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Abstract: A mixed graph D can be obtained from a graph by orienting some of its edges. Let & be a primitive n’

" root of unity,

then the ¢—Hermitian adjacency matrix of a mixed graph is defined to be the matrix Hy = [h,s] where h,s = a if rs is an arc in D,
hys = o if sr is an arc in D, h,s = 1 if sr is a digon in D and h,; = 0 otherwise. Accordingly, in this paper we study the invertability
of or—hermitian adjacency matrix of a bipartite mixed graph with unique perfect matching. Additionally, we study the inverse of the
a—hermitian adjacency matrix of a tree mixed graph with perfect matching. Finally we restrict our study for o = y the primitive third
root of unity where we find that H, is {1,—1} diagonally similar to y—hermitian adjacency matrix of a bipartite graph.
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1 Introduction

A mixed graph D is a digraph where both ways oriented
edge is considered as an undirected edge; we call these
edges digons. To be more formal, a mixed graph is a set
of vertices V(D) together with a set of undirected edges
(digons) Ey(D) and a set of directed edges (arcs) Ej(D).
For any two vertices x,y € V(D), if xy € E|(D) then
x(resp. y) is called initial (resp. terminal) vertex of the arc
xy. The underlying graph of the mixed graph D, denoted
by I'(D), is the graph obtained from D after stripping out
the orientation of arcs of D.

A perfect matching of a mixed graph is just a perfect
matching of its underlying graph, that is a collection of
edges and arcs that are vertex disjoint and spans D. To be
more precise M C Eo(D) UE| (D) is a perfect matching of
D if no two elements in M have a common vertex and for
every vertex v of D, v is an initial or a terminal vertex of
an arc in D or an end vertex of a digon in D. If D has a
unique perfect matching, then we denote it by .#. If D
has a perfect matching M, then an arc (resp. digon) e in M
is called a matching arc (resp. a matching digon) in D
with respect to M. For a mixed subgraph X of a mixed
graph D, the mixed graph D\X is defined to be the
induced mixed graph over V(D)\V (X).

Algebraic graph theory includes the study of graphs and
digraphs with respect to some graph matrix and its
spectrum, where the adjacency matrix has been most

intensively  used/studied. For undirected graphs
researchers focused on two kinds of adjacency matrices,
the traditional adjacency matrix and the Laplacian
adjacency matrix. On the other hand for directed graphs (
digraphs ) the traditional adjacency matrix was very
challenging to deal with. Recently, many researchers have
proposed other hermitian adjacency matrices of mixed
graphs. For instance in [1], the author studied the singular
values of the traditional adjacency matrix of digraphs, the
author called them non-negative spectrum of digraphs.
Alomari et al. in [2] proved that the non-negative
spectrum is totally controlled by a vertex partition called
common out neighbor partition. Around the same period
of time Guo and Mohar in [3] proposed a new definition
of adjacency matrix of mixed graphs as follows: For a
mixed graph D, the i—hermitian adjacency matrix of D is
a|V| x |V| matrix H;(D) = [h,], where

1 ifuv € Ey(D),
i ifuve E (D),
—iif vu € E\(D),
0 otherwise.

huv =

Authors in [3] proved many interesting properties of H;
spectrum. Mohar in [4] extended the previously proposed
adjacency matrix to a new kind of hermitian adjacency
matrix called oo—hermitian adjacency matrix of mixed
graphs D as follows: For a mixed graph D and the
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primitive n" root of unity o, the ct—hermitian adjacency
matrix of D is a |V| x |V| matrix Hy (D) = [hy], where

1 ifuv € Eo(D),
o ifuv € E{(D),
aif vu € E{(D),
0 otherwise.

huv =

The fact that these adjacency matrices (H; and Hy) are
hermitian, opens a hot research topic nowadays. For
simplicity if we deal with one mixed graph D, then we
write Hy instead of Hy (D).

Motivated by a chemistry problem, Godsil in [5]
investigated invertibility of adjacency matrix of bipartite
graphs. He proved that for a tree 7', the inverse of the
adjacency matrix of 7 is diagonally similar to adjacency
matrix of another graph that contains a copy of 7. More
papers appeared after this paper that continued on
Godsil’s work, see for example, [6], [7] and [8].

In this paper we study the inverse of a—hermitian
adjacency matrix of a mixed graph. We examine the
inverse of a—hermitian adjacency matrix of bipartite
mixed graphs and tree mixed graphs. In order to do that
we need the following definitions and theorems.

Definition 1./9] Let D be a mixed graph and Hy = [hyy]
its a-hermitian adjacency matrix.
=D is called elementary mixed graph if for every
component D' of D, I'(D') is either isomorphic to the
complete graph K, or to a cycle Cy, (for some k > 3).
—Let D be an elementary mixed graph. The rank of D is
defined as r(D) = n— ¢, where n = |V(D)| and c is the
number of its components. The co-rank of D is defined
as s(D) =m —r(D), where m = |Ey(D) UE; (D).
~The value ho(W) of a mixed walk W with vertices
V1,V2,..., Vg is defined as

ha(W) = (hvlvzh\q‘gh\gm .. -hvk,|vk) S {ar}rGZ

Recall that a permutation 1 of a set of n elements V, is
just a bijective function from V to itself. The set of all
permutations of V form a group under the functions
composition. Let 1 be a permutation of a set of n
elements V, then sgn(n) is defined to be (—1)¥, where k
is the number of transposition when 1 is decomposed as a
product of transpositions. The following theorem is a well
known result in linear algebra

Theorem 1.If A = [a;j] is an n x n matrix, then
det(A) =Y sgn(N)ay n1)a2.4(2)%.n03) - - )
nesn

2 Inverse of the o-Hermitian adjacency
matrix of a Mixed Graph

A mixed graph D is called o non-singular mixed graph if
its a—hermitian adjacency matrix is non-singular. In this

section we will study when a bipartite mixed graph is o
non-singular, then we give a general description of the
inverse o¢—Hermitian adjacency matrix of mixed graphs.
We start with the following elementary theorem which
can be found in [9].

Theorem 2.(Determinant expansion for Hy) [9] Let D be
a mixed graph and Hy, its a-hermitian adjacency matrix,
then

det(Hg) = Y (—1)"P12°®)Re([ T ha(C))
C

D/

where the sum ranges over all spanning elementary mixed
subgraphs D' of D, the product ranges over all mixed
cycles C in D', and C is any mixed closed walk traversing

C.

Suppose that D is a bipartite mixed graph, then the first
(obvious) thing we refer to is, if D has a perfect matching
then the bipartition sets of D have the same cardinality.
Therefore D is of even number of vertices. The second
thing is that D contains no odd cycles, which means, if D
has a unique perfect matching, then for any spanning
elementary mixed subgraph D', D’ should consist of K
components only. Thus D contains only one spanning
elementary mixed subgraph. Now using these fact and
Theorem 2 we get the following result:

Theorem 3.Let D be a bipartite mixed graph, |V(D)| =
n and Hy its o-hermitian adjacency matrix. If D has a

unique perfect matching then det(Hy) = (—1)% and thus
D is o-nonsingular.

By Theorem 3, the determinant of the «-hermitian
adjacency matrix of bipartite mixed graphs with unique
perfect matching is either 1 or —1 and this is independent
of the value of «. Therefore all entries of H ' belong to
the ring Z[a].

In the following theorem we characterize the inverse
of a-hermitian adjacency matrix of mixed graphs in terms
of elementary mixed subgraphs.

Theorem 4.Let D be a mixed graph, Hy be its
o-hermitian adjacency matrix and for i # j, S;j = {P:
P is a mixed path from the vertex i to the vertex j}. If
det(Hy) # 0, then

1y | _E@E ) o (D) 5s(D) < )ﬂ
[He ;= ) (=1 I ha Py j) [ X (=125 Re | TTha(C)
a lij del(Ha)R y= o (D/ e o

where the second sum ranges over all spanning
elementary mixed subgraphs D' of D\P, the product is
being taken over all mixed cycles C in D' and C is any
mixed closed walk traversing C.

Proof.Suppose that i = j, then
LM
det(Hy)’
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where o
mji = (—=1)"7 det((Ha)(;,1));
and (Hq) ;) is the matrix obtained from He (D) after

removing the ;" row and i/ column.
Now let Mj; be the matrix obtained from Hy by

replacing the (ji)-entry by 1 and all other entries of j
row and " column by 0, then

mj; = det(Mjl-) (D

On the other hand, using Theorem 1 we have,

det(M Z sgn(n hln
nES,

Yhan(2) -+ B (n)

Now for any n € S, since (j,k)-entries of M;; are
zeros and the (j,i)-entry is one, if 1 does not take j to i
then 7 contributes zero in the expansion of det(M;). Let

Visi ={¢ €S, ¢ is a permutation that takes j to i}.

For each ¢ € y;,; let Jy be the cycle in ¢ that
permutes j to i and 55 be all other cycles in ¢, then

det(Mji) = Y. sgn(9) o ()
PEY) i kev (G)\{j}
= Y sen(85)sgn(8y) [ sy [T musgen
ISV kedy kedg

= Y (= 1)ECDl g (P ;) det(Hq (X))
= Y (= 1)EC=lhg (P, ) det(Hq (X))

where X is the induced mixed graph over
V(D)\V(Pi—j) and Pi,j € 3;;. Therefore using Equation
1 together with Theorem 2 we have,

det(M; ;) = Yy

Pisy j€Sj

{( DEF= Mg ) Z( 1y (D) oS Re(Hha(L )]

where the second sum is taken over all spanning
elementary mixed subgraphs of D\P, the product ranges
over all mixed cycles C in D/, and C is any mixed closed
walk traversing C

Theorem 4 is related to the non-diagonal entries of Hy .
Based on Theorem 2, and since a bipartite mixed graph
with unique perfect matching have only one elementary
mixed subgraph that consist of the matching edges of D,
we have the following observation which takes care of the
diagonal entries of H .

Theorem 5.Let D be a bipartite mixed graph with unique
perfect matching and Hy its o—hermitian adjacency
matrix. Then

L.[Hy'lii = 0 if and only if D\{i} is not a invertible
mixed graph.

2.Suppose that T is a tree mixed graph that has a perfect
matching, then [Hy'];; = 0 if and only if T\P;,; does
not have a perfect matching.

Proof. 1.Since D has a unique perfect matching, then D
is an ¢ invertible mixed graph, Further

_y, det((Ha)(ip)
[Hy i = “det(Hy)

where (Ha)(i,i) is the matrix obtained from H, by

deleting the " row and the i’ column.

Therefore [H,'];; = 0 if and only if det((Hg) ;) = 0.
The fact that (Hg)(;; is the & adjacency matrix of
D\{i} ends the proof.

2.0bvious.

Example 1.Consider the mixed graph D shown in Figure 1
andlet ¢ = e7 .

Obviously, D has a unique
perfect matching. Thus
i\ det(Hy) = (—1)%2° = —1.
\ Now for i # 2 and i # 3,
\ D\P,_,; will leave the vertex
3 as an isolated vertex, which
means D\P,_,; does not have
a spanning elementary mixed
Fig. 1: The mixed graph  subgraph. Also D\{2} leaves
D of Example 1 the vertex 3 as an isolated
vertex Wthh means [H, ']o» = 0. So the row corresponds
to 2 in H; ' will be all zeros except [Hy ']23. We have

71 / /
—ha(Pr) (—1) 220,

| |

[Hy |23 =

Where D' is the spanning elementary mixed subgraph of
D\P,_,3. Observing that

ho(Pr—3) = 17’"(D,) =

we have, [H; ']p3 = 1. Let’s turn to the value of [H ']os.
In this case there are two paths between the vertices 0 and
5,

1.Py_,5 is the path passing through 2. This contributes 0
because the vertex 3 will be an isolated vertex in
D\Py_;s.

2.0Q0—5 is the path that doesn’t pass through the vertex
2. This contributes

2 and s(D") =0,

1 3 3mi 3mi

—(=1)%eT (=1)120 = —¢T.

Finally, we notice here D\ {3}
is a mixed graph with unique
elementary mixed subgraph,
according to Theorem 2

in _in
T —e T.

det (Hq(D\{3})) = -

One can continue this
process to find all the entries

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

826 N 5SS ¥

M. Abudayah et al.: Inverse of Hermitian Adjacency Matrix of...

of Hy'. Below we give
the o—hermitian adjacency
matrix of D and its inverse,

in

0 ¢7 ¢70 0 0
eF 0 eFoef o
eTeT 01 0 0
He=1"0" "0 1 00 o
0 e 00 0 €7
0 0 0 0e7 0
0 70 -1 0 —oF
7 00 -1 0 0
poio| 000 b 0y
@ -1 —1le 7T+e7 0 e7
0 00 0 0 F
e F 00 &F F 0

3 The inverse of -hermitian adjacency
matrix of a Tree Mixed Graph

In this section, we will introduce a combinatorial
representation of the entries of the inverse of the
a-hermitian adjacency matrix of a tree mixed graph.
Suppose that D is a mixed graph with unique perfect
matching. A path P between two vertices i and j is called
co-augmenting path if the edges of the underlying path of
P alternates between matching edges and non-matching
edges where both first and last edge are matched. In [6]
authors proved that if 7 is a tree graph and A is its
adjacency matrix then whenever there is a co-augmenting
path between two vertices in T, the corresponding entry
of the matrix A~! is either 1 or —1. In the following
theorem we show that the co-augmenting path part is still
applicable with the tree mixed graph and its ¢-hermitian
adjacency matrix. Note that if a tree has a perfect
matching M, then this matching is unique.

Theorem 6.Let T be a tree mixed graph with perfect
matching A, |V(T)| = n and Hy its a-hermitian
adjacency matrix. Then
l.det(Hy) = (—1)3.
2.[Hy'ij # 0 if and only if the path from i to j is a co-
augmenting path.

3.[Hg ij =
(—1)"’ ha(Pi—j) P—j is a co-augmenting path and
=[V(Pisj)l;
0 otherwise .
Proof. 1Using Theorem 3, bipartite mixed graphs of

order n with unique perfect matching are non singular
and its determinant equals to (—1)3. Obviously tree
mixed graphs that have a perfect matching will satisfy
the above conditions.

2Suppose that i # j are two vertices of T and P, is the
path from i to j, then

(-)EE=)) r(P25(0) e 7\p s hasa

perfect matching,

ha (P ) (1)

0 otherwise.

Therefore, if [Ha(T)]l.;l # 0, then T\P_,; has a
perfect matching M. Now suppose that P;_,; is not a
co-augmenting path, M, = E(P;) N .# and
M, = .#\M,. Since P,; is not a co-augmenting
path, there is v € V(P) such that v is matched by M5,
say (w'), this means V' is unmatched vertex in
T\P_j, and so, the component of T\P_,; that
contains V' together with v form a tree with perfect
matching which contradicts the uniqueness of the
perfect matching in a tree.

The other direction is obvious and we left it for the
reader.
3Simple calculation we leave it to the reader.

The above theorem characterizes the entries of the
inverse of the a¢—hermitian adjacency matrix of a tree
mixed graph with a perfect matching. Note here that H,, !
nonzero entries depends firstly on the existence of a
co-augmenting path between the two vertices that
corresponds to the location of the entry and secondly on
the Ay (P). Therefore, if T is a tree mixed graph, Hy its
o—hermitian adjacency matrix and o is the primitive n'
root of unity, then whenever T contains two vertices i and
j with 1 < |E(P;| < n, Hy' nonzero entries may not
belong to {£o,+a,£1}. This is not like the inverse of
tree graph adjacency matrix case, that is described in the
following theorem.

Theorem 7./5] If T is a tree graph with perfect matching
and A is its adjacency matrix, then

1A7! _
(—1 )“<i ) if there is a co-augmenting path between i and j,
0 otherwise
where u(i, j) = M — 1 is the number of unmatched edges

along the i, j path.

2.There is a bipartite graph G such that A=' is {1,—1}
diagonally similar to A(G), where A(G) is the adjacency
matrix of G.

The above theorem is not true in general for
a—hermitian adjacency matrix for tree mixed graphs. We
get similar result to previous theorem for the
a—hermitian adjacency matrix of a tree mixed graph
when o = 7y, where 7 is the third root of unity. We state
this result in the following theorem.

Theorem 8.Let T be a tree mixed graph with perfect
matching, Y is the primitive third root of unity and Hy is
the 'y—hermitian adjacency matrix of T. Then, H, s
{+1,—1}-diagonally similar to y—hermitian matrix of a
mixed graph.
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ProofWe observe that in tree mixed graphs
ha(P) € {a"} 7, restricting & to the primitive third root
of unity, we have {a"},cz = {a, @, 1}. Moreover there is
no integer r € Z such that " = — or o = —a. This
means the negative sign only comes from the part
(=1)“G:)) which is the same in both inverse of
Y—hermitian adjacency matrix and inverse of its
underlying adjacency matrix. Therefore, if A is the
adjacency matrix of I'(T) and S is a {I,—1} diagonal
matrix with SA~'S is the adjacency matrix of a graph ¥
then SHyS is y—hermitian adjacency matrix of a mixed
graph X with I'(X) ~ Y.

Definition 2.Let T be a tree mixed graph and that has a
perfect matching. Define Ty" to be the mixed graph which
has y-hermitian adjacency matrix Hy = [h;;] where

o h(P) if P is a co-augmenting path from i to j,
Y710 otherwise

Corollary 1.If T is tree mixed graph with perfect
matching, then

r(r, ') =@(m) "
Example 2.In Figure 4 a tree mixed graph 7 and y—inverse
TJ,’1 are depicted. The bold arcs and digons correspond
to the positions where |E(P;;)| are odd. In this case the
{1,—1} diagonal matrix described in [5] is

1000 0000000 O
01 000000000 O
00-10 0 00000 O O
00010000000 O
00 00-1000000 O
D— 00000100000 O
00000010000 O
00000001000 O
00000000100 O
0000000001 O O
00 00O0O00000-10
00000000000 —1

Fig. 2: The tree mixed graph T

Fig. 3: The mixed graph ij1

Fig. 4: The non-bold arcs and digon in the mixed graph 7, Vare
corresponding to the entries {—7y,—7,—1}.

A question is raised here which bipartite graphs have
a tree ¥ inverse. This is an important open question where
we solve it partially in the following theorem:

Theorem 9.If D is a bipartite mixed graph and D ~ T}fl
of some tree mixed graph T, then

oy(D) = o(I'(D)),

where 6y(D) is the spectrum of Hy(D) and o (I" (D)) is the
traditional spectrum of the underlying graph of D, I'(D).

Proof.Suppose that D ~ Ty", then there is {1,—1}
diagonal matrix S such that

SH,'(T)S = Hy(D).

Therefore, y—spectrum of D is totally controlled by
Y—spectrum of 7T, but it is known (see [9]) that
0y(T) = o(I'(T)). Corollary 1 finishes the proof.
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