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1 Introduction and Preliminaries

The notion of convergence is one of the basic notion in
analysis. In this paper, fuzzy continuous convergence
theory of fuzzy nets on the setFC(X,Y) of fuzzy
continuous functions of an ftsX into anotherY is
presented. In 1976, the concept of fuzzy topology was
introduced by R. Lowen [4].

In 1980, Pu and Liu introduced the notions of fuzzy
nets and Q-neighborhoods. The concept of the
Q-neighborhood reflect the features of the neighborhood
structure in fuzzy topological spaces. By this new
neighborhood structure the Moore-Smith convergence
theory was established [6]. In this paper, we will give new
concepts of fuzzy continuous convergence of fuzzy nets
on the setFC(X,Y). Also, we introduce the notions of
fuzzy splitting topologies and fuzzy jointly continuous
topologies on the fuzzy functions spaces.

Let X be an arbitrary nonempty set. A fuzzy set inX
is a mapping fromX to the closed unit intervalI = [0,1],
that is, an element ofIX. A fuzzy pointxt is a fuzzy set in
X defined byxt(x) = t andxt(y) = 0 for all y 6= x, whose
support is the single pointx and whose value ist ∈ (0,1]
[6]. We denote byFP(X) the collection of all fuzzy points
in X.

Definition 1. [12] Let µ ,η ∈ IX. We define the following
fuzzy sets:

i)µ ∧η ∈ IX, by(µ∧η)(x) =min{µ(x),η(x)}, for each
x∈ X.

ii) µ∨η ∈ IX , by(µ∨η)(x) =max{µ(x),η(x)}, for each
x∈ X.

iii) µ ′ ∈ IX , byµ ′(x) = 1− µ(x), for each x∈ X.

Definition 2. [4] A fuzzy topologyℑ on a non empty set X
is a family of fuzzy subsets of X such that:

i)ℑ contains all constant fuzzy subsets of X,
ii) µ ∧η ∈ ℑ, for eachµ ,η ∈ ℑ,
iii)If {µλ}λ∈Λ is subfamily ofℑ, then∨

λ∈Λ
µλ ∈ ℑ.

The pair(X,ℑ) is called a fuzzy topological space denoted
by fts. Each member ofℑ is called fuzzy open set and its
complement is called fuzzy closed set.

Definition 3. [6] Let (X,ℑ) be an fts andµ ,η ∈ IX. Then:

i)A fuzzy point xt is said to be quasi-coincident withµ
denoted by xtqµ iff t > µ ′(x) or t + µ(x)> 1.

ii) µ is called quasi-coincident withη , denoted byµqη ,
if there exists x∈ X such thatµ(x)+η(x) > 1. If µ is
not quasi-coincident withη , then we writeµ 6 qη .

iii)A fuzzy subsetµ of X is called a neighborhood (or a
nbd, for short) of a fuzzy point xt iff there exists a fuzzy
open setν of X such that xt ∈ ν ⊆ µ . The family Nxt of
all nbds of xt is called the system of nbds of xt .

iv)µ is called Q-neighborhood of a fuzzy point
xt ∈ FP(X) if there exists a fuzzy open setη ∈ ℑ such
that xtqη and η ≤ µ . The class of all open
Q-neighborhoods of xt is denoted by NQxt .

Definition 4. [7] A map f : X → Y is called fuzzy
continuous if the inverse image of every fuzzy open subset
of Y is fuzzy open subset of X.
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Theorem 1. [7] A map f : X → Y is fuzzy continuous
iff for each fuzzy point xt in X and each fuzzy open nbd
V of f(xt), there exists fuzzy open nbd U of xt such that
f (U)⊆V.

Definition 5. [6] Let (X,ℑ) be an fts, xt ∈ FP(X) and
µ ∈ IX . The closure ofµ , denoted by cl(µ) is defined by:
xt ∈ cl(µ) iff for eachη ∈ NQ

xt , we haveηqµ . The fuzzy set
µ is called closed ifµ = cl(µ).

Definition 6. [5] Let (X,τ1) and (Y,τ2) be fuzzy
topological spaces, then the fuzzy topologyτ = τ1× τ2 on
the set X×Y is defined as the initial fuzzy topology on
X ×Y making the projection mappings P1 : X ×Y → X
and P2 : X×Y →Y fuzzy continuous.

Definition 7. [6] A mapping S: D → FP(X) is called a
fuzzy net in X and is denoted by{S(n) : n ∈ D} or {Sn :
n∈ D}, where D is a directed set.

Definition 8. [6] A fuzzy net{ξ (m) : m∈M} in X is called
a fuzzy subnet of a fuzzy net{S(n) : n ∈ D} iff there is a
mapping f: M → D such that:

i)ξm = Sf (m), for each m∈ M.
ii)For each n∈ D there exists some m∈ M such that, if

ρ ∈ M with ρ ≥ m, then f(ρ)≥ n.

Definition 9. [9] A fuzzy net{S(n) : n ∈ D} in an fts X
is said to be fuzzy converges to xt if for each fuzzy open
nbdν of xt there is some n0 ∈ D such that n≥ n0 implies
S(n) ∈ ν.

Definition 10. [2] A fuzzy net{ fm : m∈M} in FC(X,Y) is
said to be fuzzy continuously converges to f∈ FC(X,Y) iff
for every xt in X and for every fuzzy open nbd V of f(xt ) in
Y there exists an element m0 ∈ M and a fuzzy open nbd U
of xt in X such that fm(U)⊆V, for every m∈ M, m≥ m0.

2 Fuzzy Continuously Convergence of Fuzzy
Nets

Definition 11. Let IX be the set of all fuzzy subsets of the
fuzzy topological space X. If D is a directed set, then by
¯lim
D
(µλ ), whereµλ ∈ IX, we denote the fuzzy upper limit of

the fuzzy net{µλ : λ ∈ D} in IX , that is xtq ¯lim
D
(µλ ) iff for

everyλ0 ∈ D and for every fuzzy open nbd V of xt in X
there exists an elementλ ∈ D for whichλ ≥ λ0 andµλ qV.

Definition 12. Let D be a directed set, and for each m∈ D
there are a directed set Em and fuzzy net{ fm(n) : n∈ Em}
in FC(X,Y). Then, for the directed set T= D×∏m∈D Em
(ordered by(n2,g) ≥ (n1,h) iff n2 ≥ n1, and g(n) ≥ h(n)
for each n∈ D), we have a fuzzy net f(m,g) : T → FC(X,Y)
defined by f(m,g) = fm(g(n)), n ∈ D, g ∈ ∏m∈D Em. The
fuzzy net f(m,g) is called the induced fuzzy net in FC(X,Y).

Definition 13. Let C be a class of pairs(S, f ), where S is
a fuzzy net in FC(X,Y) and f ∈ FC(X,Y). We say that C
is a continuously convergence class for FC(X,Y) iff the
following axioms listed below are satisfied. For
convenience, we write SC-converges to f whenever
(S, f ) ∈C:

1.If S= { fn : n∈ D} is a fuzzy net in FC(X,Y) such that
fn = f for each n, then(S, f ) ∈C;

2.If (S, f ) ∈C, then for every subnet T of S,(T, f ) ∈C;
3.If S does not C-converges to f , then there is a subnet

of S, no subnet of which C-converges to f .
4.Let D be a directed set. For each m∈ D, let Em be a

directed set and fm = { fm(n) : n∈ Em} be a fuzzy net
C-converges to f(m) and let the fuzzy net{ f (m) : m∈
D} C-converges to f . Then, the induced net{ f(m,g) =

fm(g(n)) : n∈ D,g∈ ∏m∈D Em} C-converges to f .

Theorem 2. A fuzzy net{ fn : n ∈ D} in FC(X,Y) fuzzy
continuously converges to f∈ FC(X,Y) iff for every fuzzy
net {ηm : m∈ M} in X which fuzzy converges to xt in X
we have that the fuzzy net{ fn(ηm) : (n,m) ∈ D×M} fuzzy
converges to f(xt ) in Y .

Proof.Let xt in X and letV be a fuzzy open nbd off (xt)
in Y such that for everym0 ∈ D and for every fuzzy open
nbd U of xt in X there existsm≥ m0, m∈ D such that
fm(U) 6⊆V. Then, for every fuzzy open nbdU of xt in X we
can choose a fuzzy pointxU

t ∈U such thatfm(xU
t ) 6∈V. It is

clear that the fuzzy net{xU
t : U ∈ N(xt )} fuzzy converges

to xt but the fuzzy net{ fn(xU
t ) : (U,n) ∈ N(xt)×D} does

not fuzzy converges tof (xt ) in Y.
Conversely, let{S(n) : n ∈ Λ} be a fuzzy net inX

which fuzzy converges toxt in X and letV be a fuzzy
open nbd off (xt ) in Y. Then, there exists a fuzzy open
nbd U of xt in X and an elementn0 ∈ D such that
fn(U) ⊆ V, for everyn ≥ n0, n ∈ D. Since the fuzzy net
{S(n) : n ∈ Λ} fuzzy converges toxt in X. There exists
n0 ∈ Λ such thatS(n) ∈ U , for everyn ∈ Λ , n ≥ n0. Let
(n0,m0) ∈ Λ ×D. Then, for every(n,m) ∈ Λ ×D, n≥ n0,
m≥ m0 we have that,fm(S(n)) ∈ fm(U) ⊆ V. Thus, the
fuzzy net{ fm(S(n)) : (m,n) ∈ D×Λ} fuzzy converges to
f (xt) in Y.

Theorem 3. A fuzzy net{ fm : m∈ M} in FC(X,Y) fuzzy
continuously converges to f∈ FC(X,Y) iff ¯lim

M
( f−1

m (K))⊆

f−1(K), for every fuzzy closed subset K of Y.

Proof. Let { fm : m ∈ M} be a fuzzy net inFC(X,Y),
which fuzzy continuously converges tof and let K be
arbitrary fuzzy closed subset ofY. Let xtq ¯lim

M
( f−1

m (K))

and letw be an arbitrary fuzzy open nbd off (xt ) in Y.
Since the fuzzy net{ fm : m ∈ M} fuzzy continuously
converges tof , there exists a fuzzy open nbdV of xt in X
and an elementm0 ∈ M such thatfm(V) ⊆ w, for every
m ∈ M, m ≥ m0. Then Vq f−1

m (K). Hence,
fm(V)q fm( f−1

m (K)) ⊆ K. So, wqK. This means that
f (xt)qcl(K) = K. Thusxtq f−1(K).
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Conversely, let{ fm : m ∈ M} be a fuzzy net in
FC(X,Y) and f ∈ FC(X,Y) such that
¯lim

M
( f−1

m (K)) ⊆ f−1(K), for every fuzzy closed subsetK
of Y. Let xt be a fuzzy point inX andw be a fuzzy open
nbd of f (xt ) in Y. Let K = w′, thenxt 6 q f−1(K). Then, we
have thatxt 6 q ¯lim

M
( f−1

m (K)). This means that there exists an
elementm0 ∈ M and a fuzzy open nbdV of xt in X such
that f−1

m (K) 6 qV, for everym∈ M, m≥ m0. Then, we have
that V ⊆ ( f−1

m (K))′ = f−1
m (K)′ ⊆ f−1

m (w). Therefore,
fm(V) ⊆ w, for everym∈ M, m≥ m0. Hence, the fuzzy
net{ fm : m∈ M} fuzzy continuously converges tof .

Theorem 4. If {η(n) : n∈ D} is a fuzzy net in FC(X,Y)
such thatη(n) = η for every n∈ D, then η(n) fuzzy
continuously converges toη ∈ FC(X,Y).

Proof. Suppose that{η(n) : n ∈ D} be a fuzzy net in
FC(X,Y) such that η(n) = η for every n ∈ D. Let
{S(e) : e∈ E} be a fuzzy net inX fuzzy converges toxt .
Sinceη ∈ FC(X,Y), then the fuzzy net{η(S(e)) : e∈ E}
fuzzy converges toη(xt) in Y. Therefore,ηn(Se) = η(Se)
fuzzy converges to η(xt). Hence, η(n) fuzzy
continuously converges toη ∈ FC(X,Y).

Theorem 5. If {η(n) : n∈ D} is a fuzzy net in FC(X,Y)
which fuzzy continuously converges toη ∈ FC(X,Y) and
{ξ (m) : m∈ M} is a subnet of{η(n) : n ∈ D}, then the
fuzzy net{ξ (m) : m∈ M} is fuzzy continuously converges
to η .

Proof. Let xt be a fuzzy point inX andV be a fuzzy open
nbd ofη(xt) in Y. Then, there isn0 ∈ D and a fuzzy open
nbdU of xt such thatηn(U)⊆V, for everyn∈ D, n≥ n0.
Since{ξ (m) : m∈M} is a subnet of{η(n) : n∈D}, there
is a mapf : M → D such that:

(i)ξ (m) = η f (m);
(ii)for the elementn0 ∈ D, there ism0 ∈ M such that if

m≥ m0, m∈ M, then f (m)≥ n0.

Hence, we haveξm(U) = η f (m)(U) ⊆ V, for everym≥

m0, m∈ M. Thus, the fuzzy net{ξ (m) : m∈ M} fuzzy
continuously converges toη .

Theorem 6. Let{ fm : m∈ M} be a fuzzy net in FC(X,Y)
which does not fuzzy continuously converges to f . Then,
there is a subnet of{ fm : m∈ M} no subnet of which fuzzy
continuously converges to f∈ FC(X,Y).

Proof. Let { fm : m ∈ M} be a fuzzy net inFC(X,Y),
f ∈ FC(X,Y) and let { fm : m ∈ M} does not fuzzy
continuously converges to f . This means that
¯lim

M
( f−1

m (K)) 6⊆ f−1(K), for some fuzzy closed subsetK

of Y. Let xtq ¯lim
M
( f−1

m (K)). Let Nxt be the set of all fuzzy
open nbds ofxt in X directed by inclusion and let
H = M×Nxt . If ν = (m,µ) ∈ M×Nxt , then we denote by
m̃ the element ofM such thatm̃ ≥ m and f−1

m̃ (K)qµ
wherem̃= φ(ν). φ : M×Nxt → M. Obviously, the fuzzy
net{gν = fm̃ : ν ∈ H} is a subnet of{ fm : m∈ M}. Let

{ℓs : s∈ S} be a subnet of{gν : ν ∈ H} and ξ be the
corresponding map ofS into H. Let s0 ∈ S andV be an
arbitrary fuzzy open nbd of xt in X. If
ξ (s0) = ν0 = (m0,µ0), then if we takeV0 = µ0 ∩ µ , we
have that there exists an elements1 ∈ S such thats1 ≥ s0
and for everys≥ s1 we haveξ (s) ≥ ν0. Let s≥ s1 and
ξ (s) = (m,V). Then ℓ−1

s (K) ∩ µ = f−1
φ(ξ (s))(K) ∩ µ ≥

f−1
φ(ξ (s))(K) ∩ V0 ≥ f−1

φ(ξ (s))(K) ∩ V. Therefore,

xtq ¯lim
S
(ℓ−1

s (K)). Hence ¯lim
S
(ℓ−1

s (K)) 6⊆ f−1(K). That is,
{ℓs : s∈ S} does not fuzzy continuously converges tof .

Theorem 7. Let FC(Y,Z) be a fuzzy topological space,
let D be a directed set and{En : n ∈ D} a family of
directed sets, If{ fn : n ∈ D} be a fuzzy net in FC(Y,Z)
continuously converges to f and{ fn(m) : m∈ En} be a
fuzzy net in FC(Y,Z) continuously converges to f(n).
Then, the induced fuzzy net{ f(n,g) : (n,g) ∈ D×∏n∈D En}

in FC(Y,Z) continuously converges to f .

Proof. Let FC(Y,Z) be a fuzzy topological space, let
{ fn : n ∈ D} be a fuzzy net inFC(Y,Z) continuously
converges tof , then there exists{ητ : τ ∈ T} be a fuzzy
net in Y converges to yr in Y, the fuzzy net
{ fn (ητ) : (n,τ) ∈ D × T} which fuzzy converges to
f (yr). Thus there exists fuzzy open nbdv of f (yr) and
there existsn0 ∈ D such thatfn(ητ) ∈ v for everyn≥ n0.
Since fn(τ)(ητ ) ∈ v for all (n,τ) ≥ (n0,h(n)). Now, for
(n,g) ≥ (n0,h), we haven ≥ n0,g(n) ≥ h(n) and hence
f(n,g) (ητ) ∈ v. Hence,{ f(n,g) : (n,g) ∈ D×∏n∈D En} the
induced fuzzy net inFC(Y,Z) continuously converges to
f .

Hence, the classC of all pairs(S, f ) whereS is a fuzzy
net in FC(X,Y) andSC-converges tof ∈ FC(X,Y) is a
continuously convergence class.

3 Fuzzy Function Spaces

In this section, we introduce fuzzy splitting topology and
fuzzy jointly continuous topology on the setFC(Y,Z).
Also, we give a necessary and sufficient condition for the
existence of the splitting and jointly continuous topology
on the setFC(Y,Z).

Notation: By FC∗ we denote the class of all pairs
({ fn : n ∈ D}, f ) where{ fn : n ∈ D} is a fuzzy net in
FC(Y,Z) which fuzzy continuously converges tof . If ℑ
is a fuzzy topology onFC(Y,Z), then by FC(ℑ) we
denote the class of all pairs({ fn : n ∈ D}, f ) where
{ fn : n ∈ D} is a fuzzy net inFC(Y,Z) which fuzzy
converges tof ∈ FC(Y,Z) in the fuzzy topologyℑ.

Definition 14. A fuzzy topologyℑ on FC(Y,Z) is called
fuzzy splitting iff for every fts X, the fuzzy continuity of
the mapF̃ : X ×Y → Z implies that of the map̂F : X →
FCℑ(Y,Z), for whichF̃(xt ,ym) = F̂(xt)(ym).

c© 2013 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


4 A. I. Aggour, F. E. Attounsi: Fuzzy Topological Properties On Fuzzy Function Spaces

Theorem 8. There exists the greatest splitting topology on
the set FC(Y,Z).

Proof. Suppose that{τi}i∈Λ be a family of fuzzy splitting
topologies onFC(Y,Z) and let ℑ = supi{τi }. For any
fuzzy topological spaceX, let F̃ : X ×Y → Z be a fuzzy
continuous map. Consider the mapF̂ : X → FCℑ(Y,Z).
Let xt in X and letU be a fuzzy open nbd of̂F(xt) in
FC(Y,Z). Sinceℑ = supi τi , we have thatU ∈ τi for some
i. Also, sinceF̂ : X → FCτi (Y,Z) is fuzzy continuous,
there exists a fuzzy open nbdV of xt such thatF̂(V)⊆U .
Thus, the mapF̂ is fuzzy continuous and the fuzzy
topologyℑ is fuzzy splitting.

Theorem 9. A fuzzy topologyℑ on FC(Y,Z) is fuzzy
splitting topology iff FC∗ ⊆ FC(ℑ).

Proof.Let ℑ be a fuzzy splitting topology onFC(Y,Z) and
let ({ fλ : λ ∈ ∧} , f ) ∈ FC∗. Consider the setX =∧∪{z},
wherez /∈ ∧ is a symbol such thatz≥ λ , for everyλ ∈ ∧.
Then, we define a fuzzy topology onX by defining any
singleton{xα} wherex∈ ∧ to be fuzzy open and a fuzzy
nbds ofzt are the fuzzy sets{χλ : λ ∈ X andλ ≥ λ0}, for
someλ0 ∈ ∧}. Let F̃ : X ×Y → Z be a map, for which
F̃ (λ ,y) = fλ (y) ,λ 6= z, andF̃ (z,y) = f (y), for everyy∈
Y. The mapF̃ is fuzzy continuous. Also,̂F (λ ) = fλ and
F̂ (z) = f . Since, the fuzzy topologyℑ is fuzzy splitting,
the mapF̂ : X → FCℑ (Y,Z) is fuzzy continuous. Then,
for every fuzzy open nbdµ of f in FCℑ (Y,Z), there exists
a fuzzy open nbdv of z in X such thatF̂(v) ⊆ µ . Hence,
there existsλ0∈∧ such thatλ ∈ v, for everyλ ∈∧,λ ≥ λ0.
ThereforeF̂(λ ) = fλ ∈ µ for everyλ ∈ ∧,λ ≥ λ0 which
means that the fuzzy net{ fλ : λ ∈ ∧} fuzzy converges to
f in the fuzzy topologyℑ. ThusFC∗ ⊆ FC(ℑ).

Conversely, letℑ be a fuzzy topology onFC(Y,Z)
such thatFC∗ ⊆ FC(ℑ). We aim to prove that the fuzzy
topologyℑ is fuzzy splitting. LetX be any fts and , let
F̃ : X ×Y → Z be a fuzzy continuous map. Consider the
map F̂ : X → FCℑ(Y,Z). Let {S(n) : n ∈ D} be a fuzzy
net inX which fuzzy converges toxt in X. We prove that
the fuzzy net{F̂(S(n)) : n∈ D} fuzzy converges tôF(xt).
Let {η (m) : m ∈ M} be a fuzzy net inY which fuzzy
converges toyr in Y. Since the map̃F is fuzzy continuous
and the fuzzy net{(S(n) ,η (m)) : (n,m) ∈ D × M} in
X ×Y fuzzy converges to(xt ,yr) in X ×Y, we have that
{F̃(S(n) ,η (m)) : (n,m) ∈ D × M} fuzzy converges to
F̃(xt ,yr) which means that{F̂S(n)η (m) : (n,m) ∈ D×M}

fuzzy converges toF̂xt (yr). Therefore, the fuzzy net
{F̂(S(n)) : n∈ D} fuzzy continuously converges tôF(xt).
Since FC∗ ⊆ FC(ℑ), then the fuzzy net
{F̂(S(n)) : n ∈ D} fuzzy converges tôF(xt). Hence, the
map F̂ is fuzzy continuous and the fuzzy topologyℑ is
fuzzy splitting.

Theorem 10. A subset U of FC(Y,Z) is fuzzy open in the
finest splitting topology iff for every f∈ U and for every
fuzzy net { fn : n ∈ D} in FC(Y,Z) such that
¯lim
D
( f−1

n (K))⊆ f−1(K) for each fuzzy closed subset K of

Z, there exists n0 ∈ D such that fn ∈ U for every
n≥ n0.(∗)

Proof. It is clear that the setℑ of all subsetsU of
FC(Y,Z) satisfy the condition(∗) is a fuzzy topology on
FC(Y,Z). Also, we prove that this fuzzy topology is
splitting. For any fuzzy topological spaceX, let
F̃ : X ×Y → Z be a fuzzy continuous map. Consider the
mapF̂ : X → FCℑ(Y,Z), let {S(n) : n∈ D} be a fuzzy net
in X which fuzzy converges toxt in X. We prove that the
fuzzy net{F̂ (S(n)) : n∈ D} in FC(Y,Z) fuzzy converges
to F̂(xt). Let {η (m) : m∈ M} be a fuzzy net inY fuzzy
converges toyr in Y. Since the map̃F is fuzzy continuous
and the fuzzy net{(S(n) ,η (m)) : (n,m) ∈ D × M} in
X ×Y fuzzy converges to(xt ,yr) in X ×Y, we have that
{F̃ (S(n) ,η (m)) : (n,m) ∈ D × M} fuzzy converges to
F̃(xt ,yr) which means that
{F̂S(n) (η (m)) : (n,m) ∈ D × M} fuzzy converges to
F̂xt (yr). Therefore, the fuzzy net{F̂ (S(n)) : n∈ D} fuzzy
converges tôF(xt). Hence, the map̂F is fuzzy continuous
and the fuzzy topologyℑ is fuzzy splitting. Now, we
prove thatℑ is the finest splitting topology onFC(Y,Z).
Let ℑ′ be a fuzzy splitting topology onFC(Y,Z) and let
V ∈ ℑ′. Suppose thatf ∈ V and{ fλ : λ ∈ D} be a fuzzy
net inFC(Y,Z) such that the condition(∗) is satisfied, for
every fuzzy closed subset K of Z. Then,
({ fλ : λ ∈ D}, f ) ∈ FC∗. Since,ℑ′ is a fuzzy splitting
topology, FC∗ ⊆ FC(ℑ′) and so,
({ fλ : λ ∈ D}, f ) ∈ FC(ℑ′). Therefore, there exists
λ0 ∈ D such thatfλ ∈ V, for eachλ ≥ λ0. Thus,V ∈ ℑ.
Henceℑ is the finest splitting topology.

Definition 15. A fuzzy topologyℑ on FC(Y,Z) is called
fuzzy jointly continuous iff for any fts X, the fuzzy
continuity of the mapĜ : X → FCℑ(Y,Z) implies the
fuzzy continuity of the map̃G : X ×Y → Z, for which
G̃(xt ,ym) = Ĝ(xt)(ym).

Theorem 11. A fuzzy topologyℑ on FC(Y,Z) is fuzzy
jointly continuous iff the fuzzy evaluation map
e : FCℑ(Y,Z)×Y → Z defined by e( f ,yr) = f (yr) is fuzzy
continuous.

Proof. Obviously, the identity map

Ĝ= 1 : FCℑ(Y,Z)→ FCℑ(Y,Z)

is fuzzy continuous. Since, the fuzzy topologyℑ is fuzzy
jointly continuous. Then, the map

G̃= e : FCℑ(Y,Z)×Y → Z

is fuzzy continuous.
Conversely, letX be an fts,Ĝ : X → FCℑ(Y,Z) be a

fuzzy continuous map and 1 :Y →Y be the identity map.
The map Ĝ × 1 : X × Y → FCℑ(Y,Z) × Y is fuzzy
continuous. Hence, the mape◦ (Ĝ× 1) : X ×Y → Z is
fuzzy continuous.
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Theorem 12. A fuzzy topologyℑ on FC(Y,Z) is fuzzy
jointly continuous iff FC(ℑ)⊆ FC∗.

Proof. Let ℑ be a fuzzy jointly continuous topology on
FC(Y,Z), X be the space which was defined in the proof
of theorem9 and ({ fλ :λ ∈ ∧}, f ) ∈ FC(ℑ). The map
Ĝ : X → FCℑ(Y,Z), whereĜ(λ ) = fλ and Ĝ(z) = f is
fuzzy continuous. Thus, the map̃G : X ×Y → Z is fuzzy
continuous. Let{S(n) : n∈ D} be a fuzzy net inY fuzzy
converges toyr in Y. So, the fuzzy net{χλ : λ ∈ ∧} in X
fuzzy converges to z. Hence, the fuzzy net
{(χλ ,S(n)) : (λ ,n) ∈ ∧×D} fuzzy converges to(z,yr).
Since the mapG̃ is fuzzy continuous, the fuzzy net
{G̃(χλ ,S(n)) = Ĝ(χλ (S(n))) = fλ (S(n)) : (λ ,n) ∈
∧×D} fuzzy converges tõG(z,yr) = f (yr) in Y.

Conversely, letℑ be a fuzzy topology onFC(Y,Z)
such thatFC(ℑ) ⊆ FC∗. Our aim is to show that the
fuzzy topologyℑ is fuzzy jointly continuous. LetX be
arbitrary fts and letĜ : X → FCℑ(Y,Z) be a fuzzy
continuous map. We shall prove that the map
G̃ : X × Y → Z is fuzzy continuous. Let
{(S(n) ,η (m)) : (n,m) ∈ D×M} be a fuzzy net inX×Y
fuzzy converges to (xt ,yr). Since the fuzzy net
{S(n) : n∈ D} fuzzy converges toxt in X and the mapĜ
is fuzzy continuous. The fuzzy net{Ĝ(S(n)) : n ∈ D}
fuzzy converges tôG(xt). By the hypothesis the fuzzy net
{Ĝ(S(n)) : n ∈ D} fuzzy continuously converges to
Ĝ(xt). Since FC(ℑ) ⊆ FC∗. Therefore, the fuzzy net
{Ĝ(S(n))(η (m)) = G̃(S(n) ,η (m)) : (n,m) ∈ D × M}
fuzzy converges toĜ(xt) (yr) = G̃(xt ,yr). Hence, the
fuzzy topologyℑ is fuzzy jointly continuous.
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