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Abstract: In this article, we introduce a numerical study for a spatio temporal bi-modal of covid-19 mathematical model. The temporal

only model consists of a system of five ordinary differential equations and spatio-temporal model consists of a system of five partial

differential equations in time and space. We will discuss the stability region to get good selection of parameters. Also, we will apply

the effective method of centeral finite difference (CFD) and study stability and consistency of this scheme then we will discuss the

graphical numerical results of the presented models and the behavior of this model.
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1 Introduction

In recent years, many researchers have studied the
analytical and numerical solutions of some differential
equations, ordinary and partial that describe some
physical, engineering, and other phenomena. Coronavirus
belongs to great number of viruses that has infected
millions of people all over the world, the infectious
pandemic have worth effects on the health and also on
economy. Therefore, the study of the dynamics of
transmission of the virus is great significant. Rafiq et
al. [1] studied (SITR) dynamical model of Covid 19 with
bimodal virus transmission in inhabitants of a state.This
model merges the possible treatment measures of
Covid-19 vaccines and suggested a new structure to keep
numerical scheme for this model which generate an actual
solutions of the SITR bi-modal nonlinear model. They
found that human may face destructive effectiveness of
pandemic if treatment measures are not carried out
accurately. Kouidere et al. [2] introduced a mathematical
model of Covid-19 provided three controls which
represent sensitization and prevention, lock-down,
diagnosis and observation in order to minimize the
number of infected humans and suffered from serious
complications. They applied the results of the control
theory to obtain the characterizations of the optimal

controls. The numerical simulation of the obtained results
using Pontryagin’s maximum principle showed the effect
of the control strategies. In [3] Zakary et al. estimated the
evolution of covid-19 viruse in countries that apply
quarantine strategy as they presented a new mathematical
model which described this situation.They used real data
in Moroco to find the parameters in this model, also
investigated an optimal control to reduce the numbers of
people under risk who underestimate the quarantine.
In [4] Kyrychko et al. modified age-structured
mathematical model for covid-19 in Ukraine. This model
assumed that people who have recovered from infection
with covid-19 have immunity against this virus for the
remaining time of the epidemic, also provided a forecast
for the dynamics of covid-19 and explored the impact of
lock down on the number of infections and deaths.
Khoshnaw et al. in [5] suggested a new mathematical
modeling for research of covid-19 and developments.
They discussed The dynamics of model with some
computational simulations. In [6] Roosa et al. used
phenomenological models to generate forecasts of the
cumulative number of confirmed cases that have been
reported in Hubei province by collecting daily reports.
Chayu Yang and Jin Wang in [7] proposed a mathematical
model to describes ways of infection transmission. They
analyzed this model and presented its application using
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reported data. Their results deduced that corona infection
would remain endemic, which presuppose long time of
disease prevention and interference programs.Also in [8]
D.Fanelli and F. Piazza analyzed the temporal dynamics
of covid-19 virus in three different countries in time
window and suggested that simple mean-eld models can
be used to gather a preview of the spreading of this virus,
and remarkably altitude and peak time of infected
individuals. In [9] K. Liang Compared the new spread
specifications of Covid-19 with those of SARS and
Middle East Respiratory Syndrome and introduced a
dynamic mathematical model of diseases to analyze the
spread of covid-19, SARS and MERS by using nonlinear
fitting. Sanchez et al. [10] presented simplified
mathematical model of covid-19 that presents the
dynamics of this virus in four different cases depending
on the contact rate between individuals. Ahmed et al.
in [11] presented a two dimensional space SIR reaction
diffusion model and numerically solved it to study the
behavior of this model using three different methods.
Tang et al. devised a deterministic compartmental model
based on the succession of the morbidness, estimated its
reproduction number and studied sensitivity analysis on
it [12]. Mammeri et al. [13] established model that
describe the average daily movement of exhibitors and no
visible symptoms for controlling the spread of the
COVID-19 virus. They studied system of partial
differential equations to determine the basic reproduction
number. Then, they explained the spread of COVID-19
from March 16 to June 16 by making numerical
simulations that concentrated on a combination of
level-set and fnite difference. Finally, they compared
unlocking scenarios according to a variation of
distancing, or partially spatial lockdown. Nazarimehr et
al. [14] investigated an epidemiology model for the
development of Covid-19. They studied the spread of
covid-19 through different sub-groups of society. They
utilized early warning indicators to predict the bifurcation
points in the system. They also investigated the different
dynamics of the entire society by pairing these
sub-groups. Nadim et al. [15] considered a mathematical
model on the transmission of Covid-19 with the impact of
the incomplete lockdown. They used the method of next
generation matrix to calculate the basic reproduction
number. They noticed that the model of Covid-19
transmission has backward bifurcation and showed that
backward bifurcation did not occur under the perfect
lockdown scenario. Nguiwa et al. [16] studied the effect
of a fractional-order model of the cholera epidemic in
Mayo-Tsanaga Department. They derived the basic
reproduction number that describe the extinction and
persistence of infection. They found that the parameter
related to vaccination and therapeutic treatment is more
effecting on the model. They supported the theoretical
results by numerical simulations which also indicates the
use of vaccination in the endemic area. [17] Xiao-Ping Li
et al. used the fixed-point approach to study the existence
of the covid-19 model and applied Newton polynomial

and Adams Bashforth approaches to calculate the
parameters that explain system behavior. Ahmed et
al. [18] investigated the spread of new Covid-19 which is
an extension of the Covid-19 SEIR model. They
performed the stability analysis to attain the equilibrium
points of the model. They studied the effect of parameters
numerically and observed that the results of random
motion of individuals have a considerable impact on the
observed dynamics and provided some strategies to
control virus spread.

This article is arranged as follows: In section 2, we
present a mathematical formulation for the Covid-19
temporal and spatio-temporal models. We investigate
equilibrium points and stability region as shown in
sections 3. In section 4, we introduce numerical solutions
for the spatio-temporal model of COVID-19 via finite
difference. In section 5, we discuss the stability and
consistency of the numerical scheme.

2 Mathematical Formulation

For spacious interest of mathematical modeling for
epidemiological system like Cov-19, the effectiveness of
movement of people from one place to another is not
taken into account. This motivates researchers to present a
more factual model of Cov-19 having a nonlinear
occurrence rate in the spatiotemporal case.

Temporal model:

dSa

dt
= Λa −αaISa − δSa,

dSb

dt
= Λb −αbISb − δSb,

dI

dt
= I(αaSa +αbSb)− I(γ − δ ),

dT

dt
= γI −T(β + δ ),

dR

dt
= β T − δR.

(1)

Spatiotemporal model:

∂Sa

∂ t
=C1

∂ 2Sa

∂x2
+Λa −αaISa − δSa,

∂Sb

∂ t
=C2

∂ 2Sb

∂x2
+Λb −αbISb − δSb,

∂ I

∂ t
=C3

∂ 2I

∂x2
+ I(αaSa +αbSb)− I(γ − δ ),

∂T

∂ t
=C4

∂ 2T

∂x2
+ γI−T (β + δ ),

∂R

∂ t
=C5

∂ 2R

∂x2
+β T − δR.

(2)

At any time t ∈ [0,∞) , Sa(t) represents the number of
susceptible people that are not infected , Sb(t) represents

c© 2022 NSP

Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 16, No. 5, 729-737 (2022) / www.naturalspublishing.com/Journals.asp 731

the number susceptible people from the elderly and those
with chronic diseases, I(t) represents the number of
actually infected people with Cov-19, T (t) represents the
number of people undergoing treatment and R(t)
represents the number of recovered people after
treatment.
In this work, the parameters are described as follows:
Λa,Λb indicates the influx rate of susceptible class Sa and
susceptible class Sb respectively,αa,αb represents the
infection rate of susceptible class Sa and susceptible class
Sb respectively ,δ natural death rate, γ treatment rate and
β refers to recovery rate.
Consider the Spatiotemporal model (2) with initial
conditions,

Sa(0,x) =

{

0.5x 0 ≤ x ≤ 0.5
0.5(1− x) 0.5 ≤ x ≤ 1,

Sb(0,x) =

{

0.2x 0 ≤ x ≤ 0.5
0.2(1− x) 0.5 ≤ x ≤ 1,

I(0,x) =

{

0.1x 0 ≤ x ≤ 0.5
0.1(1− x) 0.5 ≤ x ≤ 1,

T (0,x) =

{

0.1x 0 ≤ x ≤ 0.5
0.1(1− x) 0.5 ≤ x ≤ 1,

R(0,x) =

{

0.1x 0 ≤ x ≤ 0.5
0.1(1− x) 0.5 ≤ x ≤ 1.

(3)

and homogeneous Neumann boundary conditions,

∂Sa(t,0)

∂x
=

∂Sa(t,1)

∂x
= 0,

∂Sb(t,0)

∂x
=

∂Sb(t,1)

∂x
= 0,

∂ I(t,0)

∂x
=

∂ I(t,1)

∂x
= 0,

∂T (t,0)

∂x
=

∂T (t,1)

∂x
= 0,

∂R(t,0)

∂x
=

∂R(t,1)

∂x
= 0.

(4)

The spatiotemporal system (2) with initial conditions (3)
and boundary conditions (4)is the one we will apply the
numerical method to get numerical solution.

3 Equilibrium points and stability

In this section, we study equilibrium points stability for
both temporal model (1) and spatiotemporal model ( 2).

3.1 Temporal only model

Suppose that disease-free equilibrium point is E0 and the
endemic equilibrium point is E∗ for temporal model (1)

deduced in [1]

E0 = (
Λa

δ
,
Λb

δ
,0,0,0), (5)

E∗ = (S∗a,S
∗
b, I

∗,T ∗,R∗), (6)

also in [1] the Jacobian of the system (1) at E0 given by:

J0 =











−δ 0 −αaΛa/δ 0 0
0 −δ −αbΛb/δ 0 0
0 0 (αaΛa +αbΛb)/δ − (δ + γ) 0 0
0 0 γ −(δ +β ) 0
0 0 0 β −δ











,

(7)
and the Jacobian of the system (1) at E∗ given by:

J∗ =













−Λa
S∗a

0 −αaS∗a 0 0

0 −Λb
S∗

b
−αbS∗b 0 0

αaI∗ αbI∗ 0 0 0
0 0 γ −(δ +β ) 0
0 0 0 β −δ













. (8)

Solving the characteristic equation for (7) to get its
eigenvalues we get that the temporal only system 1 is
locally asymptotically stable if and only if

1

δ
(αaΛa +αbΛb)− δ − γ < 0,

to get stability conditions for endemic equilibrium point
E∗ it is difficult to solve the characteristic equation for J∗
and get condition from its eigenvalues, so we numerically
solve it and using the parameters Λa = 0.2;Λa = 0.05;δ =
0.25;β = 0.3;αa = 0.3;αb = 0.6;γ = 0.1, we found that all
eigenvalues are negative which leads to the achievement
Roth-Hertz stability condition.

3.2 spatiotemporal model

Assume that the spatiotemporal model (2) has coefficients
not equal zero C1,C2,
C3,C4,C5, and has an equilibrium point that takes the form
(S̄a, S̄b, Ī, T̄ , R̄).
To linearize the system we will apply small perturbations
Ŝa = Sa− S̄a, Ŝb = Sb− S̄b, Î = I− Ī, T̂ = T − T̄ , R̂ = R− R̄,
we get

∂ Ŝa

∂ t
=C1

∂ 2Ŝa

∂x2
+ d11Ŝa + d12Ŝb + d13Î+ d14T̂ + d15R̂

∂ Ŝb

∂ t
=C2

∂ 2Ŝb

∂x2
+ d21Ŝa + d22Ŝb + d23Î+ d24T̂ + d25R̂,

∂ Î

∂ t
=C3

∂ 2 Î

∂x2
+ d31Ŝa + d32Ŝb + d33Î + d34T̂ + d35R̂,

∂ T̂

∂ t
=C4

∂ 2T̂

∂x2
+ d41Ŝa + d42Ŝb + d43Î+ d44T̂ + d45R̂,

∂ R̂

∂ t
=C5

∂ 2R̂

∂x2
+ d51Ŝa + d52Ŝb + d53Î+ d54T̂ + d55R̂,

(9)
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assume that the solution of system (9) given by













Ŝa

Ŝb

Î

T̂

R̂













=











Sa0

Sb0

I0

T0

R0











∗ ewt−iθx, (10)

where Sa0
,Sb0

, I0,T0,R0 have small values. Substituting
with (10) into system (9), we get

ϖ













Ŝa

Ŝb

Î

T̂

R̂













=













d11 −θ 2C1 d12 d13 d14 d15

d21 d22 −θ 2C2 d23 d24 d25

d31 d32 d33 −θ 2C3 d34 d35

d41 d42 d43 d44 −θ 2C4 d45

d51 d52 d53 d54 d55 −θ 2C5













∗













Ŝa

Ŝb

Î

T̂

R̂













(11)

where, the values of di j in (11) are determined from
Jacobian J0 at disease-free equilibrium point, Jacobian J∗
at endemic equilibrium point, θ is the wave number and
ϖ is growth rate of the disturbances around the chosen
equilibrium point. According to the sign of the real parts
of ϖ the stability of the equilibrium point of the
spatiotemporal model (2) is determined in three cases:
first case real parts of ϖ less than zero the equilibrium
point of the model (2) is locally asymptotic stable, while
second and third cases the model (2) is unstable if ϖ
equal to zero and ϖ is imaginary, respectively.

3.3 Region of stability

The region of stability of the disease-free equilibrium and
endemic points shown for (αa, αb, γ) in figure 1 and
figure 2, we fix the values of other parameters as follows
Λa = 0.2;Λa = 0.05;δ = 0.25;β = 0.3.
Figure 1a examines the effects of (αa, αb, γ) at
disease-free equilibrium point, while Figure 1b, c, d
illustrates the projection of stability region (αa,αb) with
fixed γ at 0.1,0.5 and 0.7 respectively. We observe that αa

and αb maintain their stability at large value if γ .
Figure 2a examines the effects of (αa,αb, γ) at disease
free equilibrium point, while Figure 2b, c, d illustrates the
projection of stability region (αa, αb) with fixed γ at
0.1,0.5 and 0.7 respectively. We observe that αa and αb

maintain their stability at small value of γ .

(a) (αa,αb,γ) space

(b) (αa,αb,γ = 0.1)

(c) (αa,αb,γ = 0.5)

(d) (αa,αb,γ = 0.7)

Fig. 1: stability region for disease free equilibrium point
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(a) (αa,αb,γ) space

(b) (αa,αb,γ = 0.1)

(c) (αa,αb,γ = 0.5)

(d) (αa,αb,γ = 0.7)

Fig. 2: stability region for endemic equilibrium point

4 Numerical solution and results

In this section, we present a numerical method of
spatiotemporal model (2) and divide the domain of
x ∈ [0,1] and t ∈ [0,300] into 100× 300 cubes with step
size h = 0.1 and τ = 1.
We apply finite difference using

∂ f (t,x)

∂ t
=

f n+1
i − f n

i

τ
,

∂ 2 f (t,x)

∂x2
=

f n+1
i−1 − 2 f n+1

i + f n+1
i+1

h2
,

∂ f (t,x)

∂x
=

f n
i+1 − f n

i−1

2h
,

(12)

and then discretization the system (2) and its boundary
conditions(4) we get the following results,

(Sa)
n+1
i =(Sa)

n
i +

τC1

h2
((Sa)

n+1
i+1 − 2(Sa)

n+1
i +(Sa)

n+1
j−1)

+ τλa − ταaIn
i (Sa)

n+1
i − τδ (Sa)

n+1
i ,

(13)

(Sb)
n+1
i =(Sb)

n
i +

τC2

h2
((Sb)

n+1
i+1 − 2(Sb)

n+1
i +(Sb)

n+1
j−1)

+ τΛb − ταbIn
i (Sb)

n+1
i − τδ (Sb)

n+1
i ,

(14)

In+1
i =Ii

n +
τC3

h2
(In+1

i+1 − 2In+1
i + In+1

j−1 )+ τIn+1
i (αa(Sa)

n
i

+αb(Sb)
n
i )− τIn+1

i (γ − δ ),
(15)

T n+1
i =T i

n +
τC4

h2
(T n+1

i+1 − 2Tn+1
i +T n+1

j−1 )+ τγIi
n

− τ(β + δ )T n+1
i ,

(16)

Rn+1
i =Ri

n +
τC5

h2
(Rn+1

i+1 − 2Rn+1
i +Rn+1

j−1)+ τβ T i
n

− τδRn+1
i .

(17)

By solving the above equations (13− 17) with the values
of parameters which were extracted and discussed in
section 3.
Figure 3 shows the numerical solution at a disease-free
equilibrium state which converges to the uniform steady
state at the selected parameters, the numerical results
have good agreement with the stability region analysis as
shown in section 3. In Figure 3a, b Sa(x, t) and Sa(x, t)
approach from 0.8 and 0.2, respectively and represent the
whole number of population which is equal 1. Also we
see at this equilibrium point the values of I, T and R

become zero in figure 3c, d, e, respectively.
Figure 4 shows the numerical solution at endemic
equilibrium state which converges to the uniform steady
state at the selected parameters, the numerical results in
Figure 4a, b, c, d, e for Sa(x, t), Sa(x, t), I, T and R comes
to its endemic equilibrium point which is good agreement
with the stability region analysis as shown in section 3.
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(a) Sa(t,x)

(b) Sb(t,x)

(c) I(t,x)

(d) T (t,x)

(e) R(t,x)

Fig. 3: Numerical simulation results for disease free equilibrium

point

(a) Sa(t,x)

(b) Sb(t,x)

(c) I(t,x)

(d) T (t,x)

(e) R(t,x)

Fig. 4: Numerical simulation results for endemic equilibrium

point
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5 Stability of the numerical method

Theorem 1.The presented numerical method has

difference schemes (13)-(17) is conditionally stable.

Proof.Using Von Neumann stability for the numerical
method, we assume:

(Sa)
n
i = ξ n

1 eJksa ih,

(Sa)
n+1
i = ξ n+1

1 eJksa ih,

(Sa)
n
i+1 = ξ n

1 eJksa (i+1)h,

(Sa)
n
i−1 = ξ n

1 eJksa (i−1)h.

(18)

substitute from( 18) in equation (13) we get the following
relation,

ξ n+1
1 eJksa ih = ξ n

1 eJksa ih +
τC1

h2
(ξ n+1

1 eJksa (i+1)h

− 2ξ n+1
1 eJksa ih + ξ n+1

1 eJksa (i−1)h)+ τΛa

− ταaIn
i ξ n+1

1 eJksa ihτδξ n+1
1 eJksa ih,

(19)

define amplification factor G1 =
(Sa)

n+1
i

(Sa)
n
i

, we can compute

G1 by dividing equation (19) by (Sa)
n
i we can obtain:

G1 =1+
τC1

h2
(GeJksa h − 2G+Ge−Jksah)+ τΛa − ταaIn

i G

− τδG,

G =
1

1+ 4
τC1

h2 sin2(
kSa h

2
)+υ ·

a + τδ
,

G1 =

∣

∣

∣

∣

∣

1

1+ 4
τC1

h2 sin2(
kSa h

2
)+υ ·

a + τδ

∣

∣

∣

∣

∣

≤ 1, (20)

similarly, repeating the previous steps to equations (14, 15,

16, 17) for (Sb)
n
i , In

i , Rn
i and T n

i with (Sb)
n
i = ξ n

2 eJksb
ih, In

i =

ξ n
3 eJkI ih , Rn

i = ξ n
4 eJkR ih and T n

i = ξ n
5 eJkT ih respectively, we

also obtain:

G2 =

∣

∣

∣

∣

∣

∣

1

1+ 4
τC2

h2 sin2(
kSb

h

2
)+υ ·

b + τδ

∣

∣

∣

∣

∣

∣

≤ 1, (21)

G3 =

∣

∣

∣

∣

∣

1

1+ 4
τC3

h2 sin2( kIh
2
)+ τ(δ + γ −υ ·

I)

∣

∣

∣

∣

∣

≤ 1, (22)

G4 =

∣

∣

∣

∣

∣

1

1+ 4
τC4

h2 sin2( kT h
2
)+ τ(δ +β )

∣

∣

∣

∣

∣

≤ 1, (23)

G5 =

∣

∣

∣

∣

∣

1

1+ 4
τC5

h2 sin2( kRh
2
)+ τδ

∣

∣

∣

∣

∣

≤ 1, (24)

where υ ·
a = ταaIn

i , υ ·
b = ταbIn

i , where υ ·
I = αaSa +αbSb

and J =
√
−1.

So Gi ≤ 1, i = 1,2,3,4,5 which is the necessary and
sufficient condition for the error to remain bounded and
maintain von Neumann stability for the numerical
method.

6 Consistency of the numerical method

Theorem 2.The difference schemes (13)-(17) of the

proposed method have local truncation error O(h2 + τ).

Proof.Use Taylor expansion to prove that this numerical
scheme second-order in x and first-order in t, for this we
use:

ΦSa =
(Sa)

n+1
i − (Sa)

n
i

τ
−

C1

h2
((Sa)

n+1
i+1 − 2(Sa)

n+1
i

+(Sa)
n+1
j−1)−Λa +αaIn

i (Sa)
n+1
i + δ (Sa)

n+1
i ,

ΦSa =(
∂Sa

∂ t
+

τ

2!

∂ 2Sa

∂ t2
+

τ2

3!

∂ 2Sa

∂ t2
+ ...)

−
C1

h2
(h2(

∂ 2Sa

∂x2
+ 2

h2

4!

∂ 4Sa

∂x2
+ ...))−Λa

+(αaIn
i + δ )∗ (Sai

n + τ
∂Sa

∂ t
+

τ2

2!

∂ 2Sa

∂ t2

+
τ3

3!

∂ 2Sa

∂ t2
+ ...),

ΦSa =
∂Sa

∂ t
−

C1

h2
(h2 ∂ 2Sa

∂x2
)−Λa +(αaIn

i + δ )∗ (Sai
n)

−
C1h2

12
(

∂ 4Sa

∂x4
)+ τ((αaIn

i + δ )
∂Sa

∂ t
+ ...),

ΦSa =−
C1h2

12
(

∂ 4Sa

∂x4
)+ τ((αaIn

i + δ )
∂Sa

∂ t
+ ...),

which devolve to zero as τ ,h become zero.
Also we can obtain the relations of Sb , I, R and T using
the previous steps as the following

ΦSb
=−

C2h2

12
(

∂ 4Sb

∂x4
)+ τ((αbIn

i + δ )
∂Sb

∂ t
+ ...),

ΦI =−
C3h2

12
(

∂ 4I

∂x4
)+ τ((γ − δ )

∂ I

∂ t
+ ...),

ΦT =−
C4h2

12
(

∂ 4T

∂x4
)+ τ((β + δ )

∂T

∂ t
+ ...),

ΦR =−
C5h2

12
(

∂ 4R

∂x4
)+ τ(δ

∂R

∂ t
+ ...),

which also go to zero as as τ , h become zero. For this the
order of accuracy of this numerical method is O(h2 + τ).

7 Conclusion

A numerical study for a spatio temporal bi-modal of
covid-19 mathematical model in time and space have
been introduced. We discussed the stability region and get
good selection of parameters, then we apply the effective
centeral finite difference method (CFD). Stability and
consistency of this scheme was studied then we discussed
the graphical numerical results of the presented models
that show the behavior of the spread of the epidemic and
support the validity of numerical scheme.
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