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Abstract: Based on an exact integral expression for the risk, an asymptotic evaluation of the conditional risk is derived for distributions

with have unbounded supports, which, using Laplace’s method. Then, by integrating these asymptotic expansions, we evaluate the

asymptotic evaluation of the finite sample risk (the unconditional probability error). The finite sample risk for the Pareto and exponential

distributions are discussed as typical.
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1 Introduction

The nearest neighbor rule is one of the nonparametric
classification methods, the first study of this method was
suggested by Fix and Hodges [1], [2], and continued by
Cover and Hart [3] which they gave upper bounds for the
infinite sample risk R∞ of the nearest-neighbor classifiers
such that, they proved R∗ ≤ R∞ ≤ 2R∗(1−R∗), where R∗

indicates to the Bayes error, Cover [4] has shown that
Rm = R∞ + O(m−2), where Rm indicates to the finite
sample risk, and m is the sample size, Wagner [5] and
Fritz [6] treated convergence of the conditional error rate
for the nearest neighbor rule, Fukunaga and Hummels [7]

evaluated Rm ∼ R∞ + B
Γ (m+1)

Γ (m+1+(2/d)) , where Γ refers to

the gamma function and B is a constant. Psaltis et al. [8]
generalized the results of Cover [4] to d-dimensional

which, they proved that Rm ∼ R∞ + ∑∞
k=2 ckm−k/d as

m → ∞, where the coefficients ck are constants
independent of the sample size m, this was extended to
the case of multiple classes by Snapp and Venkatesh [9].
Irle and Rizk [10] found an asymptotic evaluation of the
conditional risk Rm(x) (the probability of error
conditioned on the event that X = x) by using partial
integration and Laplace’s method.

There are many studies in different directions are
available for nearest neighbor rules, in addition, several
results on the convergence rates, e.g., Dasarathy [11],

Devroye et al. [12], Fukunaga [13], Biau and Devroye
[14], Döring et al. [15], and Zhao and Lai [16].

2 The finite sample risk

Let (X1,θ1),(X2,θ2), · · · ,(Xm,θm) be a sequence of m

independent identically distributed random variables
(i.i.d.), where Xi takes values in Rd , and its corresponding
class θi in a finite set T = {1,2, ...,C}. After reordering
the data according to the increasing values of the
Euclidean distance ‖Xi − x‖ for fixed x, we obtain the
reordered data sequence in the form
(

X (1),θ (1)
)

,
(

X (2),θ (2)
)

, · · · ,
(

X (m),θ (m)
)

.

Suppose that δ is a mapping from Rd to {1,2, ...,C}, it is
called a classifier. The probability of misclassification is
P(δ (X) 6= θ ). Given an i.i.d. training sequence

Dm =
((

X (1),θ (1)
)

,
(

X (2),θ (2)
)

, · · · ,
(

X (m),θ (m)
))

and

a new independent random variable (X ,θ ) with the same
distribution as Dm, which X ∈ Rd is an observed pattern,
and we wish to predict its corresponding class θ . The
nearest neighbor rule predicts θ by the label of the nearest
neighbor X , i.e., by using a suitable tie-breaking, the

nearest neighbor rule assigns X to a class θ (i) with the

property

∥

∥

∥
X −X (i)

∥

∥

∥
≤
∥

∥

∥
X −X ( j)

∥

∥

∥
for all i 6= j.
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In the following, suppose that f = p1 f1 + p2 f2 denotes
the mixture density, where ∑2

i=1 pi = 1, and the densities
fi are those of the class-conditional distributions Fi which
are assumed absolutely continuous for each i ∈ {1,2}. Let
S be its support in Rd , B(ρ ,x) =

{

x′ ∈ Rd : ‖x− x′‖ ≤ ρ
}

is the closed ball of radius ρ at x, and C = 2, i.e.
T = {1,2}.
The finite sample risk Rm can be written in integral form
as follows, compare Irle and Rizk [10], and Snapp and
Venkatesh [8]. Assume that X ′ is the nearest neighbor
feature vector in the training sequence Dm to the random
test vector X , and θ ′ indicates the corresponding class
label to X ′. Suppose P(θ 6= θ ′|X = x,X ′ = x′) denotes the
probability of misclassification θ by θ ′ given X and its
nearest neighbor X ′. Then

P
(

θ 6= θ ′|X = x,X ′ = x′
)

= P
(

θ = 1,θ ′ = 2|X = x,X ′ = x′
)

+P
(

θ = 2,θ ′ = 1|X = x,X ′ = x′
)

= P(θ = 1|X = x)P
(

θ ′ = 2|X ′ = x′
)

+P(θ = 2|X = x)P
(

θ ′ = 1|X ′ = x′
)

=
p1 p2

f (x) f (x′)

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

(1)

By averaging P(θ 6= θ ′|X = x,X ′ = x′) over X ′, we obtain

Rm (X) = P
(

θ 6= θ ′|X = x
)

=

∫

S
P
(

θ 6= θ ′|X = x,X ′ = x′
)

fm

(

x′|x
)

dx′, (2)

where Rm (X) indicates to the conditional risk, and
fm (x′|x) indicates to the conditional density of X ′ given
X = x. Thus, with ρ = |x′− x| we obtain
fm(x

′|x) = P(one of the X j’s ∈ B(ρ ,x), and all others
/∈ B(ρ ,x)) f (x′), that is

fm

(

x′|x
)

= m
(

1−P
(

X ∈ B
(

|x′− x|,x
)))m−1

f (x′)

= m
(

P
(

|X − x|> |x′− x|
))m−1

f (x′). (3)

Hence, by taking the expectation of P(θ 6= θ ′|X = x) with
respect to X = x, we obtain

Rm = P
(

θ 6= θ ′
)

=

∫

S
P
(

θ 6= θ ′|X = x
)

f (x)dx, (4)

After substituting (1) and (3) in (2), substitute (2) in (4),
thus

Rm = mp1 p2

∫

S

∫

S

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

×
(

P
(

|X − x|> |x′− x|
))m−1

dx′dx. (5)

In this paper, an asymptotic evaluation of the finite
sample risk Rm was derived for support S = (β ,∞),β ≥ 0,
which, considering this in two cases for β > 0 and β = 0,
respectively, i.e. for different supports S = (β ,∞),β > 0
and S = (0,∞), and using asymptotic expansion by
Laplace’s method, we find the upper bounds of Rm in
these cases. We look at the error estimates, and give some
contributions for which we compute upper bounds for the
Pareto and exponential distributions as typical.

3 Methods

We start to evaluate the finite-sample risk Rm for a
two-class pattern recognition problem for support
S = (β ,∞),β > 0.

3.1 Support S = (β ,∞),β > 0 :

From (5), the finite-sample risk Rm can be written in the
following form:

Rm+1 = (m+ 1)p1p2

∫

S

∫

S

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

×
(

P
(

|X − x|> |x′− x|
))m

dx′dx

= (m+ 1)p1p2

∫ ∞

β1

∫ ∞

β2

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

×
(

P
(

|X − x|> |x′− x|
))m

dx′dx

= (m+ 1)p1p2

∫ k

β1

∫ ∞

β2

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

×
(

P
(

|X − x|> |x′− x|
))m

dx′dx

+ (m+ 1)p1p2

∫ ∞

k

∫ ∞

β2

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

×
(

P
(

|X − x|> |x′− x|
))m

dx′dx

= I+ J, (6)

where the constants β1,β2 > 0, and k = k(m) is a constant
depending on m,

I = (m+ 1)p1p2

∫ k

β1

∫ ∞

β2

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

×
(

P
(

|X − x|> |x′− x|
))m

dx′dx, (7)

and

J = (m+ 1)p1p2

∫ ∞

k

∫ ∞

β2

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

×
(

P
(

|X − x|> |x′− x|
))m

dx′dx. (8)

Firstly, we evaluate the asymptotic expansions for I and J.
From (7)

I = (m+ 1)p1p2×
∫ k

β1

f1(x)

[

∫ ∞

β2

f2(x
′)
(

P
(

|X − x|> |x′− x|
))m

dx′
]

dx

+ (m+ 1)p1p2×
∫ k

β1

f2(x)

[

∫ ∞

β2

f1(x
′)
(

P
(

|X − x|> |x′− x|
))m

dx′
]

dx

= (m+ 1)p1p2

∫ k

β1

[ f1(x)I1(x)+ f2(x)I2(x)]dx, (9)

where

I1(x) = I1 =

∫ ∞

β2

f2(x
′)
(

P
(

|X − x|> |x′− x|
))m

dx′, (10)

and

I2(x) = I2 =

∫ ∞

β2

f1(x
′)
(

P
(

|X − x|> |x′− x|
))m

dx′. (11)
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For evaluating I1 and I2:

I1 =

∫ ∞

β2

f2(x
′)
(

P
(

|X − x|> |x′− x|
))m

dx′

=

∫ x

β2

f2(x
′)
(

P
(

|X − x|> |x′− x|
))m

dx′

+

∫ ∞

x
f2(x

′)
(

P
(

|X − x|> |x′− x|
))m

dx′

=

∫ x

β2

f2(y) [P(X < y)+P(X > x+(x− y))]m dy

+
∫ ∞

x
f2(y) [P(X > y)+P(X < x− (y− x))]m dy

=
∫ x−β2

0
f2(x−ρ) [P(X < x−ρ)+P(X > x+ρ)]m dρ

+

∫ ∞

0
f2(x+ρ) [P(X > x+ρ)+P(X < x−ρ)]m dρ

=

∫ x−β2

0
( f2(x−ρ)+ f2(x+ρ))×

[P(X < x−ρ)+P(X > x+ρ)]m dρ

+

∫ ∞

x−β2

f2(x+ρ)(P(X > x+ρ))m
dρ

=

∫ x−β2

0
( f2(x−ρ)+ f2(x+ρ))×

[1− (F(x+ρ)−F(x−ρ))]m dρ

+

∫ ∞

x−β2

f2(x+ρ) [1−F(x+ρ)]m dρ

= I′1 + I′′1 , (12)

where

I′1 =

∫ x−β2

0
( f2(x−ρ)+ f2(x+ρ))×

[1− (F(x+ρ)−F(x−ρ))]m dρ , (13)

and

I
′′

1 =
∫ ∞

x−β2

f2(x+ρ) [1−F(x+ρ)]m dρ .

Similarly

I2 =

∫ ∞

β2

f1(x
′)
(

P
(

|X − x|> |x′− x|
))m

dx′

=

∫ x−β2

0
( f1(x−ρ)+ f1(x+ρ))×

[1− (F(x+ρ)−F(x−ρ))]m dρ

+

∫ ∞

x−β2

f1(x+ρ) [1−F(x+ρ)]m dρ

= I′2 + I
′′

2 , (14)

where

I′2 =

∫ x−β2

0
( f1(x−ρ)+ f1(x+ρ))×

[1− (F(x+ρ)−F(x−ρ))]m dρ , (15)

and

I
′′

2 =
∫ ∞

x−β2

f1(x+ρ) [1−F(x+ρ)]m dρ .

Evaluating I
′′

1 and I
′′

2

I
′′

1 =

∫ ∞

x−β2

f2(x+ρ) [1−F(x+ρ)]m dρ

≤
1

p2

∫ ∞

x−β2

f (x+ρ) [1−F(x+ρ)]m dρ

=
−1

p2(m+ 1)

∫ ∞

x−β2

d

dρ
[1−F(x+ρ)]m+1

dρ

=
1

p2(m+ 1)
[1−F(2x−β2)]

m+1

≤
1

p2(m+ 1)
e−(m+1)F(2x−β2), (16)

similarly

I
′′

2 ≤
1

p1(m+ 1)
e−(m+1)F(2x−β2). (17)

In (13) and (15), we put

P(x,ρ) = − log(1− (F(x+ρ)−F(x−ρ))) (18)

=⇒ e−mP(x,ρ) = (1− (F(x+ρ)−F(x−ρ)))m .

Then

I′1 =
∫ x−β2

0
( f2(x−ρ)+ f2(x+ρ))e−mP(x,ρ)dρ

=

∫ x−β2

0
Q(x,ρ)e−mP(x,ρ)dρ , (19)

and

I′2 =

∫ x−β2

0
( f1(x−ρ)+ f1(x+ρ))e−mP(x,ρ)dρ

=
∫ x−β2

0
Q̄(x,ρ)e−mP(x,ρ)dρ , (20)

where Q(x,ρ) = f2(x − ρ) + f2(x + ρ) and
Q̄(x,ρ) = f1(x−ρ)+ f1(x+ρ).
We now estimate the asymptotic expansions of the
integrals of I′1 and I′2 in (19) and (20), respectively, by
using Laplace’s method for fixed x.

Lemma 3.1.1 Suppose that the functions P(x,ρ),Q(x,ρ)
and Q̄(x,ρ) are defined as above, and the following two
conditions (i) and (ii) are held:
(i) The probability density functions fi, for each
i ∈ {1,2}, have a power series expansion.
(ii) For all sufficiently large m, the integrals of I′1 and I′2
converge absolutely throughout its range. Then

I′1 =

∫ x−β2

0
Q(x,ρ)e−mP(x,ρ)dρ

∼ e−mP(x,0)
N−1

∑
s=0

Γ (s+ 1)as

ms+1
+O

(

m−(N+1)
)

,

and

I′2 =

∫ x−β2

0
Q̄(x,ρ)e−mP(x,ρ)dρ

∼ e−mP(x,0)
N−1

∑
s=0

Γ (s+ 1)a′s
ms+1

+O
(

m−(N+1)
)

,

where as and a′s are defined through the proof, and Γ
refers to the gamma function such that
Γ (x) =

∫ ∞
0 e−ttx−1dt.
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Proof: We evaluate the asymptotic expansions of I′1, such
that the evaluation method proceeds in several steps:
First, we estimate the asymptotic expansion of the
functions Q(x,ρ) and P(x,ρ), respectively, which, by
using the Taylor expansion for the functions f2(x + ρ)
and f2(x−ρ), respectively, as ρ −→ 0, we obtain:

f2(x+ρ)+ f2(x−ρ) = 2 f2(x)+ 2 f
′′

2 (x)
ρ2

2!
+ 2 f

(4)
2 (x)

ρ4

4!

+2 f
(6)
2 (x)

ρ6

6!
+ · · · ,

thus

Q(x,ρ) =
∞

∑
s=0

2 f
(2s)
2 (x)

(2s)!
ρ2s =

∞

∑
s=0

ls(x)ρ
s, (ρ −→ 0),

(21)
where

l2n =
2 f

(2n)
2 (x)

(2n)! and l2n+1 = 0, for n = 0,1,2, . . . ,

similarly, use the Taylor expansion for the functions F(x+
ρ) and F(x − ρ), respectively, as ρ −→ 0, to obtain the
asymptotic expansion of the function P(x,ρ) as follows:

F(x+ρ) −F(x−ρ) =
2 f (x)ρ

1!
+

2 f ′′(x)ρ3

3!

+
2 f (4)(x)ρ5

5!
+ · · ·=

∞

∑
s=0

P̃s(x)ρ
s+1, (22)

where

P̃2n(x) =
2 f (2n)(x)
(2n+1)! and P̃2n+1(x) = 0, for n = 0,1,2, . . . .

Since − log(1− t) = ∑∞
s=1

ts

s
for t ∈ (−1,1), and by using

(22), we can evaluate the asymptotic expansion for the
function P(x,ρ), then

P(x,ρ) =
∞

∑
s=1

(

∑∞
κ=0 P̃κ(x)ρ

κ+1
)s

s

= ρP̃0(x)+ρ2

(

P̃2
0

2
+ P̃1

)

+ρ3

(

P̃3
0

3
+ P̃0P̃1 + P̃2

)

+ · · ·=
∞

∑
s=0

Ps(x)ρ
s+1, (ρ −→ 0), (23)

where P0(x) = 2 f (x), P1(x) = 2 f 2(x),
P2(x) =

8
3

f 3(x)+ 1
3

f ′′(x), . . . .
Note that P(x,0) = 0, and the differentiation of the
equation (23) takes the form

P′(x,ρ) =
∞

∑
s=0

(s+ 1)Ps(x)ρ
s, (ρ −→ 0) . (24)

Second, we change the variable of integration.
Suppose that a number u can be found close enough to 0
to ensure that in (0,u], P′(x,ρ) is continuous and
nonnegative, and Q(x,ρ) is continuous.
Note that, P(x,ρ) is an increasing function in (0,u), so
we may take the function υ = P(x,ρ)− P(x,0) as new
integration variable in this interval. Thus, the two
functions υ and ρ are continuous of each other and

emP(x,0)
∫ u

0
Q(x,ρ)e−mP(x,ρ)dρ =

∫ Z

0
e−mυ f (υ)dυ ,

where Z = P(x,u)−P(x,0), f (υ) = Q(x,ρ) dρ
dυ = Q(x,ρ)

P′(x,ρ) .

In the following, we do not discard the term P(x,0)
(recall that P(x,0) = 0) in order to show that the
argument is also valid for P(x,0)> 0.

By Lagrange inversion formula [17], and since
υ = P(x,ρ) − P(x,0) = ∑∞

s=0 Ps(x)ρ
s+1, we have an

expansion of the form:

ρ =
∞

∑
s=1

Csυ
s (υ −→ 0),

where Cs =
1
s!

[

(

d
dρ

)s−1

(h(ρ))s

]

ρ=0

,

h(ρ) = (∑∞
s=0 Ps(x)ρ

s)−1
, and υ = ρ

h(ρ) =
ρ

(∑∞
s=0 Ps(x)ρs)

−1 .

Note that

C1 =
1

P0

, C2 =−
P1

P3
0

, C3 =
4P2

1 − 2P0P2

2P5
0

.

After substituting this result in (21) and (24), and use

f (υ) = Q(x,ρ)
P′(x,ρ) we obtain

f (υ) =
∞

∑
s=0

bsρ
s (ρ −→ 0),

where

b0 =
l0

P0

, b1 =
l1P0 − 2l0P1

P2
0

,

b2 =
P2

0 l2 − 3P0P2l0 − 2P0P1l1 + 4P2
1 l0

P3
0

, · · · .

Then

f (υ) =
∞

∑
s=0

bs

(

∞

∑
i=1

Ciυ
i

)s

=
∞

∑
s=0

bs

(

C1υ +C2υ2 +C3υ3 + · · ·
)s

= b0 + b1C1υ +
(

b1C2 + b2C
2
1

)

υ2 + . . .

=
∞

∑
s=0

asυ
s (υ −→ 0) ,

where a0 = b0, a1 = b1C1, a2 = b1C2 +b2C2
1 , · · · , hence

a0 =
f2

f
, a1 =−

f2

f
,

a2 =
f2

2 f
+

f
′′

2 f − f2 f
′′

8 f 4
=

4 f2 f 3 + f
′′

2 f − f2 f
′′

8 f 4
,

a3 =
−3(4 f2 f 3 + f

′′

2 f − f2 f
′′
)

8 f 4
, · · · .

Third, we compute the asymptotic evaluation on the range
of integration (0,x − β2). We start to compute the
asymptotic evaluation on the range (0,u).
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Let the remainder term fN(υ) be defined by fN(0) = aN ,
for each positive integer N, and

f (υ) =
N−1

∑
s=0

asυ
s +υN fN(υ) (υ > 0). (25)

Then
∫ Z

0
e−mυ f (υ)dυ

=
∫ Z

0
e−mυ

(

N−1

∑
s=0

asυ
s +υN fN(υ)

)

dυ

=
∫ Z

0
e−mυ

N−1

∑
s=0

asυ
sdυ +

∫ Z

0
e−mυ υN fN(υ)dυ

=
N−1

∑
s=0

as

(

∫ ∞

0
e−mυ υ sdυ −

∫ ∞

Z
e−mυυ sdυ

)

+

∫ Z

0
e−mυ υN fN(υ)dυ

=
N−1

∑
s=0

Γ (s+ 1)
as

ms+1
−

N−1

∑
s=0

Γ (s+ 1,Zm)
as

ms+1

+
∫ Z

0
e−mυ υN fN(υ)dυ

=
N−1

∑
s=0

Γ (s+ 1)as

ms+1
−AN,1(m)+AN,2(m),

where

AN,1(m) =
N−1

∑
s=0

Γ (s+ 1,Zm)
as

ms+1
, (26)

AN,2(m) =

∫ Z

0
e−mυυN fN(υ)dυ . (27)

Since Γ (α,m) ∼ e−mmα−1 ∑∞
s=0

(α−1)(α−2)···(α−s)
ms for

fixed α and large m, then

AN,1(m) = O

(

e−Zm

m

)

. (28)

Also, since Z is finite and fN(υ) is continuous in [0,Z],
then | fN | is bounded, as υ −→ 0, that is fN(υ) = O(1), it
follows that

AN,2(m) =

∫ Z

0
e−mυ υNO(1)dυ = O

(

1

mN+1

)

. (29)

We now derive the asymptotic evaluation on the range
(u,x−β2).
For the range (u,x−β2), Suppose M is a value of m such
that I′1(m) is absolutely convergent and define
η ≡ in f[u,x−β2) {P(x,ρ)−P(x,0)}.

Since P(x,0) = 0, and P(x,ρ) strictly increasing in ρ
from (23), we thus obtain (P(x,ρ)−P(x,0)) > 0 for all
ρ > 0, so η is positive. For restricting m ≥ M, we have

mP(x,ρ)−mP(x,0) = (m−M)(P(x,ρ)−P(x,0))
+M (P(x,ρ)−P(x,0))

≥ (m−M)η +MP(x,ρ)−MP(x,0),

then, we obtain
∣

∣

∣

∣

emP(x,0)
∫ x−β2

u
Q(x,ρ)e−mP(x,ρ)dρ

∣

∣

∣

∣

≤

e−(m−M)η+MP(x,0)
∫ x−β2

u
|Q(x,ρ)|e−MP(x,ρ)dρ . (30)

The proof of lemma 3.1.1 is completed, if we take m large
enough to guarantee that the right-hand sides of (28) and
(30) are both bounded εm−1 for an arbitrary number ε > 0
and this is always possible since Z and η are positive. Thus

I′1 ≡

∫ x−β2

0
Q(x,ρ)e−mP(x,ρ)dρ

∼ e−mP(x,0)
N−1

∑
s=0

Γ (s+ 1)as

ms+1
+O

(

m−(N+1)
)

, (31)

similarly

I′2 ≡

∫ x−β2

0
Q̄(x,ρ)e−mP(x,ρ)dρ

∼ e−mP(x,0)
N−1

∑
s=0

Γ (s+ 1)a′s
ms+1

+O
(

m−(N+1)
)

, (32)

where a′0 =
f1
f
, a′1 =− f1

f
,

a′2 =
f1
2 f

+
f
′′
1 f− f1 f

′′

8 f 4 =
4 f1 f 3+ f

′′
1 f− f1 f

′′

8 f 4 ,

a′3 =−3a′2 =
−3(4 f1 f 3+ f

′′
1 f− f1 f

′′
)

8 f 4 , · · · .

Now we evaluate J, from (8)

J = (m+ 1)p1p2

∫ ∞

k

∫ ∞

β2

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

×
(

P(|X − x|> |x′− x|)
)m

dx′dx

≤ (m+ 1)p1p2

∫ ∞

k
f1(x)

[

∫ ∞

β2

f2(x
′)dx′

]

dx

+(m+ 1)p1p2

∫ ∞

k
f2(x)

[

∫ ∞

β2

f1(x
′)dx′

]

dx

≤ (m+ 1)p1p2

∫ ∞

k
f1(x)dx+(m+ 1)p1p2

∫ ∞

k
f2(x)dx

= (m+ 1)p1p2

∫ ∞

k
( f1(x)+ f2(x))dx, (33)

since P(|X − x| > |x′ − x|) ≤ 1, and f1(x
′) and f2(x

′) are
density functions.
Theorem 3.1.2 Assume that the conditions for lemma
3.1.1 are satisfied for all N, that the expansions (21), (23)
and (24) are held. Then

Rm+1 ≤ p1 p2

∫ k

β1

[

e−mP(x,0)

(

2 f1 f2

f

+
1

m2

(

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4 f 4

)

+
1

m3

(

2 f1 f2

f
+

(

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4 f 4

))

+(m+ 1)
N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

)]

dx
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+

∫ k

β1

f (x)e−(m+1)F(2x−β2)dx

+(m+ 1)p1p2

∫ ∞

k
( f1(x)+ f2(x))dx,

where Ls = p1 p2Γ (s + 1)
(

f1as+ f2a′s
f

)

, and as,a
′
s as in

lemma 3.1.1.
Proof: From (31) we have

(m+ 1)I′1 = (m+ 1)

[

e−mP(x,0)
N−1

∑
s=0

Γ (s+ 1)as

ms+1

+O
(

m−(N+1)
)]

= (m+ 1)e−mP(x,0)
[a0

m
+

a1

m2
+

a2

m3

+
N−1

∑
s=3

Γ (s+ 1)
as

ms+1
+O

(

m−(N+1)
)

]

= e−mP(x,0)

[

(m+ 1)

m

f2

f
−

(m+ 1)

m2

f2

f

+
2(m+ 1)

m3

(

f2

2 f
+

f
′′

2 f − f2 f
′′

8 f 4

)

+(m+ 1)
N−1

∑
s=3

Γ (s+ 1)
as

ms+1
+O

(

m−N
)

]

= e−mP(x,0)

[

f2

f
+

1

m2

(

f
′′

2 f − f2 f
′′

4 f 4

)

+
1

m3

(

f2

f
+

f
′′

2 f − f2 f
′′

4 f 4

)

+(m+ 1)
N−1

∑
s=3

Γ (s+ 1)as

ms+1
+O

(

m−N
)

]

, (34)

similarly, from (32) we have

(m+ 1)I′2 = e−mP(x,0)

[

f1

f
+

1

m2

(

f
′′

1 f − f1 f
′′

4 f 4

)

+
1

m3

(

f1

f
+

f
′′

1 f − f1 f
′′

4 f 4

)

+(m+ 1)
N−1

∑
s=3

Γ (s+ 1)a′s
ms+1

+O
(

m−N
)

]

. (35)

Using (34) and (16) with (12) we obtain

(m+ 1)I1 ≤ e−mP(x,0)

[

f2

f
+

1

m2

(

f
′′

2 f − f2 f
′′

4 f 4

)

+
1

m3

(

f2

f
+

f
′′

2 f − f2 f
′′

4 f 4

)

+(m+ 1)
N−1

∑
s=3

Γ (s+ 1)as

ms+1
+O

(

m−N
)

]

+
1

p2

e−(m+1)F(2x−β2), (36)

similarly, using (35) and (17) with (14) we obtain

(m+ 1)I2 ≤ e−mP(x,0)

[

f1

f
+

1

m2

(

f
′′

1 f − f1 f
′′

4 f 4

)

+
1

m3

(

f1

f
+

f
′′

1 f − f1 f
′′

4 f 4

)

+(m+ 1)
N−1

∑
s=3

Γ (s+ 1)
a′s

ms+1
+O

(

m−N)
)]

+
1

p1

e−(m+1)F(2x−β2). (37)

Substituting (36) and (37) in (9) we obtain

I ≤ p1 p2

∫ k

β1

f1(x)

[

e−mP(x,0)

(

f2

f
+

1

m2

(

f
′′

2 f − f2 f
′′

4 f 4

)

+
1

m3

(

f2

f
+

f
′′

2 f − f2 f
′′

4 f 4

)

+(m+ 1)
N−1

∑
s=3

Γ (s+ 1)
as

ms+1
+O

(

m−N
)

)

+
1

p2

e−(m+1)F(2x−β2)

]

dx

+p1 p2

∫ k

β1

f2(x)

[

e−mP(x,0)

(

f1

f
+

1

m2

(

f
′′

1 f − f1 f
′′

4 f 4

)

+
1

m3

(

f1

f
+

f
′′

1 f − f1 f
′′

4 f 4

)

+(m+ 1)
N−1

∑
s=3

Γ (s+ 1)
a′s

ms+1
+O

(

m−N
)

)

+
1

p1

e−(m+1)F(2x−β2)

]

dx. (38)

Then, substituting (38) and (33) in (6) we obtain

Rm+1 ≤ p1 p2

∫ k

β1

[

e−mP(x,0)

(

2 f1 f2

f

+
1

m2

(

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4 f 4

)

+
1

m3

(

2 f1 f2

f
+

(

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4 f 4

))

+(m+ 1)
N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

)]

dx

+

∫ k

β1

f (x)e−(m+1)F(2x−β2)dx

+(m+ 1)p1p2

∫ ∞

k
( f1(x)+ f2(x))dx, (39)

where Ls = p1 p2Γ (s+ 1)
(

f1as+ f2a′s
f

)

.

In the following corollary, the upper bounds of the risk
are given in the case P(x,0) = 0.
Corollary 3.1.3 Under the conditions in Theorem 3.1.2
and for P(x,0) = 0, i.e., e−mP(x,0) = 1, we have

Rm+1 ≤ p1 p2

∫ k

β1

[

2 f1 f2

f
+

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4m2 f 4

+
8 f1 f2 f 3 + f1 f

′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4m3 f 4
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+(m+ 1)
N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

]

dx

+
∫ k

β1

f (x)e−(m+1)F(2x−β2)dx

+(m+ 1)p1p2

∫ ∞

k
( f1(x)+ f2(x))dx, (40)

where Ls = p1 p2Γ (s+ 1)
(

f1as+ f2a′s
f

)

.

Since R∞ =
∫ ∞

β1

2p1 p2 f1 f2
f

dx, then the upper bound of Rm+1

can be written in the form

Rm+1 ≤ R∞ +
p1 p2

m2

∫ k

β1

(

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4 f 4

)

dx

+
p1 p2

m3

∫ k

β1

(

8 f1 f2 f 3 + f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4 f 4

)

dx

+p1 p2

∫ k

β1

(

(m+ 1)
N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

)

dx

+

∫ k

β1

f (x)e−(m+1)F(2x−β2)dx

+(m+ 1)p1p2

∫ ∞

k
( f1(x)+ f2(x))dx.

Error Estimates 3.1.4
We can see from the proof of the lemma 3.1.1, compare
Irle and Rizk [10], and Olver [18], that the Nth truncation
error of the expansion (31) can be expressed as

∫ x−β2

0
Q(x,ρ)e−mP(x,ρ)dρ − e−mP(x,0)

N−1

∑
s=1

Γ (s+ 1)
as

ms+1

= e−mP(x,0)AN,1(m)+ e−mP(x,0)AN,2(m)

+

∫ x−β2

u
Q(x,ρ)e−mP(x,ρ)dρ , (41)

where u is a number in (0,x−β2] that satisfies the criteria
of lemma 3.1.1, and the terms AN,1(m) and AN,2(m) are
defined by (26) and (27), with Z = P(x,u)−P(x,0). Then
if u = x − β2 and P(x,x − β2) = ∞, we obtain Z = ∞.

Therefore the first error term e−mP(x,0)AN,1(m) in (41) is
absent (If the requirement in the proof of the lemma 3.1.1
that u and Z be finite does not apply in (41)). In other
cases, we have

Γ (α,m)≤
e−mmα

m−max(α − 1,0)
, (m > max(α − 1,0)) ,

(42)
where Γ (α,m) refers to the complementally incomplete
gamma function, and can be taken the form:

Γ (α,m) = e−mmα−1

(

1+
(α − 1)

m
+

(α − 1)(α − 2)

m2

+ · · ·+
(α − 1)(α − 2) · · ·(α −N + 1)

mN−1

)

+AN(m),

where N is an arbitrary nonnegative integer, and

AN(m) = (α − 1)(α − 2) · · ·(α −N)
∫ ∞

m
e−ttα−N+1dt.

Then

|AN(m)| ≤
(α − 1)(α − 2) · · ·(α −N)e−mmα−N

m−α +N + 1
,

(m > α −N − 1 > 0).

For the case N = 0, we have

Γ (α,m) ≤ e−mmα

m−α+1
,(α > 1,m > α − 1), and therefore

Γ (1,m) ≤ e−m for the special case α = 1, m > 0. Then
we obtain (42).
Substituting (42) in (26), we obtain

∣

∣

∣
e−mP(x,0)AN,1(m)

∣

∣

∣
≤

e−mP(x,u)

Zm−αN

N−1

∑
s=1

|as|Z
s+1,

(

m >
αN

Z

)

,

where Z = P(x,u)−P(x,0), and αN = max{(N − 1),0}.
By the following method, we show that the second error

term e−mP(x,0)AN,2(m) is bounded. Let σN is a number

such that the function υN fN(υ) is majorized by
∣

∣υN fN(υ)
∣

∣≤ |aN |υ
NeσNυ . Then

∣

∣

∣

∣

∫ Z

0
e−mυ υN fN(υ)dυ

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫ Z

0
|aN |e

−(m−σN)υ υNdυ

∣

∣

∣

∣

≤ Γ (N + 1)
|aN |

(m−σN)N+1
, (m > σN). (43)

Note that, the best value of σN is given by

σN = sup(0,∞) {ψN(υ)}, where ψN(υ) =
1
υ ln

∣

∣

∣

υN fN(υ)
σNυN

∣

∣

∣
,

and the bounded (43) has the property of being
asymptotic to the absolute value of the actual error when
m → ∞. But the previous approach fails when σN is
infinite. This happens when aN = 0, so we would proceed
to a higher value of N at this case. If aN 6= 0, then the
failure occurs when ψN(υ) tends to +∞ as υ → 0+.
But for small υ , we have from (25) that:
υN fN(υ) = aNυN+1 + aN+1υN+2 + · · · .

Therefore ψN(υ)∼
aN+1

aN
+

(

aN+2

aN
−

a2
N+1

2a2
N

)

υ + · · · .

For the tail, the inequality (30) can be used, the integral
on the right-hand side being found numerically for a
suitably chosen value of M.

Now we evaluate the finite sample risk for support
S = (0,∞).

3.2 Support S = (0,∞) :

Since

Rm+1 = (m+ 1)p1p2

∫

S

∫

S

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

×
(

P
(

|X − x|> |x′− x|
))m

dx′dx.

Then Rm+1 for support S = (0,∞) takes the form:

Rm+1 = (m+ 1)p1p2

∫ ∞

0

∫ ∞

0

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

×
(

P
(

|X − x|> |x′− x|
))m

dx′dx
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= (m+ 1)p1p2

∫ k

0

∫ ∞

0

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

×
(

P
(

|X − x|> |x′− x|
))m

dx′dx

+ (m+ 1)p1p2

∫ ∞

k

∫ ∞

0

(

f1(x) f2(x
′)+ f1(x

′) f2(x)
)

×
(

P
(

|X − x|> |x′− x|
))m

dx′dx.

Then, by using the same method in subsection 3.1 with
β1 = β2 = 0 we obtain the following theorem:
Theorem 3.2.1

Let the conditions of lemma 3.1.1 be satisfied for all N,
that the expansions (21), (23) and (24) are held. Then

Rm+1 ≤ p1 p2

∫ k

0

[

e−mP(x,0)

(

2 f1 f2

f

+
1

m2

(

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4 f 4

)

+
1

m3

(

2 f1 f2

f
+

(

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4 f 4

))

+(m+ 1)
N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

]

dx

+

∫ k

0
f (x)e−(m+1)F(2x)dx

+(m+ 1)p1p2

∫ ∞

k
( f1(x)+ f2(x))dx,

where Ls = p1 p2Γ (s + 1)
(

f1as+ f2a′s
f

)

, k = k(m) is a

constant depending on m and as,a
′
s are defined as in

lemma 3.1.1.
Proof: This is immediate from theorem 3.1.2 with
β1 = β2 = 0.

Corollary 3.2.2 Under the conditions in Theorem 3.2.1
and for P(x,0) = 0, we have

Rm+1 ≤ p1 p2

∫ k

0

[(

2 f1 f2

f

+
1

m2

(

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4 f 4

)

+
1

m3

(

2 f1 f2

f
+

(

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4 f 4

))

+(m+ 1)
N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

]

dx

+

∫ k

0
f (x)e−(m+1)F(2x)dx

+(m+ 1)p1p2

∫ ∞

k
( f1(x)+ f2(x))dx, (44)

where Ls = p1 p2Γ (s + 1)
(

f1as+ f2a′s
f

)

, k = k(m) is a

constant depending on m and as,a
′
s are defined as in

lemma 3.1.1.

4 Results and discussion

In preceding section, an asymptotic evaluation of the
finite sample risk Rm for distributions having unbounded
supports S = (β ,0),β > 0 and S = (0,∞) are derived
((40) and (44), respectively) by using the Laplace’s
method, such that we found an exact integral expression
for I′1 and I′2 in the form

∫

S Qe−mP, where Q and P are
nonnegative functions, we then applied Laplace’s method
for large m. We discussed the error bounds for this case.
Some of the problems that came to us are related to find
an upper bounded of the risk Rm for distributions having
unbounded, such that the integration at the boundary of
the domain of the integration (at infinity in our cases) is
not easy to handle, so we divided the integrals I1 and I2

into two parts I′1, I′′1 and I′2, I′′2 , respectively, and
appropriate values of k(m) were chosen to obtain a good
approximation of the upper bounds.
In the following examples, we find upper bounds of the
risk Rm of the Pareto and exponential distributions as
typical for distributions having unbounded supports
S = (β ,0),β > 0 and S = (0,∞), respectively to explain
the theoretical results for our work, and evaluate some
values of Rm numerically for those in tables 1-3, for
which we use the first three terms in the expansion of the
risk Rm to calculate. For the Pareto distribution, we

choose k(m) = m
2
α , where α > 0 denotes a shape

parameter, also, choose k(m) = m for the exponential
distribution.

Example 4.1: (Pareto distribution)
We will derive the upper bounds on the finite sample risk
of the Pareto distribution as typical, i.e., the case
S = (β ,∞),β > 0, so that it can often be used as a modal
for heavy-tailed data.

Assume that fi(x) =
αiβ

αi
i

xαi+1 for x ≥ βi, i = 1,2 respectively,

such that the shape parameters αi > 0 and the scale
parameters βi > 0 for i = 1,2. Define k = k(m) be a
constant depending on m and without loss of generality
f1(x) = max{ f1(x), f2(x)}.
We evaluate the risk Rm of Pareto distribution for: (i)
Same shapes and different scales, (ii) Same shapes and
scales, (iii) Different shapes and scales, and (iv) Same
scales and different shapes.
(i) Same shapes and different scales.
Taking α1 = α2 = α say, in equation (40), we get

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f = 0, then

Rm+1 ≤ 2p1 p2

∫ k

β1

f1 f2

f
dx+

p1 p2

m3

∫ k

β1

2 f1 f2

f
dx

+

∫ k

β1

f (x)e−(m+1)F(2x−β2)dx

+(m+ 1)p1p2

∫ ∞

k
( f1(x)+ f2(x))dx

+(m+ 1)p1p2

∫ k

β1

(

N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

)

dx
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≤
p1 p2αβ α

1 β α
2

(

p1β α
1 + p2β α

2

)

(

2+
1

m3

)[

1

β α
1

−
1

kα

]

+

[

e−(m+1)F(β1)− e−(m+1)F(k)
]

(m+ 1)

+
(m+ 1)p1p2 [β

α
1 +β α

2 ]

kα

+(m+ 1)p1p2

∫ k

β1

(

N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

)

dx,

where
∫ k

β1

f1 f2
f

dx =
αβ α

1 β α
2

(p1β α
1 +p2β α

2 )

[

1
β α

1
− 1

kα

]

,

∫ k

β1

f (x)e−(m+1)F(2x−β2)dx ≤

∫ k

β1

f (x)e−(m+1)F(x)dx

=
−1

(m+ 1)

[

e−(m+1)F(x)
]k

β1

=

[

e−(m+1)F(β1)− e−(m+1)F(k)
]

(m+ 1)
,

(Since f1 = max{ f1, f2} =⇒ β1 > β2, hence we have

F(2x−β2)≥ F(x) =⇒ e−F(x−β2) ≤ e−F(x))
∫ ∞

k ( f1(x)+ f2(x))dx =
[β α

1 +β α
2 ]

kα .

Here, we can choose a suitable k = k(m) = m2/α .
(ii) Same shapes and scales.
The result of this case is immediate from (i) by substituting
β1 = β2 = β , say.
(iii) Different shapes and scales.
Let α2 > α1, we obtain

Rm+1 ≤ 2p1 p2

∫ k

β1

f1 f2

f
dx

+
p1 p2

4m2

∫ k

β1

(

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

f 4

)

dx

+
p1 p2

m3

∫ k

β1

(

2 f 1 f 2

f
+

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4 f 4

)

dx

+

∫ k

β1

f (x)e−(m+1)F(2x−β2)dx

+(m+ 1)p1p2

∫ ∞

k
( f1(x)+ f2(x))dx

+(m+ 1)p1p2

∫ k

β1

(

N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

)

dx

≤ p2β α2
2

(

2+
1

m3

)[

1

β α2
1

−
1

kα2

]

+
p1 p2(M1 −M2)

4m2(2α1 −α2)

(

1+
1

m

)

[

k(2α1−α2)−β
(2α1−α2)
1

]

+
p1 p2M3

4m2(3α1 − 2α2)

(

1+
1

m

)

[

k(3α1−2α2)−β
(3α1−2α2)
1

]

+

[

e−(m+1)F(β1)− e−(m+1)F(k)
]

(m+ 1)

+(m+ 1)p1p2

[

β
α1
1

kα1
+

β
α2
2

kα2

]

+(m+ 1)p1p2

∫ k

β1

(

N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

)

dx,

where

∫ k

β1

f1 f2

f
dx ≤

∫ k

β1

f1 f 2

p1 f1

dx =
β

α2
2

p1

[

1

β
α2
1

−
1

kα2

]

,

∫ ∞

k
( f1(x)+ f2(x))dx =

(

β1

k

)α1

+

(

β2

k

)α2

,

∫ k
β1

f (x)e−(m+1)F(2x−β2)dx evaluate as in part (i), and

∫ k

β1

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

f 4
dx =

∫ k

β1

f1 f
′′

2

f 3
dx+

∫ k

β1

f
′′

1 f2

f 3
dx− 2

∫ k

β1

f1 f2 f
′′

f 4
dx ≤

∫ k

β1

f
′′

2

f 2
1

dx+

∫ k

β1

f
′′

1 f2

f 3
1

dx

−2p1

∫ k

β1

f2 f
′′

1

f 3
1

dx− 2p2

∫ k

β1

f2 f
′′

2

f 3
1

dx

=
M1

(

k(2α1−α2)−β
(2α1−α2)
1

)

(2α1 −α2)

−
M2

(

k(2α1−α2)−β
(2α1−α2)
1

)

(2α1 −α2)

−
M3

(

k(3α1−2α2)−β
(3α1−2α2)
1

)

(3α1 − 2α2)
,

where f = p1 f1 + p2 f2 ≥ p1 f1 =⇒
1
f
≤ 1

p1 f1
, f ≤ f1 =⇒

−1
f

≤ −1
f1

, F(2x − β2) ≥ F(x) =⇒ e−F(2x−β2) ≤ e−F(x)

such that x − β2 > 0 from (12), and

M1 =
α2(α2+1)(α2+2)β

α2
2

α2
1 β

2α1
1

, M2 =
(1−2p1)α2(α1+1)(α1+2)β

α2
2

α2
1 β

2α1
1

,

and M3 =
2p2α2

2 (α2+1)(α2+2)β
2α2
2

α3
1 β

3α1
1

Here we can choose a

suitable k = k(m) = m
3

2α1 .
(iv) Same scales and different shapes.
The result of this case is immediate from (iii) by
substituting β1 = β2 = β , say.
Example 4.2. (Exponential distribution)
Assume that fi(x) = λie

−λix for x,λi > 0, i = 1,2, and let
k = k(m) be a constant depending on m and without loss
of generality f1(x) = max{ f1(x), f2(x)} for every point x

such that λ2 > λ1. From (44) Rm+1 takes the form:

Rm+1 ≤ 2p1 p2

∫ k

0

f1 f2

f
dx

+
p1 p2

4m2

∫ k

0

(

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

f 4

)

dx

+
p1 p2

m3

∫ k

0

(

2 f1 f2

f
+

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

4 f 4

)

dx

+

∫ k

0
f (x)e−(m+1)F(2x)dx
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+(m+ 1)p1p2

∫ ∞

k
( f1(x)+ f2(x))dx

+(m+ 1)p1p2

∫ k

0

(

N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

)

dx

≤ p2

(

2+
1

m3

)

[

1− e−λ2k
]

+
p1 p2λ2

4m2 p3
1(λ2 − 2λ1)

(

1+
1

m

)(

1

λ 2
1

−
(1− 2p1)

m

)

×
[

1− e−(2λ2−3λ1)k
]

+
2p1 p2

2λ 4
2

4m2 p3
1λ 3

1 (2λ2 − 3λ1)

(

1+
1

m

)

[

1− e−(2λ2−3λ1)k
]

+

[

1− e−(m+1)F(k)
]

(m+ 1)
+ (m+ 1)p1p2

[

e−λ1k + e−λ2k
]

+(m+ 1)p1p2

∫ k

0

(

N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

)

dx,

where
∫ k

0
f1 f2

f
dx ≤

∫ k
0

f1 f2
p1 f1

dx

= 1
p1

∫ k
0 λ2e−λ2xdx = 1

p1

(

1− e−λ2k
)

,

∫ k

0

(

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f

f 4

)

dx

=
∫ k

0

f1 f
′′

2

f 3
dx+

∫ k

0

f
′′

1 f2

f 3
dx− 2

∫ k

0

f1 f2 f
′′

f 4
dx

≤
1

p3
1

(

∫ k

0

f
′′

2

f 2
1

dx+

∫ k

0

f
′′

1 f2

f 3
1

dx− 2p1

∫ k

0

f2 f
′′

1

f 3
1

dx

−2p2

∫ k

0

f2 f
′′

2

f 3
dx

)

=
1

p3
1

(

[

λ 3
2

λ 2
1

e−(λ2−2λ1)x

]k

0

− (1− 2p1)
[

λ2e−(λ2−2λ1)x
]k

0

−2p2

[

λ 4
2

λ 3
1

e−(2λ2−3λ1)x

]k

0

)

=
λ 3

2

[

1− e−(λ2−2λ1)k
]

p3
1λ 2

1 (λ2 − 2λ1)

−
(1− 2p1)λ2

[

1− e−(λ2−2λ1)k
]

p3
1 (λ2 − 2λ1)

−
2p2λ 4

2

[

1− e−(2λ2−3λ1)k
]

p3
1λ 3

1 (2λ2 − 3λ1)
,

∫ k

0
f (x)e−(m+1)F(2x)dx ≤

∫ k

0
f (x)e−(m+1)F(x)dx

=
−1

(m+ 1)

[

e−(m+1)F(x)
]k

0
=

[

1− e−(m+1)F(k)
]

(m+ 1)
,

∫ ∞

k
( f1(x)+ f2(x))dx = e−λ1k + e−λ2k.

Since f = p1 f1 + p2 f2 ≥ p1 f1 =⇒ 1
f
≤ 1

p1 f1
, f ≤ f1 =⇒

−1
f

≤ −1
f1

(such that f1 (x) = max{ f1(x), f2(x)}), and

F(2x)≥ F(x) =⇒ e−F(2x) ≤ e−F(x).

Here we can choose a suitable k = k(m) = log

(

m
3

2λ1

)

.

Note that, in the case λ1 = λ2 = λ say, we have

f1 f
′′

2 f − 2 f1 f2 f
′′
+ f

′′

1 f2 f = 0, then equation (44) takes
the form:

Rm+1 ≤ 2p1 p2

∫ k

0

f1 f2

f
dx+

p1 p2

m3

∫ k

0

2 f1 f2

f
dx

+
∫ k

0
f (x)e−(m+1)F(2x)dx

+(m+ 1)p1p2

∫ ∞

k
( f1(x)+ f2(x))dx

+(m+ 1)p1p2

∫ k

0

(

N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

)

dx

≤ 2p1 p2

(

1+
1

m3

)

[

1− e−λ k
]

+

[

1− e−(m+1)F(k)
]

(m+ 1)
+ 2(m+ 1)p1p2e−λ k

+(m+ 1)p1p2

∫ k

0

(

N−1

∑
s=3

Ls

ms+1
+O

(

m−N
)

)

dx.

We can choose a suitable k = k(m) = m.

5 Conclusions

We derived an asymptotic evaluation of the finite sample
risk Rm for distributions having unbounded supports by
using Laplace methods, and evaluated upper bounds for
the risk Rm of nearest neighbor of Pareto and exponential
distributions as typical.

The examples 4.1 and 4.2 presented in section 4 (see also
tables 1-3) indicate that the finite sample of the nearest
neighbor risk Rm approaches its infinite-sample limit R∞,
and thus, the asymptotic series expansions presented in
the theorems 3.1.2 and 3.2.1, and corollaries 3.1.3 and
3.2.2 helps us to use the finite sample (for large m)
instead of the infinite sample.
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Tables

Table 1: Numerical values of R(m+1) and R∞ for some different

values of β2, when α = 1,β1 = 1 and p1 = 0.2 for Pareto

distribution in the cases (i) and (ii).

m β2 = 0.2 β2 = 0.5 β2 = 1

1.0×102 0.1796992889 0.2690641333 0.32320116

1.0×103 0.1779681930 0.2669068801 0.32032000

1.0×104 0.1777969779 0.2666906664 0.32003200

1.0×106 0.1777779700 0.2666669067 0.32000032

1.0×109 0.1777777782 0.2666666668 0.32000000

R∞ 0.1777777778 0.2666666667 0.32

Table 2: Numerical values of R(m+1) and R∞ for some different

values of β2, when α = 1,β1 = 1 and p1 = 0.5 for Pareto

distribution in the cases (i) and (ii).

m β2 = 0.2 β2 = 0.5 β2 = 1

1.0×102 0.169680083 0.3370876667 0.505000250

1.0×103 0.166966801 0.3337083752 0.500500001

1.0×104 0.166696668 0.3333708338 0.500050000

1.0×106 0.166666967 0.3333337083 0.500000500

1.0×109 0.166666667 0.3333333337 0.500000500

R∞ 0.166666667 0.3333333333 0.5

Table 3: Numerical values of R(m+1) and R∞ for some different

values of p1, when λ1 = λ2 = λ = 1 for exponential distribution.

m p1 = 0.2 p1 = 0.3 p1 = 0.5

1.0×101 0.411372837 0.511468293 0.5915446569

1.0×102 0.329901310 0.429901410 0.5099014901

1.0×103 0.320999002 0.420999002 0.5009990015

1.0×104 0.320099990 0.420099990 0.5000999900

1.0×106 0.320001000 0.420001000 0.5000010000

1.0×109 0.320000001 0.420000001 0.5000000010

R∞ 0.32 0.42 0.5
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