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Abstract: A general form of continuous distributions has been characterized by considering two conditional expectations of 

generalized order statistics (gos) conditioned on a non-adjacent gos. Further, some of its deductions are also discussed. 

 

Keywords: Characterization of distributions, conditional expectation, probability distribution, generalized order statistics, order 

statistics and record statistics. 

 

 

1  Introduction 

 

The concept of generalized order statistics (gos) was introduced and extensively studied by [1].  
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continuous population with the distribution function (df) )( xF  and the probability density function (pdf) 

)( xf  if their joint pdf has the form 
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The model of generalized order statistics contains special cases such as ordinary order statistics 

),1,0... i.e....,,2,1;1( 121   kmmmniin ni  thk record values 

),,1... i.e.( 121 Nkmmmk ni    sequential order statistics 

),0...,,,;)1(( 21  nii in   order statistics with non-integral sample size 
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),0;1(   ii  Pfeifer’s record values )0...,,,;( 21  nii   and progressive type II 

censored order statistics ),( NkNmi   [1, 2]. 

Here we consider two cases: 

Case I:  mmmm n  121   ( gosm ). 

Case II: jiji  ,   for all .),,1(, nji   

For Case I, the pdf of ),,,( kmnrX  , the 
thr  gosm  is given by [1] 
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and the joint pdf of ),,,( kmnrX  and ),,,( kmnsX , nsr 1 , is given by  

)]([)]([
)!1()!1(

),( 11
),,,(),,,,( xFgxF

rsr

c
yxf r

m
ms

kmnsXkmnrX



     

               )()()]([))](())(([
11 yfxfyFxFhyFh srs

mm



                 (1.3) 

where   

 )(1)( xFxF  , 




 
s

i

isc

1

1   ,          

 


























1,
)1(

1
log

1,
1

)1(

)(

1

m
x

m
m

x

xh

m

m          , )1,0(x ,        

and )0()()( mmm hxhxg   

x
m dtt

0

)1( .            

For Case II, the pdf of  ),~,,( kmnrX  is given by [2] 
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and the joint pdf of ),~,,( kmnrX  and ),~,,( kmnsX , nsr 1  is given by [2] 
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2 Characterizations of distributions when mmmm n  121   

The conditional pdf  of  ),,,( kmnsX  given xkmnrX ),,,( , nsr 1  is 
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Theorem 2.1: Let X  be an absolutely continuous random variable with the df )(xF  and the pdf )(xf  in 

the interval ),(  , where   and    may be finite or infinite, then for ntsr 1 , 

 ]),,,(|)},,,({[ xkmnrXkmntXhE    

    
*
|

*
| ]),,,(|)},,,({[ stst bxkmnrXkmnsXhEa                             (2.2) 

if and only if 

 
cbxhaxF ])([1)(                                                 (2.3) 

Where      is monotonic and differentiable function and       are constant such that (2.3) is a df,  
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Proof:  In view of Khan and Alzaid (2004), it is easy to prove the necessary part. 

For the sufficiency part, we have 
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Differentiating )( rs   times both the sides of (2.4), w.r.t. x ,  we get 
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or, 
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and hence the theorem. 

3 Characterizations of distributions when  jiji  ,  

The conditional pdf of ),~,,( kmnsX  given xkmnrX ),~,,( , nsr 1  is  
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Theorem 3.1: Under the conditions as given in the Theorem 2.1 and for ntsr 1 , 
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Proof: It is easy to prove the necessary part in view of Khan and Alzaid (2004) and the Theorem 2.1. 
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For the sufficiency part, we have  
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Differentiating (3.4) w.r.t. x , we have 













 
i

i

xF

xfxFxh
ta

c

c t

ri

r
i

r

t




)]([

)()]([)(
)(

1

1

)(

1

1







  









xi dyyfxf

xF

yFyh

i

i

)()(
)]([

)]([)(
1

1

 

   












 
i

i

xF

xfxFxh
sa

c

c
a

s

ri

r
i

r

s
st 



)]([

)()]([)(
)(

1

1

)(

1

1*
|     

     






  









xi dyyfxf

xF

yFyh

i

i

)()(
)]([

)]([)(
1

1

 

or, 

 
1

1

1

)(

1

1

)](1[

)(
)()(

)](1[

)(













 

r

t
t

ri

r
i

r

t

c

c

xF

xf
xhta

c

c

xF

xf
 

  dy
xF

yfyFyh
ta

x

t

ri

r
ii

i

i


















)](1[

)()](1[)(
)(

1

1

)(
  

   )()(
)](1[

)(

1

)(

1

1*
| xhsa

c

c

xF

xf
a

s

ri

r
i

r

s
st 






  

  )(
)](1[

)(

1

)(

1

1*
| sa

c

c

xF

xf
a

s

ri

r
ii

r

s
st 






  dy

xF

yfyFyh

x i

i













)](1[

)()](1[)(
1

 

After noting that 0)(

1

)(




sa
s

ri

r
i , 11  rrr cc   and  )()()(

)(
1

)1(
tata

r
iir

r
i   


,  we get 

  )]()([
)](1[

)(
1||1 xgxg

xF

xf
rtrtr  


 )]()([

)](1[

)(
1||1

*
| xgxg

xF

xf
a rsrsrst  


   

where  

 ]),~,,(|)},~,,({[)(| xkmnrXkmnsXhExg rs   

or,  

 )()()()( 1|
*
|1||

*
|| xgaxgxgaxg rsstrtrsstrt         

    
*
||

*
|| )()( stssstst bxgaxg                   (3.5) 

 



                                     A. Khan ,Z. Haque and M. Faizan: A Characterization of Distributions based ... 43 

 

 

 

Noting that )()(| xhxg ss  , we have 

*
|

*
|| )()( ststst bxhaxg   

i.e.  

  
*
|

*
| )(]),~,,(|)},~,,({[ stst bxhaxkmnsXkmntXhE                                                (3.6) 
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and consequently the conditional pdf  given in  (3.1) will reduce to the conditional pdf  given in  (2.1). 

Thus the Theorem 3.1 will reduce to the Theorem 2.1 with )1)((  mjnkj . 

 

Remark 3.2: At rs  ,  result reduces to as obtained by Khan and Alzaid (2004). 

 

Table 3.1: Examples based on the df  
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