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Abstract: Many problems in mathematical physics can be formulated as an equatiam&Emden type. There are many methods
for the solution of this equation. One of these methods is the Taylor matrixoeheTthe only types of nonlinear equations that this
method has been applied so far are the Riccati and Abel equations. Biutlis an algorithm based on the Taylor matrix method is
proposed and applied to the nonlinear Lane-Emden equation with indexexample is also given.
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1 Introduction If we rewrite equation 1) asxy’/ +2y/ +xy" = 0 and
denote the coefficients of the equation by A, B and C
The nonlinear differential equations are indispensablerespectively. Then we have

tools for modeling many physical phenomenon such as /) y

chemical reactions, spring-mass system and bending of Ayl +By +Cy"=0.
beams. These equations are also useful in ecology angihe solution of equationlj can be expressed
economics 1,2,3]. Therefore, the solution methods for

these equations have gained importance for engineers and Ny (c)

scientists. The aim of this paper is to solve the n!
Lane-Emden equation by making use of the Taylor matrix . ) )
method #,5,6,7,8]. The method is used to solve a wide where, y(x) is the solution of Eqg.1, N is the degree of the
class of algebraic, difference and partial differential Taylor polynomial ak = candy”(c), n=0, 1, ...,N are
equations. the coefficients to be determined.

All studies made so far show that the Taylor matrix

method have been used only for the solution of linear . .

ordinary differential equations, Riccatti differential 2 Analysis of the Taylor matrix method

equation 9] and Abel equation](].

In this study Lane-Emden equatiohlf12] is solved by
the Taylor matrix method. First we consider the following

y(x) = (x—o)", (3)

n=

We can put the serie8)in the matrix form

equation ) [y(X)] = XMY 4)
v/ + 5y 4y =0,0<x < 0 (1)  where
X X=[1(x—c) (x—c)2--- (x—c)
under the conditions V(0T
y(0) =1, y/(0) =0.Wheren> 0is an integer. 5000 Y4(©)
sgo-o)  |v
M=|00z%--0| Y=| .
y(0)=1, y/(0)=0Wheren>Oisaninteger. (2) Lo
0005 i)
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Now we consider the teriy// of Eq.(1). It can be written

as the truncated Taylor series expansions of delyre¢
X = cin the form

N
1
/N = (M) (y_
A= 5 SIAYNIZ e @)
We can write
n

M = heo( 1)

substitute it in §) we get

N n
/=5 5 5 () AT EYmE-o

and its matrix form

A= (c)y(M(c) and if we

[Ay/ / } — XAY (6)
where _ _
00 Pl'él) <0>m 0
00 A1|o<|) A?l!)l(!c) 0
A=(00 2|0(|) A1!1(!c)“' 0
A(N)< ANDi  AGc
00 NIO') (N—l)!l!) 2!(N—(2))! ]

By analogy we obtain

Wy ®=5 3 5 (n)E ey e-o.

i )
N n
C(X)Y1(x) = > ZO:'! (r?]) C(nfm)(C)Yl(m)(C)(x_ c)™
. ®
C(X)Ya2(x) = S io:! :1) C(nfm)(C)Yz(m)(C)(x_ c)™
. 9
N n
C(X)Y(x) = 2 HZO:! <r?]> cn m)(C)Y(m)(C)(x o)
. (10)

for m>2
m-1 . .
=32 (m. 1) y™eme  (12)
Yx) =), Y (e) =n(y(e)" YT ()
for m>2
v™(0) = nE: (mi 1) Yy ey, (13)

whereY (x) = Yn_1(x). And their matrix representations,
respectively

[Ay// ] — XAY (14)

{By/ } — XBY (15)

Cy"] = [CY] = XCY (16)

Where_ o i
03¢ 0 - 0

B© B ()
110! ot

o

B Yo B P ) N
(N=T0T (N—2)ial " O N—1)! yN)
)

BV B Y@ B
N!O! (N=1)!1! 1I(N-1)!
oL o 0

0

1 (0)

710! Cll(lc) 0 SR
0

o

Q,
S| =

O

)

c=| 2@ cVig  cOq
= | “210! 11T orzr )

cWig M-V cN-2)  cO
NIOT (N—1)iil (N—2)i2I """ "0NI

Substituting the matrix forms6§-(13) into the equation
Ay// 4+ By/ 4+Cy" = 0, then we have the matrix equation

(A+B)Y+ CY=0. 17)

The matrix EquationX7) is fundamental relation for Lane-
Emden equationiy.
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3 Solution by the Taylor matrix method 4 Numerical example

Consider Considerxy// + 2y/ +xy° = 0, over [0,1] with y(0)=1,
(A+B)Y+ CY=0 s YO=0 .

The exact solution of this problemys= (1+ %)~ 2. If we
approximate the solutioy(x) by the Taylor Matrix method
with N=5 we find that

and let

AJrB:U:[UijLC:[Cij],i, j=0,1 ...,N. (29)

00000
] ] 001000
The augmented matrix of Equatiohd) becomes 000100
N A=looo0lo0
Q:[U,C,O] (20) 00000%
where 1000000
[ Uoo Up1 -+ UoN Coo Co1 - CoN 02000 O
Ue Uio U11 -+ UIN oo C10 C11 -+ CIN 002000
SRR i it g_|000100
= 1
L UNO UN1 - UNN CNo CN1 -+ CNN 000030
-0 000004
0 100000 0
O= . rooo0o0 o0
: 100000
L0 _ N 010000
In order to find the unknown Taylor coefficients, C= 1
. X . 005000
replacing last two rows of matrices U, C and O with the 000% 00
proper rows is necessary to satisfy the initial conditions 00 0% 10
given by Eq.R). Then, we have matrices - 24 o)
[ Ugo Up1 .. UoN 0 y(O) (0) Yl( )(0)
u u ...ou (1)
10 Ui 1IN 0 v (0) Y, (0)
. (2) . (2
U*= . . . . , WhereO—= 8 , Y= y(3) (0) andY= Y](?’) (0)
UN-20 UN-21 UN—22 UN-2N 0 y(4) (0) Y;7(0)
1 o .. 0 4
0 y#(0) v,?(0)
L O (R 0 y®(0) Y(S)(O)
[ Coo Cor .-~ CoN 0 _ . i ot -
Clo C1 ... CIN 0 Then, the matrix equatiod*Y +C*Y = Q* becomes
S : 020000 [Y907 roooooq [Y?0 0
Cr=| - - O = . 003000| |y(0) 100000| | Y(0) 0
CN-20 CN—21 CN-22 CN—2N 0 000200| |y?(0) 010000 Y@@ | |0
0o 0 .. o0 1 0000520 [y®0)| " |ooiooo| |y®) |~ |o]
. O 0 0 0 100000 |y (0) 000000 | y#(0) 1
Then, the corresponding matrix equation is 010000 | y5(q) 000000 |y 0
U*Y + C*Y =0O* (21)  From the system obtained above, the coefficigft§0)

From the system2(1), the unknown Taylor coefficients (N=0,1,2,3,4,5) are found ag®(0) = —3, y¥(0) =
yW(c) (n = 0,1,---,N) can be determined. If they 0, y®(0)=1,y®(0)= 0. Therefore the solution is
substituted in §) we get the Taylor polynomial solution.
The accuracy of this solution can be checked as follows
[9]:

If the solutiony(x) and its derivatives are substituted
in Egq. (1), the resulting equation must be satisfied Numerical results obtained fory// + 2y/ + xy® = 0 is

1, 1
y—l—éx +ﬂx4

approximately; that is, fox=x; € [a,b] given in the following table.

E(x) = [AX)Y" (%) +B(X )Y (%) +C(x )y (% )| = 0 % | Taylor MatrixMethod| Exact Solution| Absolute Error
or 001 1 0

E(x) <10, (I, is any positive integer). 0.2 ] 0.9934 0.99339 7.3E-07
If max(107'") = 10" is prescribed, than the truncation 8-2 8-3123 8-3123‘;’ 3'856(3159
limit N is increased until the differend&(x;)| at each of : : : 507
the points becomes smaller than 10 0.8 0.9104 0.90784 0.00250

P 1.0 | 0.8750 0.86602 0.00897
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5 Conclusion

In this paper we have presented a formula given1y, (
(12) and @3) from which one can compute tfhorder
derivative ofy". The Taylor matrix method avoids the
difficulties and massive computational work by
determining the analytic approximate solution and
provides a reliable technique that requires less work and
highly accurate results if compared with the traditional
techniqgues and existing numerical methods. A
considerable advantage of the method is also that the
Taylor coefficients of the solution are found very easily
by using the computer programs.
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