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Abstract: Total fuzzy graph is defined and its properties as well as its total coloring have been discussed and studied by some scholars.
This manuscript defines an extended total fuzzy graph and elaborates it with illustrations. In addition some related properties for
extended total fuzzy graphs are stated and proved. Finally, we extant the definition of total coloring of an extended total fuzzy graph

and determine the bound for its total chromatic number.
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1. Introduction

Kauffman [1] was the first person to introduce the notion
of fuzzy graph (F-graph). But, the base for the
development of F-graph theory is due to Rosenfeld [2] as
well as Yeh and Band [3]. Rosenfeld described the
connectivity concept of F-graphs and Yeh et.al presented
its parameter. Most of the theoretical development of
F-graph theory is based on Rosenfeld’s initial work.
Isomorphism in generalized F-graph has been introduced
by Samanta [4] to capture the similarity of uncertainties
in different networks.

Homomorphism, weak isomorphism, co-weak
isomorphism and nearly isomorphism are defined and an
application of image visualization was described. A new
method to explain the homeomorphic between some
fuzzy topological graphs which will be applied in smart
cities has been presented by Atefa etal [5]. The idea of an
isomorphic picture F—graph as well as its application on
a social network have been described by Zuo [6]. The
notations of U—complement, homomorphism,
isomorphism, weak isomorphism and co weak
isomorphism of regular picture F-graph and mathematical
model of communication network and transportation
network by using picture fuzzy multi-graph is also studies
and its application on transportation
network/communication network is also presented by
Xiao [7]. S. Kavitha and S. Lavanya defined the total
F-graph and studied total chromatic number of total
graphs of F-graphs [8].

The main objectives of this study are to define and draw

the graph of the new concept called an extended total
F-graph, to show its properties and discus the total
coloring of such graphs. To show these the manuscript is
organized as follows: The first section deals with
introduction of the concept under study,while the second
section is devoted for preliminary concepts about
F-graphs. The key idea of the paper, which is an ETFG is
discussed in section thrree. The next two sections, section
four and five concentrate on the discussion of results from
an ETFG and total colouring of an ETFG. Finally, the
paper is concluded in Section six.

2 . Preliminaries

This section presented basic concepts of fuzzy graphs,
total fuzzy graphs and total coloring of fuzzy graphs.
Unless otherwise mentioned all the concepts are from [9]
to [19].

Definition 1. An ordered triple G = (V,0, 1), where V is
the node set {x|,x3,-++ ,Xu }, O is a fuzzy subset of V, such
that 6 1V — [0,1] and U be a fuzzy relation on © with (L :
V — [0,1] and that 6 : V x V — [0, 1] such that p(x,y) <
o (x) Ao (y)Vx,y € V is called F-graph.

Definition 2. G* = (V,E), where E C'V XV is called the
underlying crisp graph of a F-graph G = (V, 0o, 1L).

Definition 3. Ler G = (V,0,1) be a F-graph with the
underlying set V. Then, the order of G denoted by
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Order(G) is defined as:

Order(G) = Z o(x)

xeV

and size of G denoted by size(G) defined as:

Size(G)= Y. p(x.)

x,yev

Definition 4. Let G = (V,0,U) be a fuzzy graph. The
degree of a vertex x € V is defined as

dG(G): Z [.L(X,y)

y#x,yEV

Definition 5. Let G = (V,0,u) be a F-graph. The busy
value of the vertex x in G is D(x) = Y,;0(x) A 6(x;) where
x; are neighbors of x and the busy value of G is D(x) =
Y.; 0(x;) where X.s are the vertexes of G.

Definition 6. If 1(x,y) > O, then x and y are said to be
adjacent to each other and lie on the edge, e = (x,y). A
path Pina F-graph G = (V, 0, L) is a sequence of distinct
nodes xo,Xx1,Xy,++ ,Xn such that L(x;—1,x;) > 0,1 <i<n.
Here n is called the length of the path.

Definition 7. If x,y are nodes in G and if they are
connected by means of a path, then the strength of that
path is defined as A" | = u(x;_1,x;). If x,y are connected
by means of paths of length k,  then
pE(yx) = sup{p(y,x) A pxn,x) A p(x,xs) A A
U(O%—1,%) : ¥, x1,%0, -, xk—1,Xx EV L Ify,x €V, then the
strength of connectedness between y and x is,

lim()’ax) = Sup{uk(yax) k= ]727}

Definition 8. Ler G = (V,0,u) be a F-graph. Then, G is
said to be connected if u=(y,x) > 0 for all y,x € 6*. An
arc (y,x) is said to be a strong arc if P(y,x) > xu”(y,x)
and a node y, is said to be an isolated node, if 1(y,x) =0

forall y # x.

Definition 9. G = (V, 0, ) is a fuzzy cycle if and only if
(o*,1u*) is cycle and there does not exist a unique (x,y) €

W such that p1(x,y) = AM{p(x,)  (x,) € p*}.

Definition 10. A family I’ = y1,%,7, -+, % of fuzzy sets
on VUE is called a k-fuzzy total coloring of G = (V,0, 1),
a) max{y%(x)} = o(x) for all x € V and max{y(x,y)} =
U(x,y) for all edges (x,y) € E
b)viNyi=0
c) For every adjacent
G, min{y(x), %(y)} = 0.

The least value of k for which there exists a k-fuzzy
coloring is called the total chromatic number of F-graph

G and is denoted by x; (G).

vertices  x,y  of

3 . An Extended Total Fuzzy Graph (ETFG)

In this section, we introduce the definition of an extended
total F-graph and draw its graph.

Definition 11. Let G = (V,0,1) be a F-graph with its
underlying set'V and crisp graph G* = (c*,u*). The pair
ETFG(G) = (Cerrc, UETFG Of the F-graph G is defined
as follows:

Let the node set of ETFG(G) be V UE, where V is the
vertex set and E is the edge set of the underlying crisp
graph. The fuzzy subset ogrrg is defined on VUE as:

oegrrg(x) =0 (x), if xeV

GETF(;(e) = [,L(e), ife cFE

The fuzzy relation UgrFg is defined on (VUE) x (VUE),
called edges of ETF G(G) as:

,LLETFG(xay) = ”(xvy)a ifxay S Vv
UeTFc(ei.ej) = p(e;) Au(ej), if e; and e; are ad jacent
=0, Otherwise.

By definition; Uprrc(x,y) < ogrre(x) A 0grrG(y) for all
x,y € VUE. Hence, UgTFG IS a fuzzy relation on the fuzzy
subset ogrrg. Thus, the pair ETF (CgrFrG, UgTFG) IS a F-
graph, and it is termed as an extended total F-graph of
G.

Example 1. Consider the F-fuzzy graph G = (V,o,u)
where its underlying crisp graph G* = (V,E) has vertex
set V = {xl,XQ,)Q} and edge set £ = {xlxz,x2x3,x3x1}.
Let the fuzzy vertex set defined on V be as follows:

G(xl) = 0.4, G()Cz) = 0.5, G(X3) =0.7.

Let the fuzzy relation defined on the fuzzy edge set be as
follows:

[,L(xl ,xz) = O.Z,M(XZ,X3) = O.4,[J(x3,x1) =04.
Since, i (x;,x;) < o(xi) Ao(x;) for all x;,x; € V, the graph

G = (V,o0, ) is a F-graph and its graph is as shown in the
figure 4 .

(x3,0.4)

(3x1,0.4) (x2x3,0.4)

(x170,4

x,0.4
(X1X2,0.2) ( : )

Fig. 1: Fuzzy graph
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Now, let us construct the ETFG of the F-graph in the
example 1: That is, ETFG(ogrF,Ugrr) of the F-graph
G, where the node set of ETFG is V U E, which is the set
{x1,%2,x3,X1X2,%2x3,x3x1 }. We define the fuzzy subset
UeTFG as follows:

o(x),ifueV
u(e),ife €E.

Hence, we have the following fuzzy subsets 6r7rg:

LLETFG(X) =
GETFG(e) =

OerrG(x1) = ox) = 0.4

orrrG(x2) = 0(x2) =0.5
orrrc(x3) = o(x3) =0.7

OrTrG(X1X2) = W(x1,x2) = 0.2
orrFG(X2x3) = H(x2,x) = 0.4
orrrG(x3x1) = U(x3,x1) = 0.4

The fuzzy relations ugrrg will be as follows:

p(x,y),ifx,yeV

UeTFG(eisej) = p(e;) Au(e;)), if e; and e; have a node in
common between them.

IJETFG(xay) =

=0, Otherwise.
Hence,
UETFG(X1,X%2) = p(X1,x2) =
e

HETFG(%2,x3) = p(x2,x3) =

NETFG(XLXI) = U(x3,x1) = 0.4,
IJETFG(XIXZ;)Q)CZ»)) = [J(X])Cz) /\[.L(XQX3) =02A04=0.2
uETFG(xlxz,xpcl) = u(xle) /\u(x3x1) =02A04=0.2

[.LET]:G()sz3,X3xl) = ,LL(XQX3) /\[.L(X3X] ) =04AN04=04

Since, [,LErpg(x,',xj') < GETFG(xi) N GErpg(xj') for all
Xi,Xj € V UE, the graph ETFG(GETFG;I'LETFG) is a
F-graph and from the above node sets V UE, fuzzy
subsets ogrrc and fuzzy relations Ugrrg, the graph of
ETFG of G is as shown in figure 2.

(X3 i 04)

(x2,0.5)
(X] ,0.4)

(x1,0.4) (x2,0.4)

Fig. 2: ETFG of a Fuzzy Graph G

Example 2. Consider the fuzzy graph G = (V,0, 1) with
the fuzzy vertex set;
G(X] ) =0.3, G(XZ) =04, G(X3) =0.6, G(X4) =0.8

and fuzzy edge set:

p(x1,x2) = 0.2, (x2,x3) = 0.3,

[.L(X3,X4) = 0.5,[1()(4,)C]) =0.1
Since, p(x;,x;) < o(x;) Ap(x;) forall x;,x; € V, the graph
G = (V,0,u) is a F-graph and its graph is as shown in the
figure 3 below.

(x2,0.4) (x1x2,0.2) (x1,0.3)
(x2x3,0.3) (x421,0.8)
x4,0.8
(x3,0.6) (35,0.5) (x4,0.8)

Fig. 3: Fuzzy Graph

Now, from the F-graph in example 2 above the ETFG of
G, ETFG(0ogrFG, UeTFc) Will be defined as follows:

i.Fuzzy vertex set orrrg is as follows:

orrrc(x) = u(x) ,if xeV
ogrrgle) = (e), if e€E.
Hence;

orrrg(x1) = o(x) =0.3,

oerrG(x2) = 0(x2) = 0.4,

orrrG(x3) = 0(x3) = 0.6,

opTF(xs) =0(x4) =0.8

oerrG(x1x2) = 1(xy,x) =0.2,
OprrG(xx3) = W(x2,x3) = 0.3,

OETFG (x3x4

) = M(x3,x4)
OrrFG(xax1) = W(xs,x1) = 0.1

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

514

F. T. Agama, V. N. S. Repalle: A Study on an Extended Total Fuzzy Graph

ii. The fuzzy edge set ugrrg is as follows:

peTFG(X,Y) = U(x,y),ifx,y €V

,LLET]:G(E,',EJ‘) = [.t(ei) /\[J(e‘j), if e; and ejare adjacent.
=0, Otherwise.

Hence,

UETFG(X1,X2) = W(x1,X2) = 0.2,
HETFG(X2,%3) = [(x2,x3) = 0.3,
UETFG(¥3,%4) = W (x3,x4) = 0.5,
METFG(X4,X1) = U(x4,x1) = 0.1

(
(
(
(
[,LET]:G(X[XQ,XQX3) (XIXQ)/\[J()szg,) =02
HETFG(X1X2,%3X4, ) = [ (x1X2) A U (x3x4) =0

(

(

(

METFG(X1%2,%4x1) = f(x1%2) A p(x4x1) = 0.1
UETFG(X2X3,X3X4) = (x2x3) A (x3x4) = 0.3,
METFG(X2X3,X4X1) =

UETFG(X3X4,X4X1) = u(x3x4) A (xgx1) = 0.1

Clearly, [JET[:G()C,',X]') S GETFG(xi) A GETFG(xj) for all
xi,xj € V and hence the graph ETFG(Ogrrc, RETFG) 1S @
F-graph.

The graph ETFG(G) . (GETFG7“ETFG) is an ETFG
and its graph is as shown in figure 4:

(x1x2,0.2)
(x2,0.4) /\ (x1,0.3)
(X2X3,0.3 (X4X1 ,0.1)
(x3,0.6)
(%4,0.8)
(x3x4,0.5)

Fig. 4: ETFG of a F-graph G

4 . Some Results from an Extended Total
F-graph

Proof. By the definition of an ETFG, the node set of

ETFG(G) is V U Fand the fuzzy subset
ogTFG(x) =o(x),ifx eV and o(e) = u(e),ife € E.
Now,
Order(ETFG(G)) = Z ogrrc(x), by definition
xeVUE
= Z OrTFG(X) + Z OETFG(X)
xeV xeE
= Z o(x)+ Z o(x)
xev x€E
= Order(G) + Size(G).
Theorem 2. Let G = (V, 0, L) be a F-graph,
then
Size(ETFG(G)) = Size(G) + Loy e (er) A (e))

Proof. By definition of size of a F-graph, we have;

size(ETFG(G)) =

Y uerrc(x.y), by definition

x,yeVUE

= Z UeTFG(x) + Z HETFG (X, €)

x,yeV

xeV.,ecE

+ ) Herrc(eie;)

eiE,ejEE

(The second summation is zero, since there is no
fuzzy relation between x € V and e € E in the ETFG)

=Y uxy)+ Y wulee;)

x,yeVv

= size(

Theorem 3. Let G =

d(ETFG(G)) =

€j,ej )

G)+ Y wu(e)Aule))

€j,ej c€E

(V,o,1) be a F-graph, then

dg(x) ifxeV

= busy value of ¢; in ETFG(G),ifx € E

Proof. By definition of degree of a vertex of a F-graph
(definition 3), we have the following two cases to prove

the theorem.

Case 1: Let x € V. Then,

d(ETFG(x)

= Y werrc(oy)+ Y, Herrc(x.e)
x,yeV

xeV,ecE

(where x lies on the edge of e in the second

summation).

=Y uerre(x,y)+0

x,yev

(The second summation is zero, since there is no fuzzy
relation between x € V and e € E in the ETFG)

Theorem 1. Ler G = (V,o,1) be a F-graph, then _ ) = does(x
Order(ETFG(G)) = Order(G) + Size(G). XJ,ZE"VMETFG( ) = da (%)
© 2022 NSP
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Case 2: Let ¢; € E, then

d(ETFG(e‘,')) = Z,LLETFG(ei;x)+ Z ﬂETFG(eiaej)

xeV e;eE

=0+ Z peTFG(ei) A UETFG(€;)

ejGE

(The first summation is zero, since there is no fuzzy
relation between x € V and e € E in the ETFG)

= bussy value of e; in ETFG(G).

Theorem 4. An ETFG of any F-graph is disconnected
graph.

Proof. Let G = (V,0, 1) be a F-graph. The fuzzy vertex set
of ETFG(G) consists of VUE of G and the fuzzy vertex
relation is defined only between x,y € V and ¢;,e; € E.
Since there is no fuzzy relation between x € V ande € E
of elements in the vertex set of ETFG(G), then there is no
path that connects x and e in ETFG(G) and u*(x,y) = 0.
Hence, ETFG(G) is disconnected graph.

5 . Total Coloring of an Extended Total
F-graph

In this section we introduce the concept of total coloring
of an ETFG and discuss some of its properties.

Definition 12. A family y={y1,7, -, %}, of a fuzzy set
on VUE is called an ETFG k-fuzzy total coloring of F-
graph,G = (V, o, ), if the following three conditions met.

i. Maxy(x) = o(x) for all x €V and
Maxy;(x,y) = u(x,y) for all edges (x,y) € E.
ii. ANy =0
iii. For every adjacent vertices x,y of ETFG(G),
Minyi(x),%(y) = 0.

The least number of colors possible is called the total
ch(’omatic number of ETFG(G) and it is denoted by
XgTFG (G).

Theorem 5. Let G = (V,0,) be a F-graph. The total
chromatic number of an ETFG is bounded above by its
total chromatic number.

Proof.

Case 1: Let G = (V, 0, 1) be complete graph.

Suppose G = (V,0, 1)) be a complete F-graph. An ETFG
of G is two disconnected complete graphs G and G,
where G’ is a F-graph whose fuzzy vertex is e € E for all
e € E and fuzzy relation (e;,e;), where e; and e¢; have
nodes in common in G.

Thus, xngG(G) = %%(G)-. On the other hand, since
G' is a fuzzy graph which is isomorphic to G, then

Xhrro(G) = Xhe(G). Therefore, X1 ro(G) = 2h(G).
Case 2: Let ,G = (V, 0, 1) be a fuzzy cyclic graph.
Suppose G = (V,o,u) be a fuzzy cyclic graph. The
ETFG of G is two disconnected fuzzy cyclic graphs G
and G', where G’ is a F-graph whose fuzzy vertex is e € E
for all e € Eand fuzzy relation (e;,e;), where e; and e;
have nodes in common in G.

Thus, x};TFG(G) = X;G(G). But, since G’ is a
F-graph ~ which is isomorphic to G, then
Xhrro(G) = Xhe(G). Therefore, X1 ro(G) = 2h(G).
Case 3: Let, G = (V,o,u) be disconnected F-graph.
Suppose G = (V,0,u) be a disconnected F-graph. The
ETFG of G is two disconnected complete graphs G and
G', where G’ is a disconnected F-graph whose fuzzy
vertex is e € E for all e € E and fuzzy relation (e;,¢;),
where ¢; and e; have nodes in common in G with one

edge less than the edges of G. Thus, x};TFG(G) =2/ (G).
Since G’ is a F-graph which is disconnected and less
edges than the edges of G, then then

XIJE;TFG(G/) < X{G(G)‘
Therefore, x}];TFG(G) < %;G(G)

Example 3.Consider a fuzzy graph G = (V,0,u) with
vertex set V = {xj,x,x3,X4,%5,%6} and edge set
E = {XIXQ,)szg,,X3X4,X4X5,X5x6,x6xl }, whose
membership functions are defined as follows:

0.2, ifi=1
0.7, fori=2
0.5, fori=3
04, fori=4
0.6, fori=>5
0.3, fori=6
0.2, for (i,
0.5, for (i,
0.1, for (i,

(

(

(

G(x,') =

ROGY) =9 04 for (i

0.3, for (i,
0.1, for (i,

Let us define a family of fuzzy sets I' = %,7» on
V UE as follows:

0.2, fori=1
() = 0.5, fori=3
N =306, fori=s
0, otherwise

0.2, for (i,j)=(1,2)

0.1, for (i,j)= (3,4

T (riv) = (i,j) = (3,4)

0.3, for (i,j) = (5,6)
0, otherwise
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fori=2
fori=4
fori=6
otherwise

0.5, for (i,j) =(2,3)

0.7,
0.4,

L) =904
0,

P (xi,x;) =

0,

0.4, for (i,j)=(3,4)
0.1, for (i,j)=(6,1)

otherwise

Clearly, a family of fuzzy sets I' = {¥;,7»} defined as
above satisfies the definition of total coloring of F-graphs

and hence, x;G(G) =2.

When we come to our point of concern, we need to
determine the total chromatic number of an ETFG of the
F-graph in the example 3.

Now, to construct an
ETFG(G) = (V UE,OCcTFG, UETFG, Where

ETFG,

VUE =
{x1,%2,X3,X4,%5, X6, X1X2, X2X3,X3X4, X4X5, X5X6, X6 X] }-

The fuzzy subset of ETFG(G) will be as follows;

0.2, ifi=1
0.7, fori=2
oprrG(n) = 0.5, fori=3
0.4, fori=4
0.6, fori=>5
0.3, fori=6
0.2, for (i,j)=(1,2)
0.5, for (i,j) =(2,3)
0.1, for (i,j)= (3,4
TP ) = 4 for Ei, j) = E4,5§
0.3, for (i,j) = (5,6)
0.1, for (i,j) = (6,1)
The fuzzy relation will be:
0.2, for (i,j)=(1,2)
0.5, for (i,j) =(2,3)
0.1, for (i,j)= (3,4
OETFGUIN) = 4 for Ei, j) = E4,5§
0.3, for (i,j) = (5,6)
0.1, for (i,j) = (6,1)
0.2, if (ij, jk) = (12,23)
0.1, for (ij, jk) = (23,34)
0.1, for (ij, jk) = (34,45
HETFG (X X2%) = 37 por Ei i, jk§ - E45,56§
0.1, for (ij, jk) = (56,61)
0.1, for (ij, jk) = (61,12)

Let I' = {71,7»} be a family of fuzzy subset defined
on VUE as follows:

1. For the vertex set;

0.2, fori=1
() = 0.5, fori=3
nxi) = 0.6, fori=35
0, otherwise
0.7, fori=2
0.4, fori=4
205) =14 7
%12(x) 0.3, fori=6
0, otherwise
0.2, forij=12
_Jo.a, forij=34
Vi (xixj) = 0.3, forij=>56
0, otherwise
0.5, for (i,j) = (2,3)
Joa, for(i,))=4.5)
nxix)) = 0.1, for (i, j) = (6,1)
0, otherwise

ii.For the edge set;

0.2, for (i, /) = (1,2)

_Joua, for(ij)=(.4)

% (xi,xj) = 0.3, for (i,j) = (5,6)
0, otherwise

Vi (xixj, X ) =

0.5,
0.4,
0.1,
0,

Y (xix)) =

Vo (xixj, X ) =

0.2, for (ij, jk) = (23,34)
0.1, for (ij, jk) = (34,45)
0.1, for (ij, jk) = (56,61)
0, otherwise

for (i, /) = (2,3)

for (i, j) = (4,5)

for (i, /) = (6,1)

otherwise
0.1, for (ij, jk) = (23,34)
0.3, for (ij, jk) = (45,56)
0.1, for (ij, jk) = (61,12)
0, otherwise

Using table 1 below we can check whether I" satisfies the
definition of total coloring of ETFG of G.
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Table 1: Total Coloring of an ETFG

Vand E n Y | Maximum | y1 Ay, | Min.
X 0210 0.2 0 0
X 0 0.7 | 0.7 0 0
X3 0510 0.5 0 0
X4 0 04104 0 0
X5 06 |0 0.6 0 0
X6 0 03103 0 0
X% 020 |02 0 0
X2X3 0 05105 0 0
X3X4 01]0 0.1 0 0
X4X5 0 04 |04 0 0
XsXg 03[0 |03 0 0
X6X1 0 0.1 | 0.1 0 0
(x1,%2) 020 |02 0

(x2,%3) 0 | 0505 0

(x3,%2) 010 |01 0

(x4,%3) 0 | 04|04 0

(x5, %) 03[0 |03 0

(X6, X3) 010 |01 0
(xle,xZX3) 0.2 0 0.2 0

(XZX3 ,X3X4) 0 0.1 0.1 0
(X3X4,X4X5) 0.1 0 0.1 0

(X4X5 ,XS)C6) 0 0.3 0.3 0
(x3x4,x4x5) | 0.1 | O 0.1 0
(xgx1,x1x2) | O 0.1 | 0.1 0

As shown in the table 1 above I' = {y,7»} satisfies
the definition of total coloring of an ETFG of fuzzy graph
G. .

Therefore, x};TFG(G) =2.

Hence, xf7r6(G) < x4(G).

6 . Conclusions

This article defined an extension of total F-graph
(ETFG) for a given F-graph and illustrated with
examples. Some properties of ETFG were proposed and
proved. Furthermore, we compare the results with the
total F-graphs and justified. Also total coloring of ETFG
of given F-graph was defined and resulting its upper
bound. Theories and properties related with TFGs is well
presented and discussed by different researchers. The
article paves the way to deal the isomorphic properties of
an ETFG and their application in real life situations like
social networking, communication networking and
transportation problems.
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