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1 Introduction

Consider the subclassA(n, p) of functionsf (z) ∈A of the
form

f (z) = zp −
∞

∑
k=n+p

akzk
, (n, p ∈ N) (1)

analytic and multivalent functions in the unit diskU (1) =
{z : |z| < 1}. The function f (z) is said to be starlike of
orderδ (0≤ δ < p) if and only if

Re

(

z f ′(z)
f (z)

)

> δ , (z ∈ U ). (2)

On the other handf (z) is said to be convex of orderδ (0≤
δ < p) if and only if

Re

(

1+
z f ′′(z)
f ′(z)

)

> δ , (z ∈ U ) (3)

Definition : Let H denote a Hilbert space on the complex
plane . LetV denote an operator onH. For a complex-
valued functionf analytic onU (1), let f (V) denote the
operator onH defined by the Riesz-Dunford Integral [2]

f (V) =
1

2π i

∫

C
(zII−V)−1 f (z)dz (4)

where I is the identity operator onH,C is positively
oriented rectifiable Jordan cantour inU (1) and contain

the spectrum of interior domain. The operatorf (V) has

series representationf (V) =
∞
∑

k=0

f k(0)
k! V

n, which converges

in the normed topology [4]. For complex parameters

α1, · · · ,αq

(

α j

A j
6= 0,−1,−2, · · · ; j = 1, · · · ,q

)

and

β1, · · · ,βs

(

β j

B j
6= 0,−1,−2, · · · ; j = 1, · · · ,s

)

we define the Fox-Wright generalized hypergeometric
function [5] (see also [7], [9], [13], [14]),

qψs[(α1,A1), · · · ,(αq,Aq);(β1,B1), · · · ,(βs,Bs);z]

= qψs[(α j,A j)1,q;(β j,B j)1,s;z]

= ∑
k=0

{

q

∏
j=1

Γ (α j +A jk)

}{

s

∏
j=1

Γ (β j +B jk)

}−1
zk

k!
(5)

(A j > 0 ( j = 1, · · · ,q); B j > 0 ( j = 1, · · · ,s);1+
s
∑
j=1

B j −

q
∑
j=1

A j ≥ 0).

If A j = 1 ( j = 1, · · · ,q) andB j = 1 ( j = 1, · · · ,s), we
have the relationship

w qψs[(α j,1)1,q;(β j,1)1,s;z] = qFs(α1, · · · ,αq;β1, · · · ,βs;z)
(6)
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where qFs is generalized hypergeometric function and

w = Γ (β1)···Γ (βs)
Γ (α1)···Γ (αq)

, (q ≤ s+1;q,s ∈N0 = N∪{0}; z ∈ U (1)).

Now let q,s ∈ N and suppose thatα1, · · · ,αq and
β1, · · · ,βs are also positive real numbers. Then, we define
the function

qφs[(α j,A j)1,q;(β j,B j)1,s;z] = wzqψs[(α j,A j)1,q;(β j,B j)1,s;z]

and consider the linear operator [12]
L[(α j ,A j)1,q;(β j,B j)1,s] : A → A defined by

L[(α j ,A j)1,q;(β j,B j)1,s] f (z) = qφs[(α j ,A j)1,q;(β j,B j)1,s;z]∗ f (z).
(7)

For simplicity, we write

L[α1] f (z) = L[(α1,A1), · · · ,(αq,Aq);(β1,B1), · · · ,(βs,Bs)] f (z).
(8)

We note that special cases of this operator were
investigated by Dziok and Srivastava [3], by letting
A j = 1 ( j = 1, · · · ,q) andB j = 1 ( j = 1, · · · ,s) in 7, and
includes the Noor Integral operator [8].

Now we define the class of functionsM (V)
p (α,β )

consisting of functionsf defined by1 which satisfy the
condition

Re

{

L[α1] f (V)
VVL′[α1] f (V)

}

> α
∣

∣

∣

∣

L[α1] f (V))
VVL′[α1] f (V)

− p

∣

∣

∣

∣

+β , (9)

for α ≥ 0,0≤< p and for all operatorV such thatV 6= 00
and‖V‖< 1,00 being the null operator onH.

We need the following,

Let f (z) = zp −
∞
∑

k=n+p
akzk andg(z) = zp −

∞
∑

k=n+p
bkzk

then the Hadamard productf ∗ g is defined as

( f ∗ g)(z) = zp −
∞

∑
k=n+p

akbkzk
. (10)

2 Coefficient bounds

At first, we prove necessary and sufficient condition for
the function f (z) as defined by1 to belong to the class

M
(V)
p (α,β ).

Theorem 2.1: Let a functionf (z) ∈ T (n, p). Then f (z) ∈

M
(V)
p (α,β ) if and only if

∞

∑
k=n+p

σkak

(

(1+α)− k(α p+β )
(1+α)− p(α p+β )

)

< 1, (11)

0≤< p,α ≥ 0 and where

σk =
Γ (α1+A1(k− n)] · · ·Γ (αq +Aq(k− n)]

Γ (1+B1(k− n)] · · ·Γ (s +Bs(k− n)](k− n)!
, k ∈N.

(12)

Proof : Let f ∈ M
(V)
p (α,β ). Using the fact for realγ

Re(w)> α|w− p|+⇔ Re[w(1+αeiγ)− pαeiγ ]> β

and lettingw = L[α1] f (V))
VVL′[α1] f (V)

in 4, we obtain

Re

(

L[α1] f (V)
VVL′[α1] f (V)

(1+αeiγ)− pαeiγ
)

> β

or

Re





(V)p −
∞
∑

k=n+p
akσk(V)

k

(V)(p(V)p−1 −
∞
∑

k=n+p
kakσk

(k) (V)k−1(1+αeiγ)− pαeiγ −β



> 0

SettingV= rI (0< r < 1) and lettingr → 1−, yields

Re





(1−β p)+(1−p2)αeiγ −
∞
∑

k=n+p
(1+αeiγ−kpαeiγ−β k)akσk

p −
∞
∑

k=n+p
kakσk



> 0

By mean value theorem, we have

Re

(

(1−β p)+
(

1− p2
)

αeiγ −
∞
∑

k=n+p

(

1+αeiγ − kpαeiγ −β k
)

akσk

)

> 0

Therefore,

∞

∑
k=n+p

((1+α)− k(pα +β ))akσk < (1+α)− p(β +α p).

Conversely, forf ∈ M
(V)
p (α,β ), it is enough to show that

∣

∣

∣

∣

L[α1] f (V))
VVL′[α1] f (V)

−

(

p+α
∣

∣

∣

∣

L[α1] f (V))
VVL′[α1] f (V)

− p

∣

∣

∣

∣

+β
)∣

∣

∣

∣

<

∣

∣

∣

∣

L[α1] f (V))
VVL′[α1] f (V)

+

(

p−α
∣

∣

∣

∣

L[α1] f (V))
VVL′[α1] f (V)

− p

∣

∣

∣

∣

−β
)∣

∣

∣

∣

by using the factRe(w)> α ⇔ |w− (p+α)|< |w+(p−
β )|.

Now let M = L[α1] f (V))
|VVL′[α1] f (V)|

, then

T =

∣

∣

∣

∣

L[α1] f (V)
VV L′[α1] f (V)

+ p−β −α
∣

∣

∣

∣

L[α1] f (V)
VV L′[α1] f (V)

− p

∣

∣

∣

∣

∣

∣

∣

∣

=
1

|VV L′[α1] f (V)|
∣

∣L[α1] f (V)+(p−β )(VVL′[α1] f (V)−αM
∣

∣L[α1] f (V)− pVV (VV L′[α1] f (V)
∣

∣

∣

∣

=
1

|VV L′[α1] f (V|

∣

∣

∣

∣

∣

V
p −

∞

∑
k=n+p

akσkV
k +(p−β )×

(

pVV p −
∞

∑
k=n+p

kakσkV
k

)

−αM

∣

∣

∣

∣

∣

V
p −

∞

∑
k=n+p

akσkV
k − p(pVV p −

∞

∑
k=n+p

kσkakV
k)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
1

|VV L′[α1] f (V)|
|Vp +(p−β )p(V)p −αV

p +α p(pVV p)

−
∞

∑
k=n+p

(1+(p−β )k+α −α pk)σkakV
k|

>
|V|p

|VV L′[α1] f (V)|

∣

∣

∣

∣

∣

((1−α)+ p(p−β +α p)−
∞

∑
k=n+p

((1+α)− k(β +α p)+ kp)akσkak

∣

∣

∣

∣

∣
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R =
1

|VVL′[α1] f (V)|

∣

∣L[α1] f (V)− (p+β )VVL′[α1] f (V)
∣

∣

−αM
∣

∣L[α1] f (V)− pVVL′[α1] f (V)
∣

∣

<
|V|p

|VVL′[α1] f (V)|
|1− p(p+β )−α +α p

+
∞

∑
k=n+p

(−kp+(1+α)− k (β +α p))akσk

∣

∣

∣

∣

∣

It is easy to verify thatT −R > 0 if (11) holds, and the
proof is complete.

3 Extreme Points and Distortion Bounds

Now we obtain the extreme points for the class

M
(V)
p (α,β )

Theorem 3.1: Let f1(z) = zp and

fk(z) = zp −
(1+α)− p(α p+β )

((1+α)− k(α p+β ))σk
zk

where,k ≥ n+ p,n, p ∈ N , then f ∈ M
(VV)
p (α,β ) if and

only if f (z) can be expressed in the form

f (z) = λ1 f1(z)+
∞

∑
k=n+p

λk fk(z) (13)

where

λ1+
∞

∑
k=n+p

λk = 1 (λ1 ≥ 0,λk ≥ 0). (14)

Proof : Let f can be expressed by the form13, then

f (z) = λ1zp +
∞

∑
k=n+p

[

λkzp −
(1+α)− p(α p+)λkzk

{(1+α)− k(α p+)}σk

]

= zp(λ1+
∞

∑
k=n+p

λk)−
∞

∑
k=n+p

tkzk = zp −
∞

∑
k=n+p

tkzk (15)

where

tk =
((1+α)− p(α p+β ))λk

((1+α)− k(α p+β ))σk

Since

∞

∑
k=n+p

[(1+α)− k(α p+)]σk

(1+α)− p(α p+)
tk =

∞

∑
k=n+p

λk = 1−λ1 < 1

then we conclude thatf ∈ M
(V)
p (α,β ).

Conversely,letf ∈ M
(V)
p (α,β ), then by11

ak <
(1+α)− p(α p+β )

[(1+α)− k(α p+β )]σk
, k ≥ n+ p,n ∈ N,

so, if we set

λk =
[(1+α)− k(α p+β )]σk

(1+α)− p(α p+β )
ak < 1,

andλ1 = 1− ∑
k=n+p

λk. Then

f (z) = zp −
∞

∑
k=n+p

akzk

= zp −
∞

∑
k=n+p

((1+α)− p(α p+β ))λk

[(1+α)− k(α p+β )]σk
zk

= zp −
∞

∑
k=n+p

λk(z
p − fk(z))

=

(

1−
∞

∑
k=n+p

λk

)

zp +
∞

∑
k=n+p

λk fk(z).

Next, we derive the distribution bound forL[α1] f (V).

Theorem 3.2 : Letf ∈ M
(V)
p (α,β ). Then

rp − rp+n (1+α)− p(α p+β )
(1+α)− (n+ p)(α p+β )

< ||L[α1] f (V)|| < rp + rp+n (1+α)− p(α p+β )
(1+α)− (n+ p)(α p+β )

.

Proof : Sincef ∈M
(V)
p (α,β ), then it follows from13that

∞

∑
k=n+p

akσk <
(1+α)− p(α p+β )

(1+α)− (n+ p)(α p+β )
.

Therefore,

||L[α1] f (V)|| = |rp −
∞

∑
k=n+p

akσkrk|

≤ rp + rp+n
∞

∑
k=n+p

akσk

< rp +
(1+α)− p(α p+β )

(1+α)− (n+ p)(α p+β )
rp+n

and

||L[α1] f (V)|| ≥ rp −
∞

∑
k=n+p

akσkrk

≥ rp − rp+n
∞

∑
k=n+p

akσk

> rp −
(1+α)− p(pα +β )

(1+α)− (n+ p)(α p+β )
rp+n

.

4 Radii of Starlikeness and Convexity

Now we obtain the radius of starlikeness and convexity for

the classM (V)
p (α,β ).

c© 2015 NSP
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Theorem 4.1 : The radius of starlikeness for the classf ∈

M
(V)
p (α,β ) is given by,

r1(α,β ,λ ,µ , p,γ) = infk

[

(p−γ)[(1+α)−k(α p+β )]
[(1+α)−p(α p+β )](k−γ)σk

] 1
k−p

.

Proof : For 0≤ γ < p, we want to show that

∣

∣

∣

∣

|
z f ′

f
− p

∣

∣

∣

∣

|< p− γ

or equivalently,

∞
∑k=n+p(k− p)akrk−p

1−
∞

∑k=n+pakrk−p
< p− γ ⇒

∞

∑
k=n+p

k− γ
p− γ

akrk−p
< 1.

By 11 it is easy to see that the above inequality holds if

rk−p
<

[

(p− γ){(1+α)− k(α p+β )}
{(1+α)− p(β +α p)}(k− γ)

]

σk.

Now, since f is convex if and only ifz f ′ is starlike,
then we have:
Theorem 4.2 : The radius of convexity for the classf ∈

M
(V)
p (α,β ) is given by,

r2(α,β ,λ ,µ , p,γ) = infk

[

[(1+α)−k(α p+β )](p−γ)σk
k(k−γ)[(1+α)−p(α p+β )]

] 1
k−p

.

5 Neighbourhoods

Now we extend the concept of neighbourhoods of

analytic function for the classM (V)
p (α,β ). Goodman [6]

introduced this concept and, then generalized by
Ruscheweyh [10].

Let α ≥ 0,0 ≤< p,λ > −1,δ ≥ 0, we define the

δ -neighbourhoods of a functionf (z) = zp −
∞

∑k=n+pakzk

and denote byNλ ,µ
δ ,p ( f )(z) consisting of all functions

g(z) = zp − ∑
k=n+p

bkzk satisfying

∞

∑
k=n+p

(1+α)− k(α p+β )
(1+α)− p(α p+β )

σk|ak − bk| ≤ δ .

Theorem 5.1 : Let f ∈ M
(V)
p (α,β ), then

Nλ ,µ
δ ,p ( f )⊂ M

(V)
p (α,β ).

Before proving this theorem we need the following two
lemmas can be found the proofs in [11].
Lemma 5.1 : If for every complex numberξ with

|ξ | < δ (0 ≤ δ ) and f ∈ M
(V)
p (α,β ) then

f (z)+ξ zp

1+ξ ∈ M
(V)
p (α,β ).

Lemma 5.2 :f ∈M
(V)
p (α,β )⇔ ( f∗ψ)(z)

zp 6= 0,z ∈U −{0}
whereψ(z) = zp − ∑

k=n+p
bkzk and

|bk| ≤
(1+α)− k(α p+β )
(1+α)− p(α p+β )

σk.

Proof of Theorem 5.1 : Sincef ∈ M
(VV)
p (α,β ), then by

Lemma 5.1, we have

f (z)+ ξ zp

1+ ξ
∈ M

(V)
p (α,β ),

therefore,
(

f (z)+ ξ zp

1+ ξ
∗ψ(z)

)

6= 0

then

z−p
(

f (z)+ ξ zp

1+ ξ
∗ψ(z)

)

6= 0,

and so
( f ∗ψ)(z)
(1+ ξ )zp +

ξ
1+ ξ

6= 0.

Let
∣

∣

∣|
( f∗ψ)(z)

zp

∣

∣

∣ |< δ , then we must have

∣

∣

∣|
( f∗ψ)(z)
zp(1+ξ ) +

ξ
1+ξ

∣

∣

∣ | ≥
|ξ |

|1+ξ | −
1

|1+ξ |

∣

∣

∣|
( f∗ψ)(z)

zp

∣

∣

∣ |>
|ξ |−δ
1+|ξ | ≥ 0,

which is a contradiction with|ξ | < δ , however we have
∣

∣

∣

( f∗ψ)(z)
zp

∣

∣

∣> δ . Let

h(z) = zp −
∞

∑
k=n+p

ekzk ∈ Nλ ,µ
δ ,p ( f ),

then

δ −
∣

∣

∣|
(h∗ψ)(z)

zp

∣

∣

∣ | ≤
∣

∣

∣|
(( f−h)∗ψ)(z)

zp

∣

∣

∣ | ≤ ∑k=n+p |ak − ek||bk||zk|

<
(1+α)− k(α p+β )
(1+α)− p(α p+β )

|ak − ek|σk ≤ δ .

So we obtain(h∗ψ)(z)
zp 6= 0, and by Lemma 5.2 we haveh ∈

M
(V)
p (α,β ).

6 Some Properties of ClassM (V)p(α,β )

Theorem 6.1 : Letfi(z) = zp −
∞
∑

k=n+p
ak,izk belongs to

M
(VV)
p (α,β ) and 0< λi < 1 such that

m
∑

i=1
λi = 1, then the

functionG(z) =
m
∑

i=1
λi fi(z) is also inM

(V)
p (α,β ).

Proof : Sincefi(z) ∈ M
(V)
p (α,β ), then by11we have

∞

∑
k=n+p

(1+α)− k(α p+β )
(1+α)− p(kp+β )

ak,iσk < 1 (i = 1, · · · ,m)

c© 2015 NSP
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G(z) =
m

∑
i=1

λi fi(z) =
m

∑
i=1

λi

(

zp −
∞

∑
k=n+p

ak,iz
k

)

= zp
m

∑
i=1

λi −
∞

∑
k=n+p

(

m

∑
i=1

λiak,i

)

zk

= zp −
∞

∑
k=n+p

(

m

∑
i=1

λiak,i

)

zk
.

Now

∞

∑
k=n+p

(1+α)− k(α p+β )
(1+α)− p(α p+β )

(

m

∑
i=1

λiak,i

)

σk

=
m

∑
i=1

λi

[

∞

∑
k=n+p

(1+α)− k(α p+β )
(1+α)− p(α p+)

ak,iσk

]

<

m

∑
i=1

λi = 1,

thenG(z) ∈ M
(V)
p (α,β ).

Here we introduce an integral operator due to Bernardi
[1]

Le[ f ] =
p+ e

ze

∫ z

0
f (t)te−1dt (e >−p).

Theorem 6.2 : Iff ∈M
(V)
p (α,β ). ThenLe[ f ] also belongs

to M
(V)
p (α,β ).

Proof : Let f (z) = zp −
∞
∑

k=n+p
akzk, then

Le[ f ] =
p+ e

ze

∫ z

0

(

t p −
∞

∑
k=n+p

aktk

)

te−1dt

=
p+ e

ze

[(

1
p+ e

t p+e −
∞

∑
k=n+p

1
k+ e

aktk+e

)∣

∣

∣

∣

∣

z

0

]

= zp −
∞

∑
k=n+p

p+ e
k+ e

akzk
.

Sincee >−p,k ≥ n+ p > p, then p+e
k+e ≤ 1. So we have

∞

∑
k=n+p

[

(1+α)− k(α p+β )
(1+α)− p(α p+ )

¯

][

p+ e
k+ e

]

σkak

≤
∞

∑
k=n+p

(1+α)− k(α p+β )
(1+α)− p(α p+β )

σkak < 1.

By assumptionf ∈M
(V)
p (α,β ).ThusLe[ f ]∈M

(V)
p (α,β )
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