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Abstract: In this paper, the factorization of 3-rotation matrices in terms of the Euler-Olinde Rodrigues parameters from the generation
of Lorentz transformations through quaternions is obtained.
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The Lorentz matrix L = (LY,) between the frames of
reference (x*) = (ct,x,y,z) and (¥V) has six degrees of

freedom: where the matrix R represents a passive rotation (in the

B = Lvu xH, e)) terminology of Ryder [23]:

and it can be generated using quaternions [1,2,3,4] via the

expression [5,6,7,8,9,10]: 1=2(a3+a3) 2(may—aoa3) 2(aras+apar)

R= 2(ajaz +apa3) 1—2(a%+a§) 2(azasz —apay)
1 2(0103—61002) 2(a0a1+a2a3) 1—2(0%-{-61%)
X=AXA*, X=—|ct—ixI—iyJ—izK |,
ﬁ( ’ )

A =ap+al+aJ+a3K, 2 3-Rotations

A =a}—a'1-ai) —alK a(z) + a% + a% + a% —1. @) With any quaternion we can associate a 4 x4 matrix, for
example [24]:
The Lorentz matrix (L",) accepts an interesting

factorization [11] in terms of the Cayley-Klein parameters ct —ix —iy —iz

[12]. Matrix factorization is a mathematical procedure X i ix ct iz —iy

used in various situations and contexts; for example, in V2 |y —izoa ix |

relation to the Helmholtz operator in mathematical iz iy —ix ct

physics and in the theory of differential equations [13, 14,

15]. Here we are interested in the factorization of an az

arbitrary  3-rotation matrix [16,17,18] wusing the _al ao —a3 as

Euler-Olinde Rodrigues parameters [19,20,21,22] ay, A —ay a3 ap —a; |’ o)
w=0,...,3. In fact, if all a, are real, then (2) implies 7 =t —a3 —a» a; a
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then (2), in the form AX = XA, and (5) imply:

ap —ay; —a; —as ct —ixX —iy —iZ

a, ay az —a» X ct iz —iy | _
a, —az dog aj iy —iZ c iX |
as a, —aj dap i iy —iX ct

ct —ix —iy —ig ay —a) —ap —az

| ix e iz —iy a, ay ay —ap 6)
T iy —iz o ix a, —az ap ap |’
iz iy —ix ct as a, —aj da
that is:
aF+ ary+a3i = a1x+ary +asz, (7
apX+ a3y — axZ = apx — azy + arz, (8)
azx —apy — a1z = —azx — apy + aiz, )
ark — a1y + apZ = —arx + a1y + aoz, (10)

If ag # 0, then (8), (9), (10) imply (7), thus the solution of
the linear system (8, 9, 10) has the structure (3) such that:

1 apar +aras a(z) —i—a% apaz —aiay
R=—| —apa; +arxas apaz+ aja; fa(z) — a%
ao 24 42 _ + _ _
agTdaz apdy —~ajaz —apaq aras
—dad dap ap
x| a —aza |, (11
—daz —ap aj

which is a factorization of the matrix of rotation (4) in
terms of the Euler-Olinde Rodrigues parameters.

Similarly, if a; # 0, then (7), (9), (10) generate to (8),
therefore:

1 a% + a% —apaz +ayay apay +aiaz
R=— apasz + ajar —a% — a% —apa) + araj
a \ _, 22
od2 +ajaz apay +azas aj—a;
aq apy das
X | —ay a; ag |, (12)
—daz —ap aj

for the case ap # 0 the relations (7), (8), (10) imply (9),
thus:

and finally, if a3 # 0 the expressions (7), (8), (9) generate
to (10), hence:

1 apap +ayaz  apgaz —aiaz a%Jra%
R=—| —apa; +azaz a% —l—a% —apasz —aya | X
a3 a(z) + a% —apa| —araz apgdy —diaj

aq ar das
X apg —daz ap s (14)
—as —ap ap

The relations (11), (12), (13) and (14) are factorizations of
the matrix of rotation (4), and their possible geometrical
meaning, is an open problem.

3 Lorentz transformation

The quaternionic relation (2) gives the following
components for an arbitrary Lorentz matrix:

LY = ajap+ala, + asar +ajaz, LY = i(a(’;al +a§a2) +cc,
LY = i(a8a2+a’]‘a3) + ce, LY = i<a803 +a§a1) + cc,
Ly= i(agal +a§a3) +cc, LY = ajag+aja) — asa, — dias,
le = —aga3z + ajay + cc, L13 = agas +ajaz + ce,
LZO = i(a8a2 + a§al) + cc, Lzl =ajar +azax + cc,
%= apap —aja) +asay —asas, L23 = —apa) +azasz+cc,
L3 = i(a8a3 + aTaz) +ce, L = —ajar +ajaz + cc,

L3 = aya, + das + ce, L = ajag — aja) — asar + dias,

5)
where cc means the complex conjugate of all the previous
terms; therefore, any Lorentz transformations accepts the

1 —apaz +ayay a%Jra% apar +aiaz o
_ 2 2 splitting:
R= P ay+a; —apasz —ayay —aopa; +axas
2 _ —q2 g2 . . . . .
dody +daz - dody — 143 4 —4az —iay —iaj —iay —idj iayp —a; —ay —as
(") = —a) a;, —a; a; iay ag —az a
ar ar as Vil —ay oy ay —aj ia, a3 ay —a
x| —ap a1 ap |, (13) —ay —a, aj a; iaz —ap a; ap
ap —az ap (16)
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in terms of the Euler—Olinde Rodrigues parameters. For
example, for a boost with arbitrary direction [25]:

ag = cosh(g)7 a = iv—;sinh(g),

agzi&sinh<9), a3:i&sinh(9), (17)
% 2 v 2

where ¢ is determined by the relative speed between the
frames of reference:

- . V.
coshg =y= =, sinh ¢ = -7, vzzv)%—i—vi—i—vg,
- z

v
-z

p=mv=myyv, |p|=p=my,

2 22, 24 ¢ | E 4 moc?
E =pcC +m0C , COSh(E) = TOCQ,
) ¢ E —mgc? v

h(— =4/——-, tanh¢ = —,
sin > 3o & anh ¢ C

tanh(g): sinh ¢ _ pc 7
2 l+coshg  E-+mgyc?

2sinh? (g) —coshp—1=7—1, (18)

then the parameters (17) generate a proper Lorentz
transformation future preserving i = L’jb)/L via the
expressions (15). Thus, we obtain the following Lorentz

symmetric matrix representing a boost in an arbitrary
direction [25,26]:

(L) =
U -7 -y
BYIHFI-D SPF-D wE-1)
=2y -0 13- FE-) |
By EEy-1) BEG-1) 1+57-1)
(19)

that is [26]:

=7 <t—l2v-x>, X=x+ (yzlv-x—fft>v. (20)
c v

Then the factorization (16) applied to (19) implies the
splitting:

—iQv —vx =V, —V;

(Lh) = 7—1 vy Qv v, —ivy
v 212 vy —iv; Qv vy
iv; ivy —ivy Qv

iQv —ivy —ivy —iv;
vy Qv —iv; ivy
—vy iv; Qv —ivy
—V, —ivy vy Qv

ey

such that:
E 2 E 2
Q:coth(g) = +mct _ =¥ moc
2 E —myc? pc
VP (i)

c(y—1) vy
y—1 E+myc?

= . 22
2y2 2moc2v? (22)

4 Dirac equation with zero mass

The quaternionic form of Dirac equation for spin 1/2
without the mass term is given by [27,28,29,30]:

100010 0

D=0, Ve Slgalo Ko, (23)
D=i(n'+&)+ (M +ENT+i(n*—ENT+(n' - &K,
(24)
where:
=y —y, E=y—wy,
"=yt nP=v 4, (25)

in terms of the components of Dirac spinor, in the
standard representation of the gamma matrices [23,26,31,
32]. Thus (23-24), under the association (5), is equivalent
to the matrix relation:

19 0, o, o

~0, 19 —0. 9,

~d, 3. 19, —a, |~

—0. —d, d 19,
im'+&% m*+&H im*-¢&"H) (n'-¢&%
-m*+¢&Y) im'+&* -(m'-&* im*-¢&h
i(-n*+&) (n' =& in'+&) —(n*+¢&")
(=n'+8&%) i(-n*+&H m*+&hH im'+&%)

—0, (26)

which implies four independent equations:

1 2 1 2 1 2 1 2
M TN T8 15+85=0, M1 +M%—8 15-¢5,=0,
I 2 I > I 2 I >
77,12'“7,22"'5,11"'5,21—0’ '7,12'“7,22_5,11_ 21 =0,

(27
such that:

1
dii = ;at+az, d;5 = Oy — iy,

1
Oy = d+idy, Iy =-d—0, (28)

then from (27) are immediate the Weyl spinor equations
[23,33,34]:

2,snt=0, 9y EP=0. (29)
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5 Conclusion

Lorentz transformations can arise through quaternions;
which here has given rise to the factorization of an
arbitrary 3-rotation matrix, as well as to the factorization
of Lorentz matrices, in terms of the Euler-Olinde
Rodrigues parameters. The quaternionic form of the Dirac
equation, without the mass term, together with the
mathematical fact that a 4x4 matrix can be associated
with any quaternion, led to a set of independent relations
from which the Weyl spinor equations arose.
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