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Abstract: In this article, we investigate the existence and uniqueness of the solution to a nonlinear fractional coupled system of

Langevin equations with boundary conditions. The required results are established based on fixed point theorem and fractional calculus.

Finally, an example is given to illustrate the obtained results.
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1 Introduction

Numerous physicists, mathematicians, and engineers have been interested in fractional calculus, leading to substantial
advances in the theory and applications of fractional systems. Coupled systems of fractional order differential equations
are utilized to address physical problems that integer order differential equations cannot (see [1,2,3,4,5,6]). Many
phenomena can be described by Langevin equation [7]. At present, many researchers have done excellent work on
fractional order Langevin equation (see [8,9,10,11,12,13,14,15]).
In this paper, we discuss the existence and uniqueness of the solution to nonlinear fractional coupled system of Langevin
equations in the following form:

{

c
D
ℓ1
0+(

c
D

j1
0++ h̄1)ℑ1(ς) =℘1(ς ,ℑ1(ς),ℑ2(ς)), ς ∈ J := [0,T],1 < j1 ≤ 2, 1 < ℓ1 ≤ 2

c
D
ℓ2
0+(

c
D

j2
0++ h̄2)ℑ2(ς) =℘2(ς ,ℑ1(ς),ℑ2(ς)), ς ∈ J := [0,T],1 < j2 ≤ 2, 1 < ℓ2 ≤ 2

(1)

subject to the boundary conditions:

{

ℑ1(0) = 0, ℑ1(T) = δ1ℑ1(η1), ℑ′
1(T) = ε1ℑ′

1(ξ1)
ℑ2(0) = 0, ℑ2(T) = δ2ℑ2(η2), ℑ′

2(T) = ε2ℑ′
2(ξ2)

(2)

where c
D
ℓ1
0+,

c
D
ℓ2
0+,

c
D

j1
0+,

c
D

j2
0+ denote the Caputo fractional derivative of order ℓ1, ℓ2, j1 and j2 respectively, ℘1, ℘2 :

[0,T]×R×R→ R are continuous functions, h̄1, h̄2 ∈ R are the dissipative parameters and δi, εi ∈ R and 0 < ηi, ξi < 1
for i = 1,2.

2 Preliminaries

In this part, we present the primary information’s, concepts, and lemmas needed to organize the major outcomes of our
study.
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Definition 1.(see [16,17]). The fractional integral of order ℓ > 0 with the lower limit zero for a function F is given by

IℓF(ς) =
1

Γ (ℓ)

∫ ς

0

F(ϑ)

(ς −ϑ)1−ℓ
dϑ , ς > 0 (3)

provided the right-hand side is pointwise defined on [0,∞), where Γ is the gamma function.

Definition 2.(see [17]). The Caputo derivative of order ℓ with the lower limit zero for a function F is given by

c
D
ℓ
F(ς) =

1

Γ (n− ℓ)

∫ ς

0

F
(n)(ϑ)

(ς −ϑ)ℓ+1−n
dϑ = In−ℓ

F
(n)(ς), ς > 0, 0 ≤ n− 1 < ℓ < n. (4)

Lemma 1.Let ℘1,℘2 ∈C([0,T],R) then the solution of linear system (1) is equivalent to the following system:

ℑi(ς) =

(

ρiλi − eiµi

kiρi − eidi

)

ς ji

Γ ( ji + 1)
+

(

kiµi − diλi

kiρi − eidi

)

ς ji+1

Γ ( ji + 2)

+

∫ ς

0

(ς −ϑ)ℓi+ ji−1

Γ (ℓi + ji)
℘i(ϑ)dϑ − h̄i

∫ ς

0

(ς −ϑ) ji−1

Γ ( ji)
ℑi(ϑ)dϑ , i = 1,2 (5)

where

ki =
T

ji − δiη
ji

i

Γ ( ji + 1)
, ei =

T
ji+1 − δiη

ji+1
i

Γ ( ji + 2)
, di =

T
ji−1 − εiξ

ji−1
i

Γ ( ji)
, ρi =

T
ji − εiξ

ji
i

Γ ( ji + 1)
,

λi =
1

Γ (ℓi + ji)

[

δi

∫ ηi

0
(ηi −ϑ)ℓi+ ji−1℘i(ϑ)dϑ −

∫

T

0
(T−ϑ)ℓi+ ji−1℘i(ϑ)dϑ

]

−
h̄i

Γ ( ji)

[

δi

∫ ηi

0
(ηi −ϑ) ji−1ℑi(ϑ)dϑ −

∫

T

0
(T−ϑ) ji−1ℑi(ϑ)dϑ

]

,

µi =
1

Γ (ℓi + ji − 1)

[

εi

∫ ξi

0
(ξi −ϑ)ℓi+ ji−2℘i(ϑ)dϑ −

∫

T

0
(T−ϑ)ℓi+ ji−2℘i(ϑ)dϑ

]

−
h̄i

Γ ( ji − 1)

[

εi

∫ ξi

0
(ξi −ϑ) ji−2ℑi(ϑ)dϑ −

∫

T

0
(T−ϑ) ji−2ℑi(ϑ)dϑ

]

.

Proof.We know that

(c
D

j1
0++ h̄1)ℑ1(ς) = a1 + b1ς +

∫ ς

0

(ς −ϑ)ℓ1−1

Γ (ℓ1)
℘1(ϑ)dϑ

then

c
D

j1
0+ℑ1(ς) = a1 + b1ς +

∫ ς

0

(ς −ϑ)ℓ1−1

Γ (ℓ1)
℘1(ϑ)dϑ − h̄1ℑ1(ς).

Hence,

ℑ1(ς) =
a1ς j1

Γ ( j1 + 1)
+

b1ς ( j1+1)

Γ ( j1 + 2)
+

∫ ς

0

(ς −ϑ)ℓ1+ j1−1

Γ (ℓ1 + j1)
℘1(ϑ)dϑ − h̄1

∫ ς

0

(ς −ϑ) j1−1

Γ ( j1)
ℑ1(ϑ)dϑ +κ1.

(6)

Also,

c© 2024 NSP

Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 10, No. 1, 73-80 (2024) / www.naturalspublishing.com/Journals.asp 75

ℑ2(ς) =
a2ς j2

Γ ( j2 + 1)
+

b2ς ( j2+1)

Γ ( j2 + 2)
+

∫ ς

0

(ς −ϑ)ℓ2+ j2−1

Γ (ℓ2 + j2)
℘2(ϑ)dϑ − h̄2

∫ ς

0

(ς −ϑ) j2−1

Γ ( j2)
ℑ2(ϑ)dϑ +κ2.

(7)

where ai,bi,κi i = 1,2 are real constant.

From (2), we have

κi = 0, ai =
ρiλi − eiµi

kiρi − eidi

, bi =
kiµi − diλi

kiρi − eidi

, i = 1,2.

Inserting the values of ai, bi,κi, i = 1,2 in (6) and (7), we get the solution (5).

3 Existence and Uniqueness

Let us introduce the space Z= {ℑ(ς)|ℑ(ς) ∈C([0,T],R)} through the norm
‖ℑ‖= sup{ℑ(ς),ς ∈ [0,T]}. Obviously, (Z,‖ · ‖) is a Banach space. Then the product space (Z×Z,‖(ℑ1,ℑ2)‖) is also
a Banach space equipped with ‖(ℑ1,ℑ2)‖= ‖ℑ1‖+ ‖ℑ2‖.
From Lemma 1, we define ℧ : Z×Z→ Z×Z by

℧(ℑ1,ℑ2)(ς) =

(

℧1(ℑ1,ℑ2)(ς)
℧2(ℑ1,ℑ2)(ς)

)

,

where

℧i(ℑ1,ℑ2)(ς) =

(

ρiλii − eiµii

kiρi − eidi

)

ς ji

Γ ( ji + 1)
+

(

kiµii − diλii

kiρi − eidi

)

ς ji+1

Γ ( ji + 2)

+
∫ ς

0

(ς −ϑ)ℓi+ ji−1

Γ (ℓi + ji)
℘i(s,ℑ1(ϑ),ℑ2(ϑ))dϑ − h̄i

∫ ς

0

(ς −ϑ) ji−1

Γ ( ji)
ℑi(ϑ)dϑ , i = 1,2.

where

λii =
1

Γ (ℓi + ji)

[

δi

∫ ηi

0
(ηi −ϑ)ℓi+ ji−1℘i(s,ℑ1(ϑ),ℑ2(ϑ))dϑ

−

∫

T

0
(T−ϑ)ℓi+ ji−1℘i(s,ℑ1(ϑ),ℑ2(ϑ))dϑ

]

−
h̄i

Γ ( ji)

[

δi

∫ ηi

0
(ηi −ϑ) ji−1ℑi(ϑ)dϑ −

∫

T

0
(T−ϑ) ji−1ℑi(ϑ)dϑ

]

,

µii =
1

Γ (ℓi + ji − 1)

[

εi

∫ ξi

0
(ξi −ϑ)ℓi+ ji−2℘i(s,ℑ1(ϑ),ℑ2(ϑ))dϑ

−

∫

T

0
(T−ϑ)ℓi+ ji−2℘i(s,ℑ1(ϑ),ℑ2(ϑ))dϑ

]

−
h̄i

Γ ( ji − 1)

[

εi

∫ ξi

0
(ξi −ϑ) ji−2ℑi(ϑ)dϑ −

∫

T

0
(T−ϑ) ji−2ℑi(ϑ)dϑ

]

.

For convenience, we set
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σi =
δiη

ℓi+ ji
i +T

ℓi+ ji

Γ (ℓi + ji + 1)
, τi =

εiξ
ℓi+ ji−1
i +T

ℓi+ ji−1

Γ (ℓi + ji)
,

Mi = Ciσi +
h̄i(δiη

ji
i +T

ji)

Γ ( ji + 1)
, υi =Ciτi +

h̄i(εiξ
ji−1

i +T
ji−1)

Γ ( ji)
,

Πi =
(|ρi|Mi + |ei|υi)( ji + 1)T ji +(|ki|υi + |di|Mi)T

ji+1

|kiρi − eidi|Γ ( ji + 2)
+

T
ℓi+ jiCi

Γ (ℓi + ji + 1)
+

h̄iT
ji

Γ ( ji + 1)
,

Λi =
(|ρi|σi + |ei|τi)( ji + 1)T ji +(|ki|τi + |di|σi)T

ji+1

|kiρi − eidi|Γ ( ji + 2)
+

T
ℓi+ ji

Γ (ℓi + ji + 1)
.

Let’s discuss the main theorem by introducing the necessary assumption: :
(H)℘i : [0,T]×R×R→R are continuous functions and ∃ Ci > 0 such that, ∀ ς ∈ [0,T] and ui, vi, i = 1,2 we have

|℘i(ς ,u1,u2))−℘i(ς ,v1,v2)| ≤Ci(|u1 − v1|+ |u2− v2|).

Theorem 1.If (H) is valid, then, the system (1)-(2) has a unique solution provided that ν1 + ν2 < 1 where ν1 = Π1 +
C2Λ2, ν2 = Π2 +C1Λ1.

Proof.Define supς∈[0,T] |℘i(ς ,0,0)|= ℵi < ∞ and r > 0 such that

r >
Λ1ℵ1 +Λ2ℵ2

1−Ξ
,

where Ξ = Π1 +Π2.

Let Br = {(ℑ1(ς),ℑ2(ς)) ∈ Z ×Z : supς∈[0,T] |(ℑ1(ς),ℑ2(ς))| = ‖(ℑ1,ℑ2)‖ ≤ r}.
We show that ℧Br ⊂ Br.
By using (H), for (ℑ1,ℑ2) ∈ Br, ς ∈ [0,T], we have

sup
ς∈[0,T]

|℘i(ς ,ℑ1(ς),ℑ2(ς))| ≤ sup
ς∈[0,T]

|℘i(ς ,ℑ1(ς),ℑ2(ς))−℘i(ς ,0,0)|+ sup
ς∈[0,T]

|℘i(ς ,0,0)|

≤ Ci( sup
ς∈[0,T]

|ℑ1(ς)|+ sup
ς∈[0,T]

|ℑ2(ς)|)+ℵi

≤ Ci(‖ℑ1‖+ ‖ℑ2‖)+ℵi

≤ Cir+ℵi, i = 1,2

which lead to

‖λii‖ = sup
ς∈J

∣

∣

∣

∣

1

Γ (ℓi + ji)

[

δi

∫ ηi

0
(ηi −ϑ)ℓi+ ji−1℘i(s,ℑ1(ϑ),ℑ2(ϑ))dϑ

−

∫

T

0
(T−ϑ)ℓi+ ji−1℘i(s,ℑ1(ϑ),ℑ2(ϑ))dϑ

]

−
h̄i

Γ ( ji)

[

δi

∫ ηi

0
(ηi −ϑ) ji−1ℑi(ϑ)dϑ −

∫

T

0
(T−ϑ) ji−1ℑi(ϑ)dϑ

]∣

∣

∣

∣

≤
1

Γ (ℓi + ji + 1)

[

δiη
ℓi+ ji
i +T

ℓi+ ji

]

[Cir+ℵi]+
rh̄i

Γ ( ji + 1)

[

δiη
ji

i +T ji

]

≤ Mir+σiℵi,

and
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‖µii‖ = sup
ς∈J

∣

∣

∣

∣

1

Γ (ℓi + ji − 1)

[

εi

∫ ξi

0
(ξi −ϑ)ℓi+ ji−2℘i(s,ℑ1(ϑ),ℑ2(ϑ))dϑ

−
∫

T

0
(T−ϑ)ℓi+ ji−2℘i(s,ℑ1(ϑ),ℑ2(ϑ))dϑ

]

−
h̄i

Γ ( ji − 1)

[

εi

∫ ξi

0
(ξi −ϑ) ji−2ℑi(ϑ)dϑ −

∫

T

0
(T−ϑ) ji−2ℑi(ϑ)dϑ

]∣

∣

∣

∣

≤
[εiξ

ℓi+ ji−1
i +T

ℓi+ ji−1][Cir+ℵi]

Γ (ℓi + ji)
+

rh̄i[εiξ
ji−1

i +T
ji−1]

Γ ( ji)

≤ υir+ τiℵi.

Hence

‖℧i(ℑ1,ℑ2)‖ = sup
ς∈[0,T]

|℧i(ℑ1,ℑ2)(ς)|

= sup
ς∈[0,T]

∣

∣

∣

∣

(

ρiλii − eiµii

kiρi − eidi

)

ς ji

Γ ( ji + 1)
+

(

kiµii − diλii

kiρi − eidi

)

ς ji+1

Γ ( ji + 2)

+
∫ ς

0

(ς −ϑ)ℓi+ ji−1

Γ (ℓi + ji)
℘i(s,ℑ1(ϑ),ℑ2(ϑ))dϑ − h̄i

∫ ς

0

(ς −ϑ) ji−1

Γ ( ji)
ℑi(ϑ)dϑ

∣

∣

∣

∣

≤

(

|ρi|‖λii‖+ |ei|‖µii‖

|kiρi − eidi|

)

T
ji

Γ ( ji + 1)
+

(

|ki|‖µii‖+ ‖di‖‖λii‖

|kiρi − eidi|

)

T
ji+1

Γ ( ji + 2)

+
T
ℓi+ ji

Γ (ℓi + ji + 1)
(Cir+ℵi)+

(T ji rh̄i

Γ ( ji + 1)

≤
[|ρi|(Mir+σiℵi)+ |ei|(υir+ τiℵi)]T

ji

|kiρi − eidi|Γ ( ji + 1)

+
[|ki|(υir+ τiℵi)+ |di|(Mir+σiℵi)]T

ji+1

|kiρi − eidi|Γ ( ji + 2)

+
T
ℓi+ ji(Cir+ℵi)

Γ (ℓi + ji + 1)
+

h̄iT
jir

Γ ( ji + 1)

≤ Πir+Λiℵi.

Consequently,

‖℧(ℑ1,ℑ2)‖ ≤ (Π1 +Π2)r+Λ1ℵ1 +Λ2ℵ2 ≤ r.

For (ℑ1,ℑ2), (ℑ̄1, ℑ̄2) ∈ Z×Z and for any ς ∈ [0,T], we get
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‖℧1(ℑ̄1, ℑ̄2)−℧1(ℑ1,ℑ2)‖

≤

(

|ρ1|[M1‖ℑ̄1 −ℑ1‖+C1σ1‖ℑ̄2 −ℑ2‖]+ |e1|[υ1‖ℑ̄1 −ℑ1‖+C1τ1‖ℑ̄2 −ℑ2‖]

|k1ρ1 − e1d1|

)

T
j1

Γ ( j1 + 1)

+

(

|k1|[υ1‖ℑ̄1 −ℑ1‖+C1τ1‖ℑ̄2 −ℑ2‖]+ |d1|[M1‖ℑ̄1 −ℑ1‖+C1σ1‖ℑ̄2 −ℑ2‖]

|k1ρ1 − e1d1|

)

T
j1+1

Γ ( j1 + 2)

+
T
ℓ1+ j1C1[‖ℑ̄1 −ℑ1‖+ ‖ℑ̄2−ℑ2‖]

Γ (ℓ1 + j1 + 1)
+ h̄1

T
j1‖ℑ̄1 −ℑ1‖

Γ ( j1 + 1)

≤

{

(|ρ1|M1 + |e1|υ1)( j1 + 1)T j1 +(|k1|υ1 + |d1|M1)T
j1+1

|k1ρ1 − e1d1|Γ ( j1 + 2)

+
C1T ℓ1+ j1

Γ (ℓ1 + j1 + 1)
+

h̄1T
j1

Γ ( j1 + 1)

}

‖ℑ̄1 −ℑ1‖

+C1

{

(|ρ1|σ1 + |e1|τ1)( j1 + 1)T j1 +(|k1|τ1 + |d1|σ1)T
j1+1

|k1ρ1 − e1d1|Γ ( j1 + 2)
+

T
ℓ1+ j1

Γ (ℓ1 + j1 + 1)

}

‖ℑ̄2 −ℑ2‖,

≤ Π1‖ℑ̄1 −ℑ1‖+C1Λ1‖ℑ̄2 −ℑ2‖. (8)

Also,

‖℧2(ℑ̄1, ℑ̄2)−℧2(ℑ1,ℑ2)‖

≤

(

|ρ2|[M2‖ℑ̄2 −ℑ2‖+C2σ2‖ℑ̄1 −ℑ1‖]+ |e2|[υ2‖ℑ̄2 −ℑ2‖+C2τ2‖ℑ̄1 −ℑ1‖]

|k2ρ2 − e2d2|

)

T
j2

Γ ( j2 + 1)

+

(

|k2|[υ2‖ℑ̄2 −ℑ2‖+C2τ2‖ℑ̄1 −ℑ1‖]+ |d2|[M2‖ℑ̄2 −ℑ2‖+C2σ2‖ℑ̄1 −ℑ1‖]

|k2ρ2 − e2d2|

)

T
j2+1

Γ ( j2 + 2)

+
T
ℓ2+ j2C2[‖ℑ̄1 −ℑ1‖+ ‖ℑ̄2−ℑ2‖]

Γ (ℓ2 + j2 + 1)
+ h̄2

T
j2‖ℑ̄2 −ℑ2‖

Γ ( j2 + 1)

≤

{

(|ρ2|M2 + |e2|υ2)( j2 + 1)T j2 +(|k2|υ2 + |d2|M2)T
j2+1

|k2ρ2 − e2d2|Γ ( j2 + 2)

+
C2T

ℓ2+ j2

Γ (ℓ2 + j2 + 1)
+

h̄2T
j2

Γ ( j2 + 1)

}

‖ℑ̄2 −ℑ2‖

+C2

{

(|ρ2|σ2 + |e2|τ2)( j2 + 1)T j2 +(|k2|τ2 + |d2|σ2)T
j2+1

|k2ρ2 − e2d2|Γ ( j2 + 2)
+

T
ℓ2+ j2

Γ (ℓ2 + j2 + 1)

}

‖ℑ̄1 −ℑ1‖

≤ Π2‖ℑ̄2 −ℑ2‖+C2Λ2‖ℑ̄1 −ℑ1‖. (9)

From (8) and (9), we obtain

‖℧(ℑ̄1, ℑ̄2)−℧(ℑ1,ℑ2)‖ ≤ (ν1 +ν2)(‖ℑ̄1 −ℑ1‖+ ‖ℑ̄2−ℑ2‖).

Since ν1 +ν2 < 1, therefore, ℧ is a contraction operator. So, from Banach’s fixed point theorem, the operator ℧ has a
unique fixed point, which is the unique solution of system (1), (2). This completes the proof.

4 Example

Consider the upcoming coupled system of nonlinear fractional Langevin equation







cD1.5
0+(

cD1.5
0++ 2× 10−4)ℑ1(ς) =

(ς+3)2|ℑ1(ς)|
2

10(ς+4)2)(1+|ℑ1(ς)|2)
+ 1

40
sin2(ℑ2(ς)), ς ∈ J := [0,1],

cD1.5
0+(

cD1.5
0++ 3× 10−3)ℑ2(ς) =

1
16π sin(2πℑ1(ς))+

(ς+1)2|ℑ2(ς)|
2

20(ς+2)2)(1+|ℑ2(ς)|2)
,

(10)
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subject to the boundary conditions

{

ℑ1(0) = 0, ℑ1(1) =
1
2
ℑ1(0.8), ℑ′

1(1) =
1
4
ℑ′

1(0.4)
ℑ2(0) = 0, ℑ2(1) =

1
2
ℑ2(0.8), ℑ′

2(1) =
1
4
ℑ′

2(0.4)
(11)

Here, ℓ1 = ℓ2 = j1 = j2 = 1.5, h̄1 = 2× 10−4, h̄2 = 3× 10−3, δ1 = δ2 =
1
2
, ε1 = ε2 =

1
4
,

η1 = η2 = 0.8, ξ1 = ξ2 = 0.4, ℘1(ς ,ℑ1(ς),ℑ2(ς)) =
(ς+3)2|ℑ1(ς)|

2

10(ς+4)2)(1+|ℑ1(ς)|2)
+ 1

40
sin2(ℑ2(ς))

and ℘2(ς ,ℑ1(ς),ℑ2(ς)) =
1

16π sin(2πℑ1(ς))+
(ς+1)2|ℑ2(ς)|

2

20(ς+2)2)(1+|ℑ2(ς)|2)
. Take C1 = 0.01, C2 = 0.02. With given data, we find

that

k1 = k2 = 0.48312, e1 = e2 = 0.21478, d1 = d2 = 0.95, ρ1 = ρ2 = 0.705, σ1 = σ2 = 0.21,

τ1 = τ2 = 0.52, Λ1 = Λ2 = 2.4240.10488,

M1 = 2.3× 10−3, M2 = 7.3× 10−3, υ1 = 5.46× 10−3, υ2 = 0.01432,

Π1 = 0.027836, Π2 = 0.0542,

ν1 = Π1 +C2Λ2 = 0.0299336, ν2 = Π2 +C1Λ1 = 0.055248 (12)

Note that

|℘1(ς ,u1,u2))−℘1(ς ,v1,v2)| ≤ 0.01(|u1 − v1|+ |u2 − v2|),

|℘2(ς ,u1,u2))−℘2(ς ,v1,v2)| ≤ 0.02(|u1 − v1|+ |u2− v2|).

and ν1 +ν2 = 0.0299336+ 0.055248< 1. Thus all conditions of Theorem 1 are satisfied.
Hence, the system (10), (11) has a unique solution on [0,1].
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