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Abstract: We establish some common fixed point theorems for Kannary fomppings on closed balls in a complete metric space.
Our investigation is based on the fact that fuzzy fixed pastitts can be obtained simply from the fixed point theoremwfivalued
mappings with closed values. In real world problems theeevarious mathematical models in which the mappings aregactite on

the subset of a space under consideration but not on the wpate itself. It seems that this technique of finding theyfdized points
was ignored. Recently Azam et. al. [A. Azam, S. Hussain anédifidhad, Common Fixed points of Chatterjea Type Fuzzy Magpom
closed balls, Neural Computing & Applications, DOI 10. 100521-012-0907-4] published a fixed points result fort@ngea fuzzy
locally contractive mappings on closed ball and our presemk will supplement it. Our results generalize/improveesal results of
literature.

Keywords: Fuzzy fixed point; Kannan mapping; Contraction; Closed:; li2dintinuous mapping.

1 Introductions and Preliminaries respect to application point of view. Azam et.d][
published a fixed point theorem for fuzzy locally
It is a well known fact that the results of fixed points are contractive Chatterjea mappings on a closed ball. The
very useful for determining the existence and uniquenesstudy of fixed points of mappings satisfying certain
of solutions to various mathematical models. Over thecontractive conditions has been at the center of vigorous
period of last forty years the theory of fixed points hasresearch activity, and it has a wide range of applications
been developed regarding the results, which are related tin different areas such as nonlinear and adoptive control
finding the fixed points of self and non-self nonlinear systems, parameterize estimation problems, fractal image
mappings. In 1922, Banach proved a contraction principadecoding, computing magnetostatic fields in a nonlinear
which states that for a complete metric spa¥ed) , a  medium, and convergence of recurrent networks, (S2e[
mappingT : X — X satisfying a contraction condition 14,20,23]). In his paper Rhoed&[] compared different
d(Tx,Ty) < ad(x,y) for all x,y € X, where O< a <1  contraction conditions, which become the foundation of
has a unique fixed point inX. Banach contraction development of present fixed point theory for nonlinear
principal plays a fundamental role in the emergence ofcontractive operators. The notion of fixed points for fuzzy
modern fixed point theory and it gains more attentionmappings was introduced by Wei24] and Butnariuf].
because it is based on iterations so it can be easily applieBixed point theorems for fuzzy set-valued mappings have
by using computer. In 1969, Kanndd] a premier Indian  been studied by Heilperhf] who introduced the concept
Mathematician proved that a mapping : X — X of fuzzy contraction mappings and established Banach
satisfying a contraction condition contraction principle for fuzzy mappings in complete
d(Tx,Ty) < ald(x, Tx) + (y, Ty)] for all x,y € X, where  metric linear spaces, which is a fuzzy extension of
0< a < % has a unique fixed point inX. The Banach fixed point theorem and Nadlet'S] theorem for
Kannan[ll] contraction mappings need not to be multivalued mappings. Subsequently several other
continuous. Since continuity is big requirement, this authors [,3,6,8,12,16,18,19,21,22]  studied the
makes Kannan contraction mappings to be important withexistence of fixed points and common fixed points of
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fuzzy mappings satisfying a contractive type condition. 2 Fixed Points of Kannan Type Fuzzy

Frigon and O'Regai§] proved some fuzzy fixed point M appingson closed balls
theorems on closed balls. In this paper, we prove some

common fixed point theorems for a pair of fuzzy The mapping satisfies the contractive condition in

mappings satisfying Kannan tydd] contractive
condition. Let

2% = {A: Ais a subet oK},
CL(2%) = {Ae 2X: Ais nonempty closed
C(2%) = {A€ 2X: Ais nonempty and compggt
CB(2*) = {Ac 2X: Ais nonempty closed and bounded
ForA,B e CB(2Y),
d(x,A) = infd(x.y),
yeA

d(A,B) = erAr,]JeBd(X’y)'
Then the Hausdorff metridy onCB(2X) induced byd is
defined as:

dr (A, B) = {supd(a,B),supd(A,b)}.
acA beB
A fuzzy set inX is a function with domairX and values
in [0,1] andIX is the collection of all fuzzy sets iX. If A
is a fuzzy set and € X. Then the function valueA(x) is
called the grade of membership»in A. Thea —level
set of a fuzzy seA, is denoted byA|,, and is defined as:

[Alg = {x:Ax) > aifa € (0,1]},

[Alp = {x: A(x) > 0}.

Forx € X, we denote the fuzzy sgt,, by {x} unless and
until it is stated, wherega is the characteristic function of
the crisp setA. Now we define a sub-collection ¢f as
follows:

O(X) = {Ae I*: [A]1 is nonempty and closéd

ForA,B e IX,AC B meansA(x) < B(x) for eachx,y € X.
ForA,B € 0(X) then define

D1{A,B} = du([A]1,[B1).
A pointx* € X is called a fixed point of a fuzzy mapping
T:X = 1Xif x* C Tx* (seell9)).
Lemma 1 (see[15]) Let A andB be nonempty closed and
bounded subsets of a metric spdeed). If a < A, then
d(aa B) < dH (Av B)
Lemma 2 (see [15]) Let A andB be nonempty closed and
bounded subsets of a metric spd&ed) and 0< & € O
Then for a € A, there existsb € B such that
d(a,b) <du(AB)+&.
Lemma 3 (see [15]) The completeness @, d) implies
that (CB(2X),dy) is complete.
Theorem 4 (see [11]) Let (X,d) be a metric space and a

mappingT : X — X. Suppose there exists a consternt
(0,3) such that

d(Tx, Ty) < a[d(x, Tx) +d(y, Ty)],

holds. Thenl has a unique fixed point iX.

Theorem 4 is called Kannan mapping. It is mentioned that
Kannan contractive condition does not implies that the
mapping T is continues, which differentiates it from
Banach contractive condition. Fore X and O< r € O let

S(c)={xe X|d(c,x) <r}

be the ball of radius centered at. Also, the closure of

S (c) is denoted byS (c). We present a result regarding
the existence of common fixed point for fuzzy mappings
satisfying Kannan typé[l] contractive condition on

closed balls. The theorem is as follows:
Theorem 5 Let (X,d) be a complete metric space, € X

and mapping§, T : S (xo) — O(X). Suppose there exists
a constank € (0, 3) with

D1(Fx,Ty) <K[d(x, [Fx]1),d(y, [Ty]1)], 1)
forall x,y € S (Xp) and
dio,[Foly) < 30 @

holds. ThenF andT has a common fuzzy fixed point in

S (Xo). That s, there exists’ € S (xg) with {Xx"'} C Fx*N
TX".

Proof. Choosex; € X, such that; C Fxg and

(1-2k)
since[FXpl1 # @ andd(Xo, [FXo]1) < <(1112k‘;> r. For the sake

of simplicity, chooseA = %( This gives ugd(xp,x1) <

(1—A)r, which implies thak; € S (o). Now choose >
0, such that

&
Ad(xo,x1) + Z—

- <A(L=A)r

(4)

Then choose; € X such that{x;} C Tx; and by using
inequality (1) and Lemma 2

d(xq,%2) < D1(FXo, Tx1)+ €
< K[d(xo,[Fxo]) +d(xa, [Txa])] + €
< K[d(x0,%1) +d(x1,X%2)] + €.
Which implies
(1—Kk)d(x1,%2) < k(x0,%1)+ €

0, 70) < (7))o x0) + (1)

= Ad(xo, 1) + (7).
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By using inequality (4) we get

d(x1,x2) <A(1—=A)r. (5)

Note thatx, € S(Xo)), since
d(XOaXZ) < d(Xo,Xl) + d(X17X2)7
Then by using inequalities (3) and (5) we have
d(xo0,%2) < (L—=A)r+A(Q—A)r
< (1-A)r[1+A]
<@A-Mr[l+A+A%+ ] =r.

Continue this process and having choggg in X such
that

{Xokt1} € Fxok,

and
Xokt2 © TXokq1,

with

d(Xoki1, Xokr2) < AZFLL—M)rfork=2.3,....

Notice that(x,) is Cauchy sequence i& (Xp), which is
complete. Therefore a point* € S(xo) exists with
limp_0 Xy = X*. It remains to show thafx*} C Tx* and
{x*} C Fx*. Now by Lemma 1 and inequality (1), we get
d(X", [Tx"]1) < d(X",Xan+1) +d(Xens1, [TX]1)

< d(X",Xon+1) + D1(FXani2, TXY)
< d(X*vxszrl)

+ K[d(Xznt2, [FXani2]1) +d (X", [TX]1)]
which implies
(1-K)d(x", [Tx]1) < d(X",%2n11) +kd(Xan 12, [FXeni2]1)

< d(X*,Xont1) + kd(Xont2, Xon+3) — 0 asn — co.

This implies
d(x*,[Tx*]1) =0,

which implies that{x*} C Tx*. Similarly consider that
d(x*, [Fx]1) <d(X*,Xon12) +d(Xens2, [FX]1),

to show that{x*} C Fx*, which implies that mappings
andT have a common fixed point i (Xg), i.e. {x*} C
FxX*NTx". O

Corallary 6 Let (X,d) be a complete metric space,c X

and mappind- : S(xp) — O(X). Suppose there exists a
constank € (0,3) with

D1(Fx Fy) <Kd(x, [Fx]1),d(y, [Fy]1)], (6)
forall x,y € S (xp) and
do, [Froly) < T )

holds. ThenF has a fuzzy fixed point its (Xp). That is,
there exist* € S (xp) with {x*} C Fx*.

Proof. By takingT = F in Theorem 5, we get* in S (xo)
such thaf{x*} C Fx*. O

Theorem 7 Let (X,d) be a complete metric space, €

X and mapping$, T : X — 0(X). Suppose there exists a

constank € (0,3) with

Dl(FXa Ty) < k[d(X7 [Fx]l)a d(ya [Ty]l)]a (8)
for all x,y € X. ThenF andT has a common fuzzy fixed
point in X. That is, there existg* € X such that{x*} C
Fx*NTx* (i.e. Fx*(x") = LandTx"(x*) = 1).

Proof. Fix Xg € X and choose > 0 so that

(1- 2k)Ir

(1-k) ~

Now Theorem 5 guarantees that there exidts X with
{X} CFEX*'NTXx O

Corollary 8 Let (X,d) be a complete metric space,
Xo € X and mappind- : X — 0(X). Suppose there exists
a constank € (0, 3) with

Dl(FX7 Fy) < k[d(X7 [FX]]_), d(ya [FY]]_)], 9)

for all x,y € X. ThenF has a fuzzy fixed point iXX. That
is, there existx* € X such thaf{x*} C Fx*.
Proof. In Theorem 7, tak& =F.

An example of a fuzzy mapping which is contractive
on the subset of a space but not on the whole space is as
follows:

Example9 Let X =0 andd : X x X — [ is defined by
d(x,y) = |[x—Yy|, wherex,y € X. Consider the mappinfg :
X — O(X) defined by

d(xo, [Fxo]1) <

[ Xp-x ifxisirrational
F(X) = {X{%_x} if X is rational -

Then F is Kannan fuzzy mapping on the closed ball
S(%)(%) = [0,1], but not on the whole space

3 Conclusion

As far as the application of contraction mapping is
concerned, the situation is not yet fully exploited. It is
quite possible that a contractidnis defined on the whole
spaceX but it is contractive on the subsétof the subset

of the space rather on the whole spaceMoreover the
contraction mapping under consideration may not be
continues. IfY is closed, then it is complete, so that the
mappingT has a fixed poink in Y, andx, — x as in the
case of the whole spacg provided we impose a simple
restriction on the choice ofy, so thatx,’s remains inY.

In this paper, we have discussed this concept for fuzzy
Kannan[Lll] mappings on a complete metric space X
which generalizes/improves several classical fixed point
results. We feel that the paper in tendon wigj {ill
become the foundation of fuzzy theory on closed balls.
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