.1 of Abbas

and Jungck (4], Theorem 2.1) and the result of Jungck
et al. ([L5],Corollary 2.3 ) cannot be applied. The second
example (the case of a nonnormal cone), the conditions of
3.1are fulfilled, but Theorem.1 of Wang and Guo (7],
Theorem 2.2) cannot be applied.

Example 3.1 (the case of a normal cone) Consider
Example2.3 Define the mappingé: X — X by
y if

1
ro-{3 3¢

X=73.
and g :X — X by gx=2xfor all x e X. Clear thatf (X) C
g(X) and gX) is a complete subset &f. Since

& i

d((1), 1(3) = d(5,3)
= (Ll)
—d(2,1)
1
= d(g(1).9(3).

2
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thereis ndk € [0,1) such thad(fx, fy) <kd(gx,gy) forall Theorem 3.2Let (X,d) be a complete cone metric space

X,y € X. Hence, Theorerd.1 of Abbas and Jungck 14, over a solid cone P and q is a c-distance on X. Let
Theorem 2.1) can not apply to this example on cone metricf : X — X be a self mapping satisfies the contractive
space. To check this example owlistance, we have: condition
1. If x=y= 3, then we have
a(fx, fy) 2a1q(xy) +aza(x, fx)+azq(y, fy) +-asa(x, fy),
a(f(3) (%)) (f(3) f(%)) = (33 =811 =
k(g(%) g(l)) with k = for all x,y € X, where @i = 1,2,3,4 are none negative
2.1f x# y;é , then we have real numbers such thata+ a, +az+2a4 < 1. Then f has
fx fv) = (Y %) — (29y2 _ 2 ~ a fixed point X € X and for any xc X , iterative sequence
?1( ’ y)_ « (3. 3) .th(?’kz’fzy) 322 = {f"x} converges to the fixed point. Ity fv then dqv,v) =
5(2y,2y) = ka(gx gy) with k= 5. 6. The fixed point is unique.

3.1fx=3,y+# 1, then we have

qfGE).Ty) = (3,3) = (32032 = §@.2) =
(2, 2y) kq(gx, gy) with k= 2. Acknowledgement
4. Ifx7é 1, y=3, then we have
a(fx, f(l)) (f (%)7]«(%)) — (%,%) < %(171) — The authors would like to acknowledge the financial
k(g(1),a(3)) with k=§ support received from Universiti Kebangsaan Malaysia

under the research Grant no. UKM-PTS-2012-077. Third
Hence, q(fx, fy) =< kq(gx,gy) for all x,y € X where  aythor is thankful to theMinistry of Education, Science
k=2 €[0,1). Also f and g are weakly compatible at and Technological Development of Serbia. The authors
x = 0. Therefore, all conditions of Corollar@.1 are  thank the referee for his/her careful reading of the
satisfied. Hencef and g have a unique common fixed manuscript and useful suggestions.

pointx = 0 andf (0) = g(0) = 0 with q(0,0) = 0.

Example 3.2 (the case of a nonnormal cone) Consider
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