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Abstract: Singular system is a natural representation of dynamical systemsam@eed cost fuzzy control problem for a class
of nonlinear singular system is addressed. The nonlinear singulamsystetains time-varying and norm-bounded uncertainties
simultaneously in the matrices of states, delayed states and control inpuigédr singular system is formulated in the framework
of Takagi-Sugeno (T-S) fuzzy system. Parallel-distributed compienséPDC) scheme is equipped to design T-S fuzzy controller.
Sufficient conditions are stated to guarantee both the stabilization andletgssystem’s performance requirements. The conditions
are obtained via linear matrix inequalities (LMIs) techniques, which carohed through convex optimization method efficiently.
Finally, numerical example demonstrates the usage of the propossis.res

Keywords: Nonlinear singular system, guaranteed cost control, Takagi-Suge8pf(zzy system, linear matrix inequality (LMI),
time-delay system

1 Introduction On the other hand, fuzzy logic approach§] has
proven to be an efficient method to represent complex
o . nonlinear systems by fuzzy sets and fuzzy reasoning. The
The problem of stabilizing singular systems has been e hased” structure of fuzzy controller allows the
widely lsu.Jd'ed during [;]ast _dec?des because ?f Hesigner to implement a complex controller design within
pr?ctlcg Interest 1’.2]' IT € singular ?VStI?”.‘ IS alSo 4 intuitively straightforward framework. Among various
referred to as singular system, Implicit System, .,y modeling methods, Takagi-Sugeno (T-S) fuzzy
generalized - state-space system, differential-algebraig, e [7] is one of the most popular frameworks. It is
system anq serfnl-state S}élstem],l[and kflas a tlghterf based on a fuzzy partition of input space. In each fuzzy
representation for a wider class of systems forg,pqhace, a linear input-output relation is formed. The
representing rgal mde.p.endent parametric perturbations loutput of fuzzy reasoning is given by the aggregation of
cor:nparrl]sor:j W'fjh trad_ltlolnal state—spac_eh model. gnl thehe values inferred by some implications that are applied
other han b yt;'am'ca s%/stem_s IW't dtlrlne eayslto an input. Generally speaking, there are two kinds of
constitute the basic mathematical models .Of rea uzzy logic controller. One is model-free fuzzy controller
phenomena, and are very common in various industriajg 304 the other is model-based fuzzy controller. The
fields, for instance, in chemical processes, communicatiofymer depends on heuristic knowledge from experts, and
network, transportation systems, environmental SyStemss featured by difficulties in guaranteeing the stabilitylan
and power systems. And, time delays also appear inonyo| performance of the closed-loop —system.

actuator and state measurements. Since time delaypherefore, the latter has attracted a lot of attention from
frequently cause serious deterioration of the performance.qaarchers during the last decagld p, 11].

and even stability of the system, various topics has been

addressed over the last decad84/5,6]. Due to the T-S fuzzy logic controller design using
difficulties of constructing Lyapunov function and the parallel-distributed compensation (PDC) scheme had
complexity of the existence and uniqueness of thebeen proposed and developed @). [Fuzzy model-based
solution, there still remain some difficulties in tackling controller can combine the merits of both fuzzy controller
the nonlinear singular systems with time delays. and conventional linear theory, and furthermore guarantee
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stability in the sense of Lyapunov and control x(t) = [xi(t) X2(t) --- xn(t)]T denotes state vectoy(t)
performance theoretically. Moreover, linear matrix denotes control input vector, ald; denotes fuzzy sets,
inequality (LMI) techniques12] also make model-based andr denotes the number of IF-THEN rulds.s singular
fuzzy controller design more convenient. However, whenmatrix with ranKE) = q < n. d > 0 is time delay,¢ are
the controller is design for a real plant, it is also desiabl continuous vector-valued initial functions.AA;,
to design a controller that not only makes the closed-loopAAg € O™", AB; € O™™ represent the system’s
system stable but also guarantees an adequate level ahcertainty matrices and satisfy Assumption
performance 13]. There exists voluminous literature on ] ) .

the subject of stabilization of linear singular system with Assumption Uncertainty matricesAA;, AB; and AAy
time delays 2,3,6]. Especially, the robust stability are norm-bounded, and have the following structures
analysis of uncertain discrete-time singular fuzzy system

was discussed in 1P]. However, guaranteed cost

controller for nonlinear singular system with time delays [AA AB; AAg | = DiFi(t) [Ey Bz Eq ], )
is still an open problem for the researchers. .

This paper deals with guaranteed cost fuzzy controlletVn€re B, Ea and Ep are constant irxejal_ matrices of
design for a class of nonlinear singular fuzzy system with@Ppropriate d|men5|qns, andj E) €O IS_unknown
time-delay. The uncertainty is assumed to be matrix-valued fun_ctlons _Wlth Lebt_es_gue—measurable
norm-bounded and appears in the state matrices of curreffi€Ments, may be time-varying and satisfies
states, delayed states as well as input matrix. First, the -
nonlinear singular system is described by T-S fuzzy FIORO <I, ©)

model. The performance index considered in the paper igyhere | is the identity matrix with appropriate dimensions.
an integral quadratic cost function as the regulatoryncertaintiesAA;, AB; andAAy; are said to be admissible

problem. Then, the sufficient conditions for guaranteedif poth (2) and @) hold. This form has been widely used to
cost fuzzy controller are presented through PDC schemeyea) with time-varying uncertainties.

And the conditions are reduced to a set of LMIs, which

can nowadays resort to some popular commercial By using the fuzzy inference method with a singleton

software. Finally, numerical example is given to illustrat fuzzifier, product inference, and center average

the effectiveness of the controller design. defuzzifiers, the final output of T-S fuzzy model is
This paper is organized as follows. T-S fuzzy singular obtained as

system with time delays is constructed in SecoBome

use lemmas are presented in Sect®rSection4 deals ;

with guaranteed cost fuzzy controller. Sect®iflustrates EX(t) = 3 wi(z(t)[(A +AA)X() + (Ag +AAg)

the results on a numerical example. Finally, in Secpn i=1 )

concluding remarks end the paper. x X(t—d)+ (Bi + ABji)u(t)]

(4)

where
2 Problem Statement

universal approximator of any smooth nonlinear systems

having a first order that is differentiable. The appeal of a

linear T-S model is that it renders itself naturally to

Lyapunov based system analysis and design techniques.

The following T-S fuzzy singular system is constructed to andM;j (z(t)) denotes the degree of membershig(©f on
approximate the nonlinear singular with time delay andMij. The degree of membership satisfies
uncertainties.

Recent studies ind] had shown that fuzzy model is a ;mmnzmcmbﬂgmamm
p

w(2t) = I_llMij(Z(t)),
|=

.
Plant Rulei : i;m(Z(t)) >0, w(z(t)>0,i=1, 2 -, r
IF z(t) is Miz and ---, andz, is Mip, |

THEN EX(t) = (A +AA)X(t) + (Agi + AAg) " Note that for all, there exists

x X(t—d)+ (Bi+ABj)u(t)
X(t) = ¢(t)7t € [—d,O],

o ¥ HEO) =1 (@) 20, i=1, 2 1

wherez(t) = {z(t),2(t),--- ,Z(t)} denote the variables wherep;(z(t)) can be taken as the weights of normalized
of premise part, A, Aq € O™ B e O™M IF-THEN rules.
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As for PDC scheme, fuzzy controller and fuzzy model Definition 2.Consider the delayed fuzzy singular system
(4) possess the same premises. Then, if we suppose that &ll). The fuzzy controller) is called guaranteed cost fuzzy
the system’s states are observable,ittie controller rule  control law for the singular system with time delay, (f
can be expressed by there exist fuzzy controlle6) and a positive scalarJsuch
that

(i) fuzzy singular closed-loop syster) (is regular,
impulse free and asymptotically stable,

(ii) the cost function) is bounded, i.e.”J where J is
the upper bound of the performance cost functi@n (

Controller Rule :
IF z(t) is Mj; and, ---, and zp is Mp, (5)
THEN u(t) = Kix(t), i=1, 2, -+, r,

whereu(t) is the local control, ank; is the local feedback The objective of this paper is to give the sufficient
gains. conditions of guaranteed cost fuzzy controll6y for the

At the consequent part, fuzzy control rules have linearfuZzy system with time delays1f based on LMI
state feedback gain. It has been proved that the controllgiechnique.
using the PDC scheme is an approximator for any

nonlinear state feedback controll®].[ The overall fuzzy
controller can be represented as follows

o) = 5 et Kx). ©

Therefore, the fuzzy controller is to design local

feedback gairkK;s. Then, the combinations of)(and ©)
results in the overall closed-loop fuzzy system

Eit) = 3 (et {[(A + AA)+ (B AB)K]

X X(t) 4 (Agi + AAg )X(t —d)},
X(t)=¢(t), te[-d, 0.

(7)

In the following, we introduce some definitions and

3 Mathematical Preliminaries

Before proceeding with the research on stability cond#ion
for the closed-loop fuzzy singular system with time delays
(7), some useful lemmas are introduced first.

Lemma 1. [4] Let AD,E,F and P be real matrices of
appropriate dimensions with B 0 and F satisfying
FTF <. Then we have the following

(i) For any scalare> 0,

DFE + (DFE)" < ¢ !DD"+¢E'E. 9)
(i) For any scalare > 0, such thatl — EPE" > 0

(A+DEF)P(A+DFE)T < APA" +¢DD'

useful properties for the syster)( | APET (¢] — EPET) 1EPAT (10)
Definition 1.A pencil sE— ¥{_; pi(z(t))A (or pair (E - :
ST, wi(z(t)A) is regular, fdesE — ST, i(z(t)A) is ~ OF sauivalently
not identically zero. T T
Fuzzy singular systen7) has no impulsive mode (or (Aiil(zg,)fﬁA;E;g,ifDD (11)
impulse free) if and only ifankE) = degde{skE - ’
r X .
i1 Hi(Z(t))A). (iii) For any scalare> 0 such that - eETE> 0,
The notations dét), rank:-) and ded-) denote
determinant, rank and degree of a matrix, respectively. (A+ DEF)(A+DEF)T < e 1ppT
The property of regularity guarantees the existence and T T
uniqueness of solution for any specified initial condition. +A(l —€E'E) A", (12)
The condition of impulse free ensures that singular AD+(AD)T<£APAT_|_€71DTP71D_ (13)

system has no infinite poles.

The performance cost function associated with the| emyma 2[12] Let F : V — S be an affine function which
system {) is given by is partitioned according to

I= [T QX+ ORUId,  (®)
0

_ | Fra(x) Fra(X)
FOg = {le(x) F22(X)} ’ a4
where positive semi-definiteQ € O0™" and positive , ) ,
definiteR € O™ ™M are constant weight matrices. where Fr1(x) is square. Then £x) >0 if and only if
The definition of guaranteed cost fuzzy controller for
nonlinear singular system with time delays {s given as { Fi1(x) >0, 1 (15)
follows: F22(X) — Fr2(X)Fy1- (X)F21(x) > 0.
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Lemma 3[14] if [°,¢(1)¢T(T)dt=WWT, then for any
X = XT > 0, the following formulae
tr(WTXW),

[ oxema 16)

holds, wherdr(-) denote the trace df).

Proof Firstly, we define a Lyapunov functional candidate
as follows

X" (t)Px(t) + tide(r)Rlx(r)dr,

V(x(t)) = (23)

whereP is a time-invariant, symmetric positive definite
matrix. Then, by using the inequalityl]), the time

4 Main Results

Now we are in a position to present the main results in this

V(x(t)) =

paper.

Theorem 1As for fuzzy systeni) and performance cost
function @), the fuzzy closed-loop system with time delays
(7) is asymptotically stable and the controlle) (s state-
feedback guaranteed cost fuzzy controller for the system
(1), if there exist feedback gaingdand symmetric positive
definite matrix Py, and M such that

ETP=PE >0, 17)
Bi + PAy iR~ e S AP+ e By ()
+ExK))T (E1.+E2.K.)+Q+K RK <0,
@;j +82_ijl(Eli + E2iKj) T (Eq + E2iK;) +83ij (E1j
+EZJKI) (E11+E2]K|)+PAd|(R1 &5 Ed|Ed|) . (19)
xAEP—i—PAm(Rl sdJ LEiEaj) AP
+2Q+ i KK + &y KTRRIQ <0,
[TAN(Y )
{d’(o) Tpil| <O (20)
M Wi <0 (21)
W _R:I—-l )

where

@i = ATP+PA +KBTP+PBK; +R;
+ (£1i+£PDDP),
=A'P+PA+KBP+PBK;+ATP
+PA;| + KB] P+ PBjK; + 2Ry + (€2
+ £i)PDiD{ P+ (&3 + £31)PD; DjTR

/ o

where 1<i <j <r, & (a =1, 2, 3) ande,jj are arbitrary
positive scalars, and * denotes the transposed element in
the symmetric position.

And also for any admissible uncertainties, the
performance cost functiorB) of fuzzy closed-loop system
(7) satisfies

T)dr =WW',

J<J'= min (p+tr(M)).

H,PRyKiM (22)

=5 S wz)

derivative ofV (x(t)) is given by

X" (HEPXt) +XT () EPX(t) + [X
pj(z(t))

i=1j=1

+P(Bi +AB)K; + (AT + AAT)P+ K] (BT

+AB)PIX(t) + X (t)P(Ag + AAg )X ( —d)

+XT(t—d) (AG +AAG)PX(1)IX(1) +XT (H)RuxX(t)
—x"(t —d)Ryx(t —d).

H(SRX(9;_a

{X"(t)[P(A +AA)

r r

By use of Lemmadl, some manipulations will result in

ZM
+PBin+Ai P+AATP+KBIP+KTABTPJx(t)
X' (1)P(Adi +AAG)X(t —d) +XT (t — d) (A +AAg)
x PX( ) =X ()QX(t) = XT (KT RKX(1)}

£ (2lt)) 1y (20X ()(2Q-+ KTRK; + KTRK

i<

Q+K{'RK +PA + PAA;

+AP+KJAB'P+AA P+ K]ABP + PA
+PBK; + PAA + PABK; + A[P+K/B[P
+AAJP+ K AB[P+ PA;| + PBjK; + PAA,
+PAB-Ki72QfK-TRKij-TRN] X(t)

X" (t)P(Adi + AAG)X(t —d) + X (t — d) (A
+AAdi)PX() +XT (t)P(Adj + AAg))X(t —d)
+xT (t—d)(Aj + AAL)PX(t) + X Rix(t)
—xT(t—d)Rx(t —d)}.

Note that the following inequalities hold

X' (t )QX() +ul(HRU)

= lelu. (t)[x

X! (OKTRK(1)]

- ; B(2(0) T QKD + X7

T (H)Qx()

()K" RKix(1)]
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r

+ Y Hi(z(t)) iy (2(0)) X (OKTRK (1)

i<]
+xT(t )K-TRK-X( )+ 2xT (H)Qx(t)]

< Zu.
+Zu.( (t)) i (2(t)x"

i<]

+ &K RRKX(t).

t)(Q+ K RK)X(t)

(1)[2Q+ &1 K K;

Then, from Lemmad. and Assumptiori, we obtain

1) < 3 e Q)+
+X(t)(ATP+PBK; +PA + KB P)x(t) + (&1
+ &i)XT (t)PDID{ Px(t) + &5 X" () (Eqi + EaKi)T
x (Exi + E2iKi)X(t) + X' (t)PAi (R — & "EgiEai)
x ALPX(t) = xT (1) Ryx(t)] — xT (1) KTRKx(t)
—><T(t)QX(t)}+i<iJ Hi(2()) py () {[2XT (1) Q1)
+enXT (HKTKix(t) + 5% (K RRKx(t)

X' (t)(ATP+PA + KBl P+ PBK; + AP
+PA; + KTB] P+ PBjKi)X(t) + (&2 + €3

x X! (t)PDiD{ PX(t) + (&3 + £3)x' (t)PD;D]PX(t)
+ &5 X (1) (Exi + E2iKj) T (Exi + E2iK;)X(t)
+ &5 (1) (Ej + E2jKi) T (Exj + EzjKi)x(t)

X" (H)Rix(t)] — 2T (1)Qx(t) — X" () K RKix(t)

X (1)KTRKx(t)}.

(HKRKx()

Because of the inequalitied® and (9), the above
formulae can be rewritten as follows

. r T
V(x(t) = 0 <Q+ (5 utox)

R <i:§1ui (z(t))Ki>> X(t) < 0.

Therefore, the fuzzy closed-loop singular systé&ing
asymptotically stable. Then, integrating both sides2dj (
fromt =0tot =T yields

(24)

VX(T) -VxO) < [ (-

K (OQKY
0
- (_iumz(t))(th

>T> R (-2“‘ (2(0)) (Kix t))) d.

Considering that the closed-loop singular syst&mg
asymptotically stable, we hawg¢eo) — 0 and

= [ 6 T ()RuD))
< ¢T(0)P¢(0)+/_d¢T(T)R1¢(r)dr:J_*.

From Lemma2, (20) is equivalent to

9" (0)P$(0) < (25)
By use of LemmaB, we obtain
/ (; oT(DRG(T)dT — trWTRW).  (26)

BecauseZ1) is equivalent taWT R{W <M, we get

/(; 07 (1)RLp (T)dT = tr(M). 27)
By (25), (26) and @7), we obtain
J<J = u,P,rF'zliﬂi,M(“ +1tr(M)). (28)

According to Definition2, (6) is guaranteed cost
fuzzy controller for the singular system with time delays
(4). Then,J* is the corresponding upper bound of the
performance cost functiorB).

The search for the common matfandK;s nowadays

can resort to some efficient numerical methods in terms of

LMIs. However, the conditions are not jointly convex in
Kijs andP in Theoreml. Hence, Theorer is proposed, in
which the LMIs are tractable.

Theorem 2The controller 6) is guaranteed cost fuzzy
controller for the closed-loop T-S fuzzy singular system
with time delays?), if there exist matrices M, symmetric
positive definite matrix N and Uy and M such that the
LMIs

NET = EN >0, (29)
T2 ()

{4’() N]<o, (30)
~MWT |

{w 0 o]<o, (31)
|l 0U

and 32), (33) hold, where “*” denotes generically each
of its symmetric blocks

= NAT + AN +MTBT + (g1 + &i)DiD] +U,

®j = NAT + AN+M/Bl + AN+ M;B] +BjM;
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D5 * * * * *
EiiN+ ExM; —&l  x * * *
v — *
W0 0 ot . L |<o (32)
M; 0 0 0 -R?! x
0 0 EgN O 0 —&il
[ b * * * * * * * % .
EiN+ExiMj —&y51 = * * * * * * *
EijN+ExjMi 0 —e&gjl = * * * * * *
N Ti 0 0 -U =« * * * * *
NA;: 0 0 0 -uU * * * * *
N 0 0 0 0 120 « o« o« o« |<O (33)
M; 0 0 0 0 0 —&gjl % * *
RM, 0 0o 0 O 0 0 —ggfl * o«
0 0 0 EgN O 0 0 0 —&gl =
L 0 0 0 0 EgjN 0 0 0 0 —&gjl

+(&2ij + £2)DiD{ + (€3] + £3)D;D] +2U,

Furthermore, feedback gain l&nd symmetric positive + (B1+ABy)u(t),
definite matrix P are obtained by Plant Rule 2: IFx(t) is N,

-1 1 1 el EX(t) = (A + AA2)X(t) + (Aga+ AAdg2)X(t — d)
P=N"1 K =MN?R=NINT? (39 - (By+ ABo)U(Y),

And for any admissible uncertainties, the performance

cost function 8) of fuzzy closed-loop systef) atisfies where the membership functions of ‘P’, ‘N’ are given as

follows
<J = i
J<J u,Nr.,U!Qi,M(u +tr(M)). (35) )
ProofBy use of Schur complement in LemrAawe obtain Mi0a(t) =1~ 1+exp(—2x1)’ (40)
36) and @37). Multiply (36) and with
(36 and 7). Multply (36) and €7 Ma(x(1)) = 1 My (t). (42)
_di -1 p-1
M =diagP = 1LP L1, (38) Matrices AA;(t),AAg (t) and AB;(t) are assumed to
and have the form of Z). Then, the relevant matrices in T-S
fuzzy model are given as follows
My =diagP L, 1,1,P~ 1P L1 11,1,1), (39)
both left and right side, respectively. Lt=P~%, M; = 10 01 0 o
KiP~1 andU = P~1R;P~1. Then, the LMIs 82) and (33) E= [o o] A= [ 1 2} A1 = [02 01}
can be obtained. Similarly, multiplyind.7) with P~ both . I e
left and right side will result in LMI 29). Similarly, LMIs 0 0 1 0 0
(30) and B1) can also be obtained. So far, the LMAYj- B1= {O.l} A= [_2 _2} Adz = [0,1 0.5]
(33) can be solved by convex optimization method. ' : *
B,_| 07 p _[01] 5 _[o1
27 01] "t [02] T2 |05
5 Numerical Example N ’
Ei=Epp= {0} Ea1 = Ege=[0.1 0],
To demonstrate the effectiveness of our method, we ;
consider nonlinear time-delay system approximated by 1) — [exp(t+1) O]T Epy = 0.3, Epp=0.2
the following IF-THEN fuzzy rules _ ’ ’ '
Fi=F=sin(t),d=1
Plant Rule 1: IFxy(t) is P, Choose the scalar coefficientsi(a = 1,2,3) =

THEN EX(t) = (A1 +AA)X(t) + (Ag1 + AAg)X(t —d) &qij = 1. By using Matlab LMI Control Toolbox15], the
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;i * * * * *
Eqi + ExKi —&l * * *
Agi 0 R = * *
| 0 0 -0! « « |<O (36)
Ki 0 O 0 -R1! «
0 0 Eg5 O 0 —&il
i Cblj * * * * * * * * * ]
E1i+E2in fglijl * * * * * * * *
Eijj+EBEjKi 0 —&gjl x * * * * *
A;iP 0 0 —R =* * * * * *
Ade 0 0 0 —R * * * * *
| 0 0 0 0-120' x« s o« o« |<9 (37)
Ki 0 0 0 O 0 —&jl * *
RK; 0o 0 0 O 0 0 —gill =«
0 0 0 Eg5 O 0 0 0 —&gl =
L 0 0 0 0 Egj 0 0 0 0 —&zjl
positive definite matriceB, R; and feedback gaiKjs can The author is grateful to the anonymous referee for a
be obtained as follows careful checking of the details and for helpful comments

that improved this paper.
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